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PREFACE 


It is probable that almost every teacher of advanced calculus feels the 
need of a text suited to present conditions and adaptable to his use. To 
write such a book is extremely difficult, for the attainments of students 
who enter a second course in calculus are different, their needs are not 
uniform, and the viewpoint of their teachers is no less varied. Yet in 
view of the cost of time and money involved in producing an Advanced 
Calculus, in proportion to the small number of students who will use it, 
it seems that few teachers can afford the luxury of having their own 
text; and that it consequently devolves upon an author to take as un- 
selfish and unprejudiced a view of the subject as possible, and, so far as 
in him lies, to produce a book which shall have the maximum flexibility 
and adaptability. It was the recognition of this duty that has kept the 
present work in a perpetual state of growth and modification during 
five or six years of composition. Every attempt has been made to write 
in such a manner that the individual teacher may feel the minimum 
embarrassment in picking and choosing what seems to him best to meet 
the needs of any particular class. 

As the aim of the book is to be a working text or laboratory manual 
for classroom wse rather than an artistic treatise on analysis, especial 
attention has been given to the preparation of numerous exercises which 
should range all the way from those which require nothing but substi- 
tution in certain formulas to those which embody important results 
withheld from the text for the purpose of leaving the student some 
vital bits of mathematics to develop. It has been fully recognized that 
for the student of mathematics the work on advanced calculus falls in 
a period of transition, — of adolescence, — in which he must grow from 
close reliance upon his book to a large reliance upon himself. More- 
over, aS a course in advanced calculus is the altima Thule of the 
mathematical voyages of most students of physics and engineering, it 
is appropriate that the text placed in the hands of those who seek that 


goal should by its method cultivate in them the attitude of courageous 
iii 
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explorers, and in its extent supply not only their immediate needs, but 
much that may be useful for later reference and independent study. 

With the large necessities of the physicist and the growing require- 
ments of the engineer, it is inevitable that the great majority of our 
students of calculus should need to use their mathematics readily and 
vigorously rather than with hesitation and rigor. Hence, although due 
attention has been paid to modern questions of rigor, the chief desire 
has been to confirm and to extend the student’s working knowledge of 
those great algorisms of mathematics which are naturally associated 
with the calculus. That the compositor should have set “vigor” where 
“rigor”? was written, might appear more amusing were it not for the 
suggested antithesis that there may be many who set rigor where vigor 
should be. 

As I have had practically no assistance with either the manuscript 
or the proofs, I cannot expect that so large a work shall be free from 
errors; I can only have faith that such errors as occur may not prove 
seriously troublesome. To spend upon this book so much time and 
energy which could have been reserved with keener pleasure for vari- 
ous fields of research would have been too great a sacrifice, had it not 
been for the hope that I might accomplish something which should be 
of material assistance in solving one of the most difficult problems of 
mathematical instruction, — that of advanced calculus. 


EDWIN BIDWELL WILSON 
Massacuuserts Instirute or TECHNOLOGY 
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ADVANCED CALCULUS 


INTRODUCTORY REVIEW 


CHAPTER I 
REVIEW OF FUNDAMENTAL RULES 


1. On differentiation. If the function f(x) is interpreted as the 
curve y=f(«),* the quotient of the increments Ay and Az of the 
dependent and independent variables measured from («,, y,) is 


Y Ys as Ay wis Af (x) Ne, S(&, BE Ax) =F (2,) ; (1) 


L— 2, Ax NG JNGo 








and represents the slope of the secant through the points P(#,, y,) and 
P'(a,+ Ax, y,+Ay) on the curve. The limit approached by the quo- 
tient Ay/Az when P remains fixed and Ax=0O is the slope of the 
tangent to the curve at the point P. This limit, 


Be eG é 
lim a Sahin 
Ar=0O40  pazr=o 





Leip t RO) = Te) pe), 2) 


is called the derivative of f(«) for the value #=«a,. As the derivative 
may be computed for different points of the curve, it is customary to 
speak of the derivative as itself a function of # and write 





pCa Baek OTE IC 3) 


407 


PN ? 
lim at Es lim 
Ax=0 AX Aa +0 


There are numerous notations for the derivative, for instance 











: df (x) dy ; , 
— 1D). Dy Df= Dy. 
Fe) dx dx wt ee, at Y 


* Here and throughout the work, where figures are not given, the reader should draw 
graphs to illustrate the statements. Training in making one’s own illustrations, whether 
graphical or analytic, is of great value. 
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The first five show distinctly that the independent variable is x, whereas 
the last three do not explicitly indicate the variable and should not be 
used unless there is no chance of a misunderstanding. 


2. The fundamental formulas of differential calculus are derived 
directly from the application of the definition (2) or (3) and from a 
few fundamental propositions in limits. First may be mentioned 


dz _ dz dy 


Te meDy Fae where z= $(y) and y=/(a). (4) 
nl ea e 

dy dy df(x) dy 

da dx 
D(u+v) = Du + Du, D (uv) = uDv + vDu. (6) 
D (*) = ee am DOS) Stars (7) 


It may be recalled that (4), which is the rule for differentiating a function of a 
function, follows from the application of the theorem that the limit of a product is 


Hees 2 ; 52 AS. NN 
the product of the limits to the fractional identity sae aed oa ; whence 
Ax Ay Az 
: A Sees 
lim Eee lim ae lim Be lim+—. lim aa 


Ax=0 Au AxtoAy Axz0At Ay+o AY Ax=o0 AX 


which is equivalent to (4). Similarly, if y = f(x) and if 2, as the inverse function 
of y, be written c=f-—1(y) from analogy with y=sinz and x=sin—ly, -the 
relation (5) follows from the fact that Ar/Ay and Ay/Az are reciprocals. The next 
three result from the immediate application of the theorems concerning limits of 
sums, products, and quotients (§ 21). The rule for differentiating a power is derived 
in case n is integral by the application of the binomial theorem. 


Ay a (w + Ax)" — an iets n(n — 1) 
Ax Ax 2 | 





wr—2 Ay +--+. + (Az)"—-I, 


and the limit when Av=0 is clearly nx”—1. The result may be extended to rational 
Pp 

values of the index n by writing n = mt y= 22, y2= xP and by differentiating 
both sides of the equation and reducing. To prove that (7) still holds when n is 
irrational, it would be necessary to have a workable definition of irrational numbers 
and to develop the properties of such numbers in greater detail than seems wise at 
this point. The formula is therefore assumed in accordance with the principle of 
permanence of form (§ 178), just as formulas like @ma" = am+™ of the theory of 
exponents, which may readily be proved for rational bases and exponents, are 
assumed without proof to hold also for irrational bases and exponents. See, how- 
ever, §§ 18-25 and the exercises thereunder. 


* It is frequently better to regard the quotient as the product w-v-1 and apply (6). 
t For when Ax +0, then Ay +0 or Ay/Axv could not approach a limit. 
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3. Second may be mentioned the formulas for the derivatives of the 
trigonometric and the inverse trigonometric functions. 














DSi == COS mr, Dcosx = — sing, (8) 
or Dsinz=sin(«+47), D cosx = cos (e+47), (8') 
Dtanx = sec?a, D cotx = — cse?a, (9) 
Dsecx = seca tan a, D cscx = — ese x cota, (10) 
Dversx=sinz, where versax=1—cosx=2sin?}«, (11) 

: +1 (+ in quadrants I, IV 

a eee: 
ster peek ee oe ita, 

: +1 — in quadrants I, II 

D 2 3-1, a == ’ ’ 
cos *a Aas dass iy IIL, Iv, (13) 

tan-} 1 = il 

D tan eran D cot Uist pees (14) 
Dsec—x = poet Vey {+ in quadrants 1, III, 15 
ava? —1 ee “ It Dy, (15) 

zis (i a I, IIT 

Dese2 = =e — In quadrants 5 5 
2 Vet—1 t a. ‘ Il, IV, oo 

see! + in quadrants I, II 

D ver = ’ ’ 
vers !x eee , i a IIL, IV. (exe) 


It may be recalled that to differentiate sin z the definition is applied. Then 


Asing _sin(x + Arv)—sing sin Az 


1— cos Ax 
Ax Ax a a 





sina. 


It now is merely a question of evaluating the two limits which thus arise, namely, 


. Pe Sun Ag .. 1—cosAzr 
lim ADC i —————————. 
Axv=o0 Ax Ax 0 Ax 





(18) 


From the properties of the circle it follows that these are respectively 1 and 0. 
Hence the derivative of sinz is cosx. The derivative of cosa may be found in 
like manner or from the identity cosa =sin(472—a). The results for all the other 
trigonometric functions are derived by expressing the functions in terms of sina 
and cosz. And to treat the inverse functions, it is sufficient to recall the general 
method in (5). Thus 


if if Site e, then BlDyyi—eate 


Differentiate both sides of the latter equation and note that cosy =+V1— sin?y 
=++V1— 2? and the result for Dsin~!a is immediate. To ascertain which sign to 
use with the radical, it is sufficient to note that + V1— x? is cosy, which is positive 
when the angle y=sin—!@ is in quadrants I and IV, negative in II and III, 
Sinilarly for the other inverse functions. 
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EXERCISES * 


1. Carry through the derivation of (7) when n = p/q, and review the proofs of 
typical formulas selected from the list (5)-(17). Note that the formulas are often 
given as Dw" = nu"-1D,u, Dz, sinu = cosu Du, ---, and may be derived in this 
form directly from the definition (8). 


2. Derive the two limits necessary for the differentiation of sina. 


3. Draw graphs of the inverse trigonometric functions and label the portions 
of the curves which correspond to quadrants I, II, Il], lV. Verify the sign in 
(12)-(17) from the slope of the curves. 


4, Find Dtanz and D cot zx by applying the definition (3) directly. 


5. Find Dsinz by the identity sin uw — sinv = 2 cos bs _ ” sin ~ re us 








° and (3). 


; u 
6. Find D tan-1z by the identity tan—1u — tan—!v = tan-1 i 
Uv 


7. Differentiate the following expressions : 
(a) esc2a—cot2e, (6) ttanix—tane+a, (y) ecos-lxz—V1— 22, 


(5) 79, pee ey (e) sin-1 ae (9) Va? — 2? + a’ sin-1 ie 
1— 2 V1 + 2? a 


x 2 ax x 
(n) avers-1—-—V2ax—<27, (6) cot-! -— 2tan-1_. 
a 


x? — a? a 








What trigonometric identities are suggested by the answers for the following : 


il 1 

@) sec? a, 6) ———., € , 

(ce) sec?a, Osa = Oh eer 

8. In B.O. Peirce’s ‘Short Table of Integrals’ (revised edition) differentiate the 

right-hand members to confirm the formulas: Nos. 31, 45-47, 91-97, 125, 127-128, 
131-135, 161-163, 214-216, 220, 260-269, 204-298, 300, 380-381, 386-394. 





(8) 0° 





9. If z is measured in degrees, what is D sina ? 


4. The logarithmic, exponential, and hyperbolic functions. The 
next set of formulas to be cited are 





1 loge 
Dior a= ai Diop. «= oa, (19) 
Derver, Da* = a* log,a.t (20) 
It may be recalled that the procedure for differentiating the logarithm is 
zx 
Aloggx log, (x -+- Ax) — loo, x i x J wR 
cht a( i ) =e = — log, - cat = 1+ = i: 
Ax Ax AY ~ ; x 


* The student should keep on file his solutions of at least the important exercises; 
many subsequent exercises and considerable portions of the text depend on previous 
exercises. 

{ As is customary, the subscript e will hereafter be omitted and the symbol log will 
denote the logarithm to the base e; any base other than e must be specially designated 
as such. This observation is particularly necessary with reference to the common base 
10 used in computation. 
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If now «/Az be set equal to h, the problem becomes that of evaluating 


‘ T\% 
ae (1 4e i) = OSs Mahle} 0. 07.5 log, é = 0.434294...; (21) 
and hence if e be chosen as the base of the system, D logw takes the simple form 
1/x. The exponential functions e” and a may be regarded as the inverse functions 
of log and logax in deducing (21). Further it should be noted that it is frequently 
useful to take the logarithm of an expression before differentiating. This is known 
as logarithmic differentiation and is used for products and complicated powers and 
roots. Thus 
if ae then logy = x log a, 


and WY =1+ loge or y = £7(1 + loga). 


It is the expression y’/y which is called the logarithmic derivative of y. An especially 
- noteworthy property of the function y = Ce* is that the function and its derivative 
are equal, y’ = y; and more generally the function y = Ce is proportional to its 
derivative, y’ = ky. 


5. The hyperbolic functions are the hyperbolic sine and cosine, 


; Ci e7? Ge ae e7® 
sinh 2 = ———— cosh g = ———— 
2 


; (22) 
and the related functions tanhz, cotha, secha, cschx, derived from 
them by the same ratios as those by which the corresponding trigono- 
metric functions are derived from sina and cosa. From these defini- 
tions in terms of exponentials follow the formulas : 


cosh?a — sinh?« =1, tanh?a + sech?x =1, (23) 
sinh (x + y) = sinhz cosh y + cosh sinh y, (24) 
cosh (# + y) = cosh # cosh y + sinh x sinh y, (25) 

50! i 
cosh 5 = +4 eee sinh = = +. —— » (26) 
D sinh x = cosh x, D coshx = sinh a, (27) 
D tanh « = sech’z, D coth x = — esch?a, (28) 
Dsecha =—sechaz tanha, Descha =—eschax cothax. (29) 


The inverse functions are expressible in terms of logarithms. Thus 


e7¥ —] 
= sinh~* == sinh 4 ———_—_— 
y= sinh“*z, ees De 
a2 
e?4 2 ave” -1=0, w=aetvVo?+i. 


* The treatment of this limit is far from complete in the majority of texts. Reference 
for a careful presentation may, however, be made to Granville’s “ Calculus,’”’ pp. 31-34, 
and Osgood’s ‘* Calculus,” pp. 78-82. See also Ex. 1, (8), in § 165 below. 
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Here only the positive sign is available, for e” is never negative. Hence 























sinh = log(a + Va? +1), any @, (30) 
cosh! = log (a + Vxz?—1), ae 1 (31) 
tanh wi ; log i, Lona (32) 
sae act 2 >, (33) 
sech? a = tog(4 — 4-1) ’ x= 4, (34) 
esch a2 = a art): any 2, (35) 
Dstt Soe “aes i D cosh *z = = (36) 
Dienh—_*g = — aS Micoths a — > (37) 
Dsech a = eee Desch*s = ae (38) 
EXERCISES 


1. Show by logarithmic differentiation that 
Ube US aie 
D (uv ale ee ee ~--) (uvw.-.- 
Cea) go ee ) (wom )s 
and hence derive the rule: To differentiate a product differentiate each factor 


alone and add all the results thus obtained. 


2. Sketch the graphs of the hyperbolic functions, interpret the graphs as those 
of the inverse functions, and verify the range of values assigned to x in (30)—(35). 

3. Prove sundry of formulas (23)-(29) from the definitions (22). 

4, Prove sundry of (30)-(38), checking the signs with care. In cases where 
double signs remain, state when each applies. Note that in (81) and (34) the 
double sign may be placed before the log for the reason that the two expressions 
are reciprocals. 


5. Derive a formula for sinhw + sinhv by applying (24); find a formula for 
tanh 4a analogous to the trigonometric formula tan $v = sinz/(1+ cosa). 





6. The gudermannian. The function ¢ = gda, defined by the relations 
sinhe=tang, ¢=gde=tan-lsinha, —lr<¢<+)7, 
is called the gudermannian of w. Prove the set of formulas : 
coshe=sec¢, tanha=sing, cscha=cotd, etc.; 
Dgdw%=seche, «=gd1¢=logtan(i¢d+in), Dgd-1¢=sec¢. 
7. Substitute the functions of ¢ in Ex. 6 for their hyperbolic equivalents in 
(23), (26), (27), and reduce to simple known trigonometric formulas. 
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8. Differentiate the following expressions : 





(a) (@ +1)? (@+2)-8@+3)-4, (8) alese, (y) loge ( + 1), 
(5) « + log cos(x — } 7), (ce) 2tan-le%, (f£) «—tanha, 
(n) vtanh-1z + } log (1— 2’), (6) er (4 SiN Mx — mM COS Mz) : 

; m2 + 2 


9. Check sundry formulas of Peirce’s ‘* Table,” pp. 1-61, 81-82. 


6. Geometric properties of the derivative. As the quotient (1) and 
its limit (2) give the slope of a secant and of the tangent, it appears 
from graphical considerations that when the derivative is positive the 
function is increasing with a, but decreasing when the derivative is 
negative.* Hence to determine the regions in which a function is in- 
creasing or decreasing, one may find the derivative and determine the 
regions in which it is positive or negative. 

One must, however, be careful not to apply this rule too blindly; for in so 
simple a case as f(x) = log@ it is seen that /’(z) = 1/z is positive when z > 0 and 
negative when x < 0, and yet log x has no graph when @ < 0 and is not considered 
as decreasing. Thus the formal derivative may be real when the function is not 


real, and it is therefore best to make a rough sketch of the function to corroborate 
the evidence furnished by the examination of f’ (x). 


If x, is a value of x such that immediately t upon one side of # =a, 
the function f(#) is increasing whereas immediately upon the other 
side it is decreasing, the ordinate y,=/(a#,) will be a maximum or 
minimum or f(a) will become positively or negatively infinite at «,. 
If the case where f(#) becomes infinite be ruled out, one may say that 
the function will have a minimum or maximum at x, according as the 
derivative changes from negative to positive or from positive to negative 
when x, moving in the positive direction, passes through the value x,. 
Hence the usual rule for determining maxima and minima is to find 


the roots of f¥(x) =9. 


This rule, again, must not be applied blindly. For first, f’(~) may vanish where 
there is no maximum or minimum as in the case y = x? at « = 0 where the deriva- 
tive does not change sign ; or second, f’(z) may change sign by becoming infinite 
as in the case y = a at 2 = 0 where the curve has a vertical cusp, point down, and 
a minimum ; or third, the function f(x) may be restricted to a given range of values 
a@=2=b for z and then the values f(a) and f(b) of the function at the ends of the 
interval will in general be maxima or minima without implying that the deriva- 
tive vanish. Thus although the derivative is highly useful in determining maxima 
and minima, it should not be trusted to the complete exclusion of the corroborative 
evidence furnished by a rough sketch of the curve y = f(z). 


* The construction of illustrative figures is again left to the reader. 

+ The word “immediately ” is necessary because the maxima or minima may be 
merely relative ; in the case of several maxima and minima in an interyal, some of 
the maxima may actually be less than some of the minima. 
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7. The derivative may be used to express the eqguations of the tangent 
and normal, the values of the subtangent and subnormal, and so on. 


Equation of tangent, y—y,=y,(«—2%,), (39) 
Equation of normal, (y— y,)¥, + (« —2,) =9, (40) 


TM = subtangent = y,/y), MN =subnormal = yy, (41) 
OT =«-intercept of tangent =x, —y,/y,, ete. (42) 


The derivation of these results is sufficiently evi- 
dent from the figure. It may be noted that the 
subtangent, subnormal, etc., are numerical values 
for a given point of the curve but may be regarded 
as functions of x like the derivative. 

In geometrical and physical problems it is frequently necessary to 
apply the definition of the derivative to finding the derivative of an 
unknown function. For instance if A denote the 
area under a curve and measured from a fixed 
ordinate to a variable ordinate, A is surely a func- 
tion A(«) of the abscissa « of the variable ordinate. 
If the curve is rising, as in the figure, then 








MPQ'M' < AA < MQP'M’, or yAx < AA < (y+ Ay) Az. 
Divide by Ax and take the limit when Ax = 0. There results 


; eae : 
lim y= lim —— S lim (y+ Ay). 
Ax Axc=0 ~ F 


Ax=0 Axz=0 
._ AA aA 
Hence WN ic ath (43) 


Rolle’s Theorem and the Theorem of the Mean are two important 
theorems on derivatives which will be treated in the next chapter but 
may here be stated as evident from their geometric interpretation. 
Rolle’s Theorem states that: Jf a function has a derivative at every 





Fig. 1 Fie. 2 Fie. 3 


point of an interval and if the function vanishes at the ends of the in- 
terval, then there is at least one point within the interval at which the 
derwative vanishes. This is illustrated in Fig. 1, in which there are 
two such points. The Theorem of the Mean states that: If a function 
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has a derivative at each point of an interval, there is at least one point 
in the interval such that the tangent to the curve y=f (x) is parallel to 
the chord of the interval. This is illustrated in Fig. 2 in which there 
is only one such point. 


, 


Again care must be exercised. In Fig. 8 the function vanishes at 4A and B but 
there is no point at which the slope of the tangent is zero. This is not an excep- 
tion or contradiction to Rolle’s Theorem for the reason that the function does not 
satisfy the conditions of the theorem. In fact at the point P, although there is a 
tangent to the curve, there is no derivative ; the quotient (1) formed for the point P 
becomes negatively infinite as Ax = 0 from one side, positively infinite as Av = 0 
from the other side, and therefore does not approach a definite limit as is required 
in the definition of a derivative. The hypothesis of the theorem is not satisfied and 
there is no reason that the conclusion should hold. 


EXERCISES 


1. Determine the regions in which the following functions are increasing or 
decreasing, sketch the graphs, and find the maxima and minima: 


(a) 42° — 2? 4 2, (8B) («+ 13 (x — 5)8, (y) log (a? — 4), 
(3) @—22)Ve—1, (ce) —@4+2V2—#, (s) P+ av4d. 


2. The ellipse is r=Va? + y2=e(d +2) referred to an origin at the focus. 
Find the maxima and minima of the focal radius rv, and state why D,r = 0 does 
not. give the solutions while Dgr = 0 does [the polar form of the ellipse being 
r= k(1—ecos¢)—1]. 

3. Take the ellipse as #?/a? + y2/b? = 1 and discuss the maxima and minima of 
the central radius r = V2 + y?. Why does Dzr = 0 give half the result when r is 
expressed as a function of z, and why will D,r = 0 give the whole result when 
x= acosxr, y =bsinX and the ellipse is thus expressed in terms of the eccentric 
angle ? 





4. If y = P(z) is a polynomial in a such that the equation P (x) = 0 has multiple 
roots, show that P’(x) = 0 for each multiple root. What more complete relationship 
can be stated and proved ? 


5. Show that the triple relation 27 b? + 4 a3 = 0 determines completely the nature 
of the roots of «3 + az + b = 0, and state what corresponds to each possibility. 

6. Define the angle 6 between two intersecting curves. Show that 

tan 8 =P’ (2) — 9 (&)] + L+S’ Go) 9 @o)] 

if y =f(x) and y= g(x) cut at the point (Xp, yp). 

7. Find the subnormal and subtangent of the three curves 

(a) y®=4 pz, (8) x? = 4 py, (y) a? +9? = a?. 

8. The pedal curve. The locus of the foot of the perpendicular dropped from 

a fixed point to a variable tangent of a given curve is called the pedal of the given 


curve with respect to the given point. Show that if the fixed point is the origin, 
the pedal of y = f(x) may be obtained by eliminating x9, Yo, yo from the equations 


Y—VYo=Yo(C— 2%), Y¥oHL=0, Yo=S(%o), Yo=S (%)- 
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Find the pedal (a) of the hyperbola with respect to the center and (8) of the 
parabola with respect to the vertex and (y) the focus. Show (6) that the pedal of 
the parabola with respect to any point is a cubic. 

9. If the curve y = f(z) be revolved about the z-axis and if V(x) denote the 
volume of revolution thus generated when measured from a fixed plane perpen- 
dicular to the axis out to a variable plane perpendicular to the axis, show that 
DIV =a. 

10. More generally if A(x) denote the area of the section cut from a solid by 
a plane perpendicular to the z-axis, show that D,V = A (a). 

11. If A(¢) denote the sectorial area of a plane curve r= f(¢) and be measured 
from a fixed radius to a variable radius, show that DyA = 47°. 

12. If p, h, p are the density, height, pressure in a vertical column of air, show 
that dp/dh =— p. If p = kp, show p = Ce-**, 

13. Draw a graph to illustrate an apparent exception to the Theorem of the 
Mean analogous to the apparent exception to Rolle’s Theorem, and discuss. 


14. Show that the analytic statement of the Theorem of the Mean for f(z) is 
that a value « = & intermediate to a and b may be found such that 


f(s) —F(M =F’ (&) 0-4), a<& <b. 


15. Show that the semiaxis of an ellipse is a mean proportional between the 
x-intercept of the tangent and the abscissa of the point of contact. 


16. Find the values of the length of the tangent (a) from the point of tangency 
to the x-axis, (8) to the y-axis, (vy) the total length intercepted between the axes. 
Consider the same problems for the normal (figure on page 8). 

17. Find the angle of intersection of (a) y2=2me and 22 + 7? = a?, 


ay (y) a? yy for 0<a<b 
w+4a2 gre Net Se and b<A<a. 





(8) 22 =4ay and y= 


18. A constant length is laid off along the normal to a parabola. Find the locus. 

19. The length of the tangent to «3 + y* = a¥ intercepted by the axes is constant. 

20. The triangle formed by the asymptotes and any tangent to a hyperbola has 
constant area. 

21. Find the length PT of the tangent to « =Vc? — y? + c sech— (y/c). 

22. Find the greatest right cylinder inscribed in a given right cone. 

23. Find the cylinder of greatest lateral surface inscribed in a sphere. 

24. From a given circular sheet of metal cut out a sector that will form a cone 
(without base) of maximum volume. 

25. Join two points A, B in the same side of a line to a point P of the line in 
such a way that the distance PA + PB shall be least. 

26. Obtain the formula for the distance from a point to a line as the minimum 
distance. 

27. Test for maximum or minimum. (a) If f(x) vanishes at the ends of an inter- 
val andis positive within the interval and if f(z) =0 has only one root in the 
interval, that root indicates a maximum. Prove this by Rolle’s Theorem. Apply 
it in Exs, 22-24. (8) If f(x) becomes indefinitely great at the ends of an interval 
and f’() = 0 has only one root in the interval, that root indicates a minimum. 
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Prove by Rolle’s Theorem, and apply in Exs. 25-26. These rules or various modi- 
fications of them generally suffice in practical problems to distinguish between 
maxima and minima without examining either the changes in sign of the first 
derivative or the sign of the second derivative ; for generally there is only one 
root of f’(x) = 0 in the region considered. 


28. Show that 2-1 sinz from z = 0 to z = 1 steadily decreases from 1 to 2/7. 


29. If0 <2 <1, show (a) 0. <e— log (142) < 50 (8 





log (1 + 2). 





L 
30. If 0>2>—1, show that 523 <x—log(l+2)< ‘ 


8. Derivatives of higher order. The derivative of the derivative 
(regarded as itself a function of a) is the second derivative, and so on 
to the nth derivative. Customary notations are : 


af @ 
S"(@ = ar Me =o Di f= Diy = y" = Dif= Dy, 

as : dy ay | dy 
APMC ae a Oe Ma C2) dab Tat? ot 6 


The nth derivative of the sum or difference is the sum or difference of 
the nth derivatives. For the nth derivative of the product there is a 
special formula known as Letbniz’s Theorem. It is 





> dx 


D" (uv) = D'u-v+nD""uDv er) D®-2u Dy +... +uDdDy, (44) 


2! 
This result may be written in symbolic form as 
Leibniz’s Theorem D" (uv) = (Du + Dv)’, (44") 


where it is to be understood that in expanding (Du + Dv)” the term 
(Du) is to be replaced by D*u and (Du)° by D°w =u. In other words 
the powers refer to repeated differentiations. 


A proof of ¢44) by induction will be found in § 27. The following proof is 
interesting on account of its ingenuity. Note first that from 


D (uv) = uDv + vDu, D? (uv) = D(uDv) + D(wDu), 
and so on, it appears that D? (wv) consists of a sum of terms, in eachlof which there 


are two differentiations, with numerical coefficients independent of uandv, In like 
manner it is clear that 


D* (uv) = CyDru-v + C,D»-1uDv + +++ + C,—1-DuD-1v + C,uDv 


is a sum of terms, in each of which there are n differentiations, with coefficients C 
independent of u and v. To determine the C’s any suitable functions wu and 2, say, 


w= e, v=o, w= edtax Dkear = gkeax, 
may be substituted. If the substitution be made and e@+ 4” be canceled, 
e— A+ a)x Dn (yv) = (14+ a)" = COC) + Cra +--+ + Cn_-1a"-1 + Char, 


and hence the O’s are the coefficients in the binomial expansion of (1 + a)”. 
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Formula (4) for the derivative of a function of a function may be 
extended to higher derivatives by repeated application. More generally 
any desired change of variable may be made by the repeated use of (4) 
and (5). For if « and y be expressed in terms of known functions 
of new variables « and v, it is always possible to obtain the deriva- 
tives D,y, D2y,---in terms of D,v, D2v, ---, and thus any expression 
F(a, y, y', y", ++») may be changed into an equivalent expression 
@(u, v, v', v", ---) in the new variables. In each case that arises the 
transformations should be carried out by repeated application of (4) 
and (5) rather than by substitution in any general formulas. 


The following typical cases are illustrative of the method of change of variable. 
Suppose only the dependent variable y is to be changed to z defined asy=f(z). Then 


d?y a (2) d (c 2) _ a2. dy \ dz (; -) 








dz?” dz\dx] dx\dxdz/ dx? dz ° dx \dzx dz 
a. dz dy az (¢ dy =) _ dz dy (=) d?y 
~ dx? dz  du\dzdz dz) dx2dz \dr/ dz 


As the derivatives of y = f(z) are known, the derivative d?y/dx? has been expressed 
in terms of z and derivatives of z with respect to x. The third derivative would be 
found by repeating the process. If the problem were to change the independent 
variable x to z, defined by x = f(z), 


dy dydz_ dy (=) ay a [2 (=) 
dx dzdx dz \dz dz ; 


dz 








dx2 dx 


d*y  d’y dz (=) dy (=) dz dn E de) Cea |S (=) 
dx? dz? dx \dz dz\dz} dedz2 |d2dz dz dz} \dz)- 





The change is thus made as far as derivatives of the second order are concerned. If 
the change of both dependent and independent variables was to be made, the work 
would be similar. Particularly useful changes are to find the derivatives of y by x 
when y and @ are expressed parametrically as functions of f, or when both are ex- 
pressed in terms of new variables r, ¢ ast =rcos¢,y=rsing. For these cases 
see the exercises, 

wy 


9. The concavity of a curve y= f(x) is given by the table: 


ae on, oe, the curve is concave up at x = 25 
trey a0, the curve is concave down at «=a, 
wf (y= 0, an inflection point at a =a. (?) 


Hence the criterion for distinguishing between maxima and minima: 
: dyes : aT, me 
if f'(@,) =O and f"@)>0, a minimum at «= 2,, 
Omid oT] m F > pom =, 
MoT (@) = 0 “and "a = 0, a maximum at r=, 


ey (@,)=0 and f" (a) =0, neither max. nor min. (?) 
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The question points are necessary in the third line because the state- 
ments are not always true unless f""(x,) # 0 (see Ex. 7 under § 39). 


It may be recalled that the reason that the curve is concave up in case f” (a) > 0 
is because the derivative f’(x) is then an increasing function in the neighborhood 
of «=a; whereas if f” (x9) < 0, the derivative /’(x) is a decreasing function and 
the cuive is convex up. It should be noted that concave up is not the same as 
concaye toward the x-axis, except when the curve is below the axis. With regard 
to the use of the second derivative as a criterion for distinguishing between maxima 
and minima, it should be stated that in practical examples the criterion is of rela- 
tively small value. It is usually shorter to discuss the change of sign of f’(x) directly, 
—and indeed in most cases either a rough graph of f(x) or the physical conditions 
of the problem which calls for the determination of a maximum or minimum will 
immediately serve to distinguish between them (see Ex. 27 above). 


The second derivative is fundamental in dynamics. By definition the 
average velocity v of a particle is the ratio of the space traversed to the 
time consumed, v= s/t. The actual velocity v at any time is the limit 
of this ratio when the interval of time is diminished and approaches 
zero as its limit. Thus 


. 


s NSCS 

@=—, and v= lim—=—-. 45 

ts At vs i ho At dt ( ) 

In like manner if a particle describes a straight line, say the x-axis, the 

average acceleration f is the ratio of the increment of velocity to the 

increment of time, and the actwal acceleration f at any time is the limit 
of this ratio as At+ 0. Thus 

A Ave de ae 


f=— and f= lim— 


At At=0 At dt dt (46) 


By Newton’s Second Law of Motion, the force acting on the particle ts 
equal to the tate of change of momentum with the time, momentum 
being defined as the product of the mass and velocity. Thus 





i(mv dv f there a 
=< mo =m 7 = mf = m9) (47) 





where it has been assumed in differentiating that the mass is constant, 
as is usually the case. Hence (47) appears as the fundamental equa- 
tion for rectilinear motion (see also §§ 79, 84). It may be noted that 


mrs IT hs 
F=mv ES : ( m “) ER (47') 





dx da\! da. 


> 
\ a 


where 7 = 1 mv? denotes by definition the kinetic energy of the particle 
For comments see Ex. 6 following. 
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EXERCISES 


1. State and prove the extension of Leibniz’s Theorem to products of three or 
more factors. Write out the square and cube of a trinomial. 
2. Write, by Leibniz’s Theorem, the second and third derivatives : 


(a) e sing, (8) cosh z cos x, (vy) wet log x. 


3. Write the nth derivatives of the following functions, of which the last three 
should first be simplified by division or separation into partial fractions. 








(a) Ve +1, (8) log (ax + 2), (y) (+1) @+1)-% 
(5) cosas, (c) evsing, (3) @—2)/A +2), 

1 ans SE EN ax + 1\2 
(1) a2 —1° (9) Pee © (+) (ss): 


4, If y and z are each functions of ¢, show that 


@y did? did? _wvy’-yz" 





dx? dax\3 i a3 

ea, 
dsy oe. Oey = WO, = 3 x’ (cae = ae) 
des Pa : 


5. Find the inflection points of the curve 7 =4¢— 2sing, y= 4—2cos¢. 


6. Prove (47’). Hence infer that the force which is the time-derivative of the 
momentum mv by (47) is also the space-derivative of the kinetic energy. 
7. If A denote the area under a curve, as in (48), find d@4/dé@ for the curves 
(a) y=a(1—cosé), c=a(O—sin6), (8) c=acosé, y=bsin#. 
8. Make the indicated change of variable in the following equations: 


dy in ay Yy d2y 











=—=() = tan z. Ans. —4 | 
(@) dx? ‘14+a2de +a? ,» c= tan ns qty 0 
d? 1 /dy\2 a 
(8) a—a[T2 2 (2) |-2Z+u=0, 5) fete ngs c=sinu. 
dz? y \dau da d2y 
Ans. ~+1=0. 
u2 


9. Transformation to polar codrdinates. Suppose that x =r cos¢, y=rsing. Then 


Ch (the é dy adr 
= —cos¢?—rsind, = — 


ace io do oe 





: n Cae ieee 2 r2 + 2(Der)? — rD?r 
and so on for higher derivatives. Find Y and a'y = eas aa a ee 
dx dx? (cos @ Dgr — r sin d)® 
10. Generalize formula (5) for the differentiation of an inverse function. Find 
d’x/dy? and d®x/dy®. Note that these may also be found from Ex. 4. 


11. A point describes a circle with constant speed. Find the velocity and 
acceleration of the projection of the point on any fixed diameter. 


dy dv\-1 d2y /dv\-8 1 
12. Prove — = 2 uv? + 44 () — vb () ife=-., y= 
dix? du? \du v ahs 


du 
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10. The indefinite integral. To integrate a function f(a) is to find 
a function F(x) the derivative of which is f(x). The integral F(x) is 
not uniquely determined by the integrand f(x); for any two functions 
which differ merely by an additive constant have the same derivative. 
In giving formulas for integration thé constant may be omitted and 
understood; but in applications of integration to actual problems it 
should always be inserted and must usually be determined to fit the 
requirements of special conditions imposed upon the problem and 
known as the initial conditions. 

It must not be thought that the constant of integration always appears added to the 
function F(x). Itmay be combined with F(a) so as to be somewhat disguised. Thus 

logz, log~+0O, logCz, log(«/C) 


are all integrals of 1/x, and all except the first have the constant of integration C, 
although only in the second does it appear as formally additive. To illustrate the 
determination of the constant by initial conditions, consider the problem of finding 
the area under the curve y = cosz. By (48) 


D,A=y=cose andhence A=sinz+C. 


If the area is to be measured from the ordinate x = 0, then A = 0 when a = 0, and 
by direct substitution it is seen that C=0. Hence 4=sing. But if the area be 
measured from «= —i7, then A=0 when g=—}7 and C=1. Hence A=1+sinz. 
In fact the area under a curve is not definite until the ordinate from which it is 
measured is specified, and the constant is needed to allow the integral to fit this 
initial condition. 


11. The fundamental formulas of integration are as follows : 


i 1 : 

SS o yn — an oa 4 
ste log x, fe ame ifn#—1, (48) 
fe GF, fe = a" /log a, (49) 
fam x= — COS @, feos d= Sin 2, (50) 


fi x = — log cosa, fest e= 10g 1 2, (51) 


[eee = tan 2, poste =— cota, (52) 
fim 2 seC ar = See 2, fest x CSC % = — CSC x, (53) 


with formulas similar to (50)—(53) for the hyperbolic functions. Also 


1 = tan-!x or — cot—2, s -==tanh—'z or coth—za, (54) 
: 1+ 2 37 
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il ; +1 ae 
——— = sin“!z or —cos'z —=—— =+ sinh! 55 
Ize : ; {GB ; a 
pee, = sec" 1g of —esc” “2, die = + sech!z, (56) 











aVar— 2 V1— x? 
ee ey 
gV1+2 





=+cosh"!z, =-+ esch—z, (57) 


Sea 
jiqee = vers “az, see x = gd-x = log tan (F “+ i (58) 


For the integrals expressed in terms of the inverse hyperbolic functions, the 
logarithmic equivalents are sometimes preferable. This is not the case, however, 
in the many instances in which the problem calls for immediate solution with 


regard tow. Thus if y =| 4 a2)-2 =sinh-1z +, then z=sinh(y—C), and the 


solution is effected and may be translated into exponentials. This is not so easily 
accomplished from the form y= log (a 4A/¥- z?)+C. For this reason and 
because the inverse hyperbolic functions are briefer and offer striking analogies 
with the inverse trigonometric functions, it has been thought better to use them 
in the text and allow the reader to make the necessary substitutions from the table 
(80)-(35) in case the logarithmic form is desired. 





12. In addition to these special integrals, which are consequences 
of the corresponding formulas for differentiation, there are the general 
rules of integration which arise from (4) and (6). 


dz dy dz 2 
les: dx =[ de” (59) 
fotenm =f + fo— fv, (60) 
w= fuo'+ fut (61) 


Of these rules the second needs no comment and the third will be treated later. 
Especial attention should be given to the first. For instance suppose it were re- 
quired to integrate 2 loga/x. This does not fall under any of the given types; but 








2 d(logx)? dlogz dz dy 
—loga = : = + 
x dlogex dx dy dx 


Here (log a)? takes the place of z and log@ takes the place of y. The integral is 
therefore (loga)? as may be verified by differentiation. In general, it may be 
possible to see that a given integrand is separable into two factors, of which one 
is integrable when considered as a function of some function of x, while the other 
is the derivative of that function. Then (59) applies. Other examples are : 


fein COS &, | tan-1a@/(1 + 2), J x sin (x), 
e e 
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In the first, z = ey is integrable and as y = sina, y’ = cosz; in the second, z = y is 
integrable and as y = tan—1a, y’ = (14 2?)-1; in the third z= siny is integrable 
and as y = 2, y= 322. The results are 


enna 3 (tan-1z)?2, — + cos (x). 


This method of integration at sight covers such a large percentage of the cases 
that arise in geometry and physics that it must be thoroughly mastered.* 


EXERCISES 


1. Verify the fundamental integrals (48)—(58) and give the hyperbolic analogues 
of (50)=(58). 


2. Tabulate the integrals here expressed in terms of inverse hyperbolic func- 
tions by means of the corresponding logarithmic equivalents. 


3. Write the integrals of the following integrands at sight : 








(a) sin ag, (8) cot (ax + Db), (y) tanh 8a, 
1 il dh 
6 =e €) SSS (¢) eae} 
Oya : x? — a? V2 ae — x? 
L 
1 er x 
, 6 Bey aaa ae ee 
Oy x logx (?) ee () x7 + a? 
(x) 2?V ax? + b, (A) tan @ sec? a, (u) cot x log sina, 
(a1 — 1)§ tanh-1z - 2+ loga 
G) SS, Oa aere (nr) 
ae 1 
(p) att+sinz cost, — (¢) === (r) 





V cos 2 V1—2? sin-l!e 


4. Integrate after making appropriate changes such as sin?a# = 4—} cos2z 
or sec?a =1+4 tan?z, division of denominator into numerator, resolution of the 
product of trigonometric functions into a sum, completing the square, and so on. 








(a) cos? 2a, (8) sin*a. (y) tanta, 

(3) { (e) i () 1— sing 
x P38x+ 25 x+2 vers & 

(n) Past d ee (0) ae te (c) af gt) DBE 
477-5241 ert 1 20x + a? 

(x) sin5zcos2a +1, (A) sinh mz sinh nz, (u) cosa cos 2@ cos 8.x, 

y sm —1 
(v) seca tanz—V2a, *(0) ay (77) eee e 


* The use of differentials (§ 35) is perhaps more familiar than the use of derivatives. 


dz {2 dy {2 
os ly = n= | —ady=Zzly (x) ). 
a) (bg oe dy dx dy °! Ly @)] 
9 
Then f Progean= f 2toge dlog «= (log a). 
aia 


The use of this notation is left optional with the reader; it has some advantages ang 
some disadvantages. The essential thing is to keep clearly in mind the fact that the 
problem is to be inspected with a view to detecting the function which will differentiate 
into the given integrand. 
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5. How are the following types integrated ? 


(a) sin™x cos”, m or n odd, or m and n even, 
(B) tan"x or cot” when n is an integer, 

(vy) seca or ecsc”” when n is even, 

(6) tan™z sec” or cot™s% csce"x, n even. 


6. Explain the alternative forms in (54)-(56) with all detail possible. 


7. Find (a) the area under the parabola y? = 4px from «= 0 toz =a; also 
(8) the corresponding volume of revolution. Find (y) the total volume of an ellip- 
soid of revolution (see Ex. 9, p. 10). 


8. Show that the area under y = sin mz sin nx or y = cosmx cosnz from z = 0 
to « = 7 is zero if m and n are unequal integers but 47 if they are equal. 


9. Find the sectorial area of r= a tang between the radii ¢ = 0 and ¢=1}7. 
10. Find the area of the (a) lemniscate r?=a? cos 2 ¢ and (8) cardioid r=1—cos¢. 


11. By Ex. 10, p. 10, find the volumes of these solids. Be careful to choose the 
parallel planes so that A (x) may be found easily. 


(a) The part cut off from a right circular cylinder by a plane through a diameter 
of one base and tangent to the other. Ans. 2/37 of the whole volume. 

(8) How much is cut off from a right circular cylinder by a plane tangent to its 
lower base and inclined at an angle @ to the plane of the base ? 

(vy) A circle of radius b < a is revolved, about a line in its plane at a distance a 
from its center, to generate a ring. The volume of the ring is 2 7?ab?. 

(6) The axes of two equal cylinders of revolution of radius r intersect at right 
angles. The volume common to the cylinders is 1673/3. 


12. If the cross section of a solid is A(x) = aye? + a,x? + at + dy, a cubic in a, 
the volume of the solid between two parallel planes is }h(B + 4M + B’) where h 
is the altitude and B and BD’ are the bases and M is the middle section. 

: = bana! as ‘ 
14+ 2? 








13. Show that i 
1— cx 

13. Aids to integration. The majority of cases of integration which 

arise in simple applications of calculus may be treated by the method 

of §12. Of the remaining cases a large number cannot be integrated 

at all in terms of the functions which have been treated up to this 


; on enaer ; 1 
point. Thus it is impossible to express f/ Sees 1 Garg 


Vv ( 1 — a”) (1— ax?) 
of elementary functions. One of the chief reasons for introducing a 





variety of new functions in higher analysis is to have means for effect- 
ing the integrations called for by important applications. The dis- 
cussion of this matter cannot be taken up here. The problem of 
integration from an elementary point of view calls for the tabula- 
tion of some devices which will accomplish the integration for a 
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wide variety of integrands integrable in terms of elementary functions. 
The devices which will be treated are: 


Integration by parts, Resolution into partial fractions, 
Various substitutions, Refererice to tables of integrals. 


Integration by parts is an application of (61) when written as 


(i uv’ = uv — iP wv. (61’/) 


That is,it may happen that the integrand can be written as the product uv’ of two 
factors, where v’ is integrable and where w/v is also integrable. Then wv’ is integrable. 
For instance, log is not integrated by the fundamental formulas; but 


froge= floge-t=aloge— fe/e=aloge —a. 


Here log x is taken as u and 1 as v’, so that v is a, uw’ is 1/x, and u’v = 1 is immedi- 
ately integrable. This method applies to the inverse trigonometric and hyperbolic 
functions. Another example is 


fe sing =— x cosa + f cose = sina — © cos@. 


Here if =u and sing = v’, both v’ and u’v =— cosa are integrable. If the choice 
sinz=u and z=v’ had been made, v’ would have been integrable but wv=4 2? cos x 
would have been less simple to integrate than the original integrand. Hence in 
applying integration by parts it is necessary to look ahead far enough to see that 
both v’ and w’v are integrable, or at any rate that v’ is integrable and the integral 
of wv is simpler than the original integral.* 

Frequently integration by parts has to be applied several timesin succession. Thus 


jue - wer — f 2aet if u= a, =e, 


= 76% — 2xe + Qex. 


Sometimes it may be applied in such a way as to lead back to the given integral 
and thus afford an equation from which that integral can be obtained by solution. 


For example, 


ihe cos z = e* cosa + ite sin @ Li i= COSCO ae=ne 
=e" cosa + le sina —fe cos «| ne Sa, Or Se 
= e(cos@ + sina) — tee COS @. 


Hence ihe cosa = 4 e*(cosx + sinz). 


* The method of differentials may again be introduced if desired. 
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14. For the integration of a rational fraction f (x)/F (x) where f and F are poly- 
nomials in a, the fraction is first resolved into partial fractions. This is accom- 
plished as follows. First if f is not of lower degree than F, divide F into f until the 
remainder is of lower degree than Ff. The fraction f/F is thus resolved into the 
sum of a polynomial (the quotient) and a fraction (the remainder divided by F) 
of which the numerator is of lower degree than the denominator. As the polyno- 
mial is integrable, it is merely necessary to consider fractions f/F where f is of 
lower degree than F. Next it is a fundamental theorem of algebra that a poly- 
nomial F may be resolved into linear and quadratic factors 


F(v) = k(@ — a)* (x7 — b)B (aw — c)Y- + - (a? + me + nj (x? + pa + g)y-+s, 
where a, b, c, +--+ are the real roots of the equation Ff (x)= 0 and are of the respec- 
tive multiplicities a, B, y,---, and where the quadratic factors when set equal to 
zero give the pairs of conjugate imaginary roots of F = 0, the multiplicities of the 
imaginary roots being », v,---. It is then a further theorem of algebra that the 
fraction f/F may be written as 











f(t) A, Ae Ae B, Bp 
F(a) 2—a eat T= aleg @ <i hen 
Mz + N, Maz +N, Mut + Nu 
e+met+n (22+ mer4+n)? (x? + mz + n)e 


where there is for each irreducible factor of F a term corresponding to the highest 
power to which that factor occurs in F and also a term corresponding to every 
lesser power. The coefficients A, B, ---, M, N,--- may be obtained by clearing 
of fractions and equating coefficients of like powers of x, and solving the equations; 
or they may be obtained by clearing of fractions, substituting for « as many dif- 
ferent values as the degree of F, and solving the resulting equations. 

When f/F has thus been resolved into partial fractions, the problem has been 
reduced to the integration of each fraction, and this does not present serious 
difficulty. The following two examples will illustrate the method of resolution 
into partial fractions and of integration. Let it be required to integrate 








it re oa | ‘ 223 + 6 

eas and i] —_——_ = 
%(x% — 1) (& — 2) (a2 + & + 1) (% — 1)? (w — 3) 
The first fraction is expansible into partial fractions in the form 


a? +1 ety. Ee De +E 
a(e—l)(e—2)(e8+e4+1) & @-—-1 2-2 e8+e41 








Hence a +1= A(x —1) (ew — 2) (aw? + 241) + Be — 2) (@?2 +241) 
+ Cx (w — 1) (uv? + @ + 1) + (Dx + EF) x(x — 1) (w — 2). 
Rather than multiply out and equate coefficients, let 0, 1,2, —1, —2 be substi- 
tuted. Then 
1=2A, 2=—8B, 56=14C0, D—E=1/21, E—2D=1/7, 


e+ 1 1 2 5 474745 
if 9) (p2 =(—-f-— +f aS, ir os 
x (% —1) (@ — 2) (a? + @ +1) 20 8(@—1)  ¥ 14(e@—2) 21 (x? + x +1) 
1 2 5) 2 ‘ ‘ 
== logx — — log (a —1) + td log (w — 2) — — log (x? + # +1)— a tan-l 2a at 
: : 14 21 7V3 V3 
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In the second case the form to be assumed for the expansion is 
2e> 6 AL B G. D E 
@—1'@—3) 2-1 @—l? @—s ' @—s%* @_ae 
225 + 6 = A(x —1) (w — 8)? + B(w — 38)3 + Cw — 1)? (w — 8)? 
+ D (« — 1)? (x — 8) +H (w — 1)?. 
The substitution of 1, 3, 0, 2, 4 gives the equations 
8=— 8B, 60 = 4£, 94+3C0—D+12=0, 
A—C+D+46=0, A+8C0+4+3D=0. 
The solutions are — 9/4, —1, + 9/4, — 3/2, 15, and the integral becomes 
225 + 6 
@—1?(@— 3) 








=— Flog (e —1) + + Tog (e — 8) : 
re 3 15 7 
2(%¢—8) 2(¢— 38)? 

The importance of the fact that the method of partial fractions shows that any 
rational fraction may be integrated and, moreover, that the integral may at most con- 
sist of a rational part plus the logarithm of a rational fraction plus the inverse 
tangent of a rational fraction should not be overlooked. Taken with the method 
of substitution it establishes very wide categories of integrands which are inte- 
grable in terms of elementary functions, and effects their integration even though 
by a somewhat laborious method. 





15. The method of substitution depends on the identity 
fr@=freowe if ©=$(), (59) 
Fr y dy 
which is allied to (59). To show that the integral on the right with respect to y 
is the integral of f(x) with respect to x it is merely necessary to show that its 
derivative with respect to x is f(x). By definition of integration, 





d dz dz 
zs Sh SloWMlT =o WF 


d da dx dy 

and J, SOOls, =f OT z= Slo OI 

by (4). The identity is therefore proved. The method of integration by substitu- 
tion is in fact seen to be merely such a systematization of the method based on 
(59) and set forth in § 12 as will make it practicable for more complicated problems, 
Again, differentials may be used if preferred. 

Let R denote a rational function. To effect the integration of 
foine R(sin?z, cosz), let cosr=y, then {- R(1— 4, y); 


y 


fcose R(cos?z, sinz), let sinz=y, then fR (1— y*, y); 
y 


i R 
fe(—) =[k (tana), let tanz=y, then ea 


COSL yl+y?’ 
2y <4) 2 


5 ’ © r; 
Ly ly ity 
The last substitution renders any rational function of sin w and cos a rational in 
the variable y; it should not be used, however, if the previous ones are applicable 
— it is almost certain to give a more difficult final rational fraction to integrate. 





a 
fR (sin z, cos@), let tan, = then r( 


Y 
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A large number of geometric problems give integrands which are rational in # 
and in some one of the radicals Va? + 22, Va? — 2”, Vx? — a®. These may be con- 
verted into trigonometric or hyperbolic integrands by the following substitutions: 


[B@ Ve—#) di) = (OWE J Rlasiny, a cosy) a cosy; 
y 





C—O vane, {Re tan y, a sec y) a sec? y 
fre Va? + 2?) z 


“z=asinhy, fk (a sinh y, a@ cosh y) @ cosh y ; 
Y 


SFY 


%—=asecy, J Rascey, a tany) asec y tany 
{RG Vx? — a?) J 


| x= acoshy, fR (a cosh y, a sinh y) a sinh y. 
Ke y 


It frequently turns out that the integrals on the right are easily obtained by 
methods already given; otherwise they can be treated by the substitutions above. 

In addition to these substitutions there are a large number of others which are 
applied under specific conditions. Many of them will be found among the exer- 
cises. Moreover, it frequently happens that an integrand, which does not come 
under any of the standard types for which substitutions are indicated, is none the 
less integrable by some substitution which the form of the integrand will suggest. 

Tables of integrals, giving the integrals of a large number of integrands, have 
been constructed by using various methods of integration. B. O. Peirce’s ‘* Short 
Table of Integrals’? may be cited. Ifthe particular integrand which is desired does 
not occur in the Table, it may be possible to devise some substitution which will 
reduce it to a tabulated form. In the Table are also given a large number of 
reduction formulas (for the most part deduced by means of integration by parts) 
which accomplish the successive simplification of integrands which could perhaps 
be treated by other methods, but only with an excessive amount of labor. Several 
of these reduction formulas are cited among the exercises. Although the Table is 
useful in performing integrations and indeed makes it to a large extent unneces- 
sary to learn the various methods of integration, the exercises immediately below, 
which are constructed for the purpose of illustrating methods of integration, should 
be done without the aid of a Table. 


EXERCISES 


1. Integrate the following by parts: 


(a) fe cosh a, (8) ftan-te, (y) fa log x, 
@) f=. (e) nee (¢) {(— : 


3 
x (x — a?)2 
2. If P(x) is a polynomial and P’(z), P’(x), «++ its derivatives, show 


1 1 ] 
Pt ax — _ eax] P(g) — — x sala 7 YS a 
(a) [P(@)ee = er| Pee) — 1 P@) + SP") | 





> : Lab stn Hl i a 
(B) fi (x) cos ax = - sin aa [Po = P’(x) + aa Piv(x) —-- | 


1 1 
+ — COS aa | P*(x) — aA P(e) + me P¥(x) —-- ‘| 
a a a? a 


and (7) derive a similar result for the integrand P(x) sin az. 
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3. By successive integration by parts and subsequent solution, show 
etx (a, sin bx — b cos bx) 


(28) | GSW IVC ew) 
(a) f eo 

e% (b sin bx + @ cos bx) 
MRC ICOSO NI ; 
(8) f ooe 


(y) fae COSX = 3g; e€?* [5x (sinz + 2 cosx) — 4sina — 8 cosa]. 





4. Prove by integration by parts the reduction formulas 








5 sin=tlycos*—1z n—1 
(@) fosinnz cos"z = ee cos" — 2a, 
m+n m+n 
: tan”—ly sectr mM — 
(8) fitanma sec"z = — — ftaur—2e sec" x, 
m+n—1 mt+tn—1 





: 1 = 1 x 
ef Se + a?)n “Fale Papa +O" 9) iberarscaal 


(3 ee am gmt m +-1 gm 
(logz)® (nv —1)(logayr-1' n—1¥ (logan 








5. Integrate by decomposition into partial fractions : 


Ofesesn law 0) fie 


4G — 89 + 1 i 
56) | ——————_» 5 ee ee 
Od eeraegren Ne ae Teer 
6. Integrate by trigonometric or hyperbolic substitution : 


(a) [va— a, (3) [Va = a’ ) [Vere 


ee Pe = oc “ 
(a — x)2 a 3 
7. Find the areas of these curves and their volumes of revolution : 
(a) at + y3 = al, (6) aly = aPat—at, ay (2) +(4)= 
. Integrate By converting to a rational algebraic fraction : 


oe sin3 a ®) f cos 38a ( if sin22 
5 , ; ; ’ Y ; Span 
; a? cos? @ + b? sin? & a? cos? x + b? sin? x a? cos? x -+- 6? sin? x 
il 1— cosz 


0) fo OM eserrnrte: (8) 1+sinz. 














9. Show that jj R (x, Va+ ba + cat) may be treated by trigonometric substitu- 


tion; distinguish between b? — 4ac = 0. 


ax +b 


us l 
es ) is made rational by y" = 
co +d 


10. Show that fR («, 
by 
that fr (2, V(« — «) (x — B)) is rationalized by y? = fide a This accomplishes 
L—a 
the integration of R (a, Va + be + cx®) when the roots of a+ be + cx? = 0 are 
real, that is, when b? — 4ac > 0. 


- Hence infer 
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11. Show that Hi R [«: (==, (ey. ao | where the exponents m, n, 





F ; ? az +b 
..- are rational, is rationalized by y* = x 
F cx +d 
integers. 


if k is so chosen that km, kn, ---+ are 





12. Show that ih (a + by)Pyd may be rationalized if p org or p + q isan integer. 
By setting 2" = y show that ie x” (a + bar)p may be reduced to the above type and 


pais or p or ice + p is integral. 
nN 





Aah 7 
hence is integrable when 


13. If the roots of a + ba + cx? = O are imaginary, fR (2, Va + bx + cx) may 
be rationalized by y =Va +4 be + cx®* Fa Ve. 


14. Integrate the following. 














a3 14+ V2 x 
OU ery ie eters ON re ree 
e2x at Z 
(3) Sas (e) Fe 228 (3) \ perares ca sc 
il V2e424 x8 V1— 23 
was 6) | ————_., : 
oi eer Os SH eer 


15. In view of Ex. 12 discuss the integrability of : 


s : = xm flet z= ay” 
a {sina cosa let sing =Vy B {— 4 Z 
(a) BO yt 


y. 
16. Apply the reduction formulas, Table, p. 66, to show that the final integral for 


if an : i 1 Be i) 
nS Sor {SS or —= 
Valens V1— x2 V1— 22 SV 1 — 2 








according as m is even or odd and positive or odd and negative. 


17. Prove sundry of the formulas of Peirce’s Table. 


18. Show that if R(«, Va? — x) contains « only to odd powers, the substitu- 
tion z=Va? — x? will rationalize the expression. Use Exs. 1 ({) and 6 (e) to 
compare the labor of this algebraic substitution with that of the trigonometric or 
hyperbolic. 


16. Definite integrals. If an interval from «=a to x =d be divided 
into m successive intervals Az,, Avs, ---, Ar, and the value /(&) of a 
function f(@) be computed from some point €; in each interval Ax, and 
be multiplied by Aw, then the limit of the sum 

° a a rn / ‘a a 
lim [f(€1) Aor +f (2) Aes +--+ (GAR) =f F(@) de, (62) 
0 


Ax = 
n=co 
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when each interval becomes infinitely short and their number n_ be- 
comes infinite, is known as the definite integral of f(x) from a to b, and 
is designated as indicated. If y= f(a) be graphed, the sum will be 
represented by the area under 
a broken line, and it is clear 
that the limit of the sum, that 
is, the integral, will be repre- 
sented by the area under the 
curve y=f(«) and between 
the ordinates x =a andaw=d. 
Thus the definite integral, de- 
fined arithmetically by (62), 

may be connected with a geo- 
metric concept which can serve to suggest properties of the integral 
much as the interpretation of the derivative as the slope of the tan- 
gent served as a useful geometric representation of the arithmetical 
definition (2). 

For instance, if a, 6, ¢ are successive values of x, then 





LF@ det ['F@) de = f"Ma) de (63) 


is the equivalent of the fact that the area from a to ¢ is equal to the 
sum of the areas from a to 6 and 6 to c. Again, if Ax be considered 
positive when x moves from a to b, it must be considered negative 
when x moves from é to a and hence from (62) 


[7@dx=— fF (@ae. (64) 


Finally, if 17 be the maximum of f(#) in the interval, the area under 
the curve will be less than that under the line y=M through the 
highest point of the curve; and if m be the minimum of /(#), the 
area under the curve is greater than that under y= m. Hence 


m(b— a) <f f(@)de < M(b—a). (65) 


There is, then, some intermediate value m< p< M such that the inte- 
gral is equal to w(b—a); and if the line y= p cuts the curve in a 
point whose abscissa is € intermediate between @ and 6, then 


f F@) de = wb—a) =b- a) fO. (65') 


This is the fundamental Theorem of the Mean for definite integrals. 
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The definition (62) may be applied directly to the evaluation of the definite in- 
tegrals of the simplest functions. Consider first 1/z and let a, 6 be positive with a 
less than b, Let the interval from a to b be divided into n intervals Az; which are 
in geometrical progression in the ratio r so that 21 = a, fg = ar, +--+, tn 41 = a™ 


and Az;=a(r—1), Ate=ar(r—1), Avg = ar? (r—1), ---, Ata =ar—l(r —1); 
whence b—a=Agq,+Azg+---+Azt,=a(r"—1) and m=bD/a. 


Choose the points &; in the intervals Az; as the initial points of the intervals. Then 





— == =p — 
By Ad ca Oe OM ee) eee 
rT 3) &, a ar arn —l 
But r=\ b/a or n= log (b/a) = logr. 
Ax, Axe Nia b r—1 b h 
Hi = == eee SS 7 — 1 —log—.- = lor =. = 
ta & f & ges fn ee) "a logr "a log (1+ h) 


Now if n becomes infinite, r approaches 1, and h approaches 0. But the limit of 
log (1+ h)/h as h = 0 is by definition the derivative of log (1+ 2) when x = 0 and 
is 1. Hence 


b 
if dt Te [eit St +] toe? = logs — tog a. 
a n=o2 alt v4 e = 


As another illustration let it be required to evaluate the integral of cos? x from 
0to%7. Here let the intervals Av; be equal and their number odd. Choose the é’s 
as the initial points of their intervals. The sum of which the limit is desired is 


o = cos? 0: Ax + cos? Ax- Ax + cos?2 Ax- Ax +.--- 
+ cos? (n — 2) Ar. Ax + cos? (n — 1) Az- Az. 


But nAxc =47, and (n—1)Ax=i47— Ax, (n— 2)Av=jiar—2Adz, --,, 
and cos(t}a7—y)=siny and sin?y+4 cos*y=1. 
Hence o = Ax[cos? 0 + cos? Ax + cos? 2 Ax +--.+4 sin? 2 Az + sin? Ar] 
n—1 
| ae: | 


Tv 


2 2 : 
Hence if cos*cdx = lim [{nAx + } Ar] = lim (ba +} Ar) =}7. 
0 Ax+0 Ax =0 zs 





Indications for finding the integrals of other functions are given in the exercises. 
It should be noticed that the variable 2 which appears in the expression of the 
definite integral really has nothing to do with the value of the integral but merely 
serves as a symbol useful in forming the sum in (62). What is of importance is 
the function f and the limits a, b of the interval over which the integral is taken. 


[reas firoae =f fway = fF eae, 


The variable in the integrand disappears in the integration and leaves the value of 
the integral as a function of the limits a and b alone, 
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17. If the lower limit of the integral be fixed, the value 


[ f@t2=20 


of the integral is a function of the upper limit regarded as variable 
To find the derivative 6'(4), form the quotient (2), 


b+ Ab 


siege) oe k J (@) dx 
Ab = 44 _______va___. 





Ab 
By applying (63) and (65'), this takes the simpler form 
b+ Ab 
x) d 
o6+as-0@ J, 1% 
AE = a =a, 1 


where € is intermediate between b and )+ Ad. Let Ab=0. Then € 
approaches 6 and /(€) approaches f(4). Hence 





w= 5 [ f@)e=F0. (66) 


If preferred, the variable 6 may be written as a, and 


® (x) ={ Fe) dx, ®'(2) = g [r@ de = f (2). (66') 


dx 
This equation will establish the relation between the definite integral 
and the indefinite integral. For by definition, the indefinite integral 
F(a) of f(x) is any function such that F'(x) equals f(x). As ®'(x) = f(x) 
it follows that 


[ro dx = F(x) +4- C. (67) 


Hence except for an additive constant, the indefinite integral of f is 
the definite integral of f from a fixed lower lhmit to a variable upper 
limit. As the definite integral vanishes when the upper limit coincides 
with the lower, the constant C is — F(a) and 


° 


[ro dx = F(b) — F(a). (67') 


Hence, the definite integral of f(x) from a to b is the difference between 
the values of any indefinite integral F(x) taken for the upper and lower 
limits of the definite integral; and if the indefinite integral of / is 
known, the definite integral may be obtained without applying the 
definition (62) to f 
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The great importance of definite integrals to geometry and physics 
lies in that fact that many quantities connected with geometric figures 
or physical bodies may be expressed simply for small portions of the 
figures or bodies and may then be obtained as the sum of those quanti- 
ties taken over all the small portions, or rather, as the limit of that sum 
when the portions become smaller and smaller. Thus the area under a 
curve cannot in the first instance be evaluated; but if only that portion 
of the curve which lies over a small interval Az be considered and the 
rectangle corresponding to the ordinate f(€) be drawn, it is clear that 
the area of the rectangle is f(€) Az, that the area of all the rectangles is 
the sum 3/f(£) Az taken from a to 6, that when the intervals Ax approach 
zero the limit of their sum is the area under the curve ; and hence that 
area may be written as the definite integral of f(x) from a to b.* 


In like manner consider the mass of a rod of variable density and suppose the 
rod to lie along the x-axis so that the density may be taken as a function of z. 
In any small length Av of the rod the density is nearly constant and the mass of 
that part is approximately equal to the product pAz of the density p(x) at the 
initial point of that part times the length Aw of the part. In fact it is clear that 
the mass will be intermediate between the products mAz and MAz, where m and 
M are the minimum and maximum densities in the interval Az. In other words 
the mass of the section Az will be exactly equal to p (&) Ax where — is some value of 
x in the interval Av. The mass of the whole rod is therefore the sum Zp(é)Ax 
taken from one end of the rod to the other, and if the intervals be allowed to 
approach zero, the mass may be written as the integral of p(x) from one end of 
the rod to the other.+ 

Another problem that may be treated by these methods is that of finding the 
total pressure on a vertical area submerged in a liquid, say, in water. Let w be the 


Oo weight of a column of water of cross section 1 sq. unit and 
a of height 1 unit. (If the unit is a foot, w = 62.5 1b.) Ata 
7 point A units below the surface of the water the pressure is 


wh and upon a small area near that depth the pressure is 
d Canoe) approximately whA if A be the area. The pressure on the 
area A is exactly equal to wédA if & is some depth interme- 
diate between that of the top and that of the bottom of 
the area. Now let the finite area be ruled into strips of height Ak. Consider the 


product whb(h) Ah where b(h) = f(h) is the breadth of the area at the depth hk. This 


H 


* The £’s may evidently be so chosen that the finite sum Df (¢) Az is exactly equal to 
the area under the curve ; but still it is necessary to let the intervals approach zero and 
thus replace the sum by an integral because the values of which make the sum equal 
to the area are unknown. 

+ This and similar problems, here treated by using the Theorem of the Mean for 
integrals, may be treated from the point of view of differentiation as in §7 or from that 
of Duhamel’s or Osgood’s Theorem as in §§ 34, 35. It should be needless to state that in 
any particular problem some one of the three methods is likely to be somewhat preferable 
to either of the others. The reason for laying such emphasis upon the Theorem of the 
Mean here and in the exercises below is that the theorem is in itself yery important and 
needs to be thoroughly mastered, 
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is approximately the pressure on the strip as it is the pressure at the top of the strip 
multiplied by the approximate area of the strip. Then wéb(£) Ah, where ~ is some 
value between h and h + Ah, is the actual pressure on the strip. (It is sufficient to 
write the pressure as approximately whb(h) Ah and not trouble with the &) The 
total pressure is then Zw*b (£) Ah or better the limit of that sum. Then 


P=lim > Fd @) dh = af cane) ah: 


where a is the depth of the top of the area and 6 that of the bottom. To evaluate 
the pressure it is merely necessary to find the breadth b as a function of h and 
integrate. 


EXERCISES 


b b 
1. If k is a constant, show if lei) ehe = kf F(a) de. 
a a 
b b b 
2. Show that 1D = d vdx. 
f (u + v) i) udx =), 


3. If, from a to b, w(x) <f(2) < ¢(2), show ['y (x) dex < f fear <f¢ (x) da. 


4. Suppose that the minimum and maximum of the quotient Q(x) =f (x)/¢ (a) 
of two functions in the interval from a to b are m and M, and let ¢(zx) be positive 
so that 

f(z) 


m< Sore and m@(x)<f(x) < M¢ (2) 
are true relations. Show by Exs. 3 and 1 that 
[tea [tea 
x x 
Sart and = =4=e@=20, 
Jf e@de J eae 


where ~ is some value of « between a and b. 


5. If m and M are the minimum and maximum of f(x) between a and 6 and if 
¢ (a) is always positive in the interval, show that 
° 


m fo (c)de < [Feo l@)de <M [oleae 


and [Too @ae =u f'o@de=s@ [oc@ae. 


Note that the integrals of [M—f/(x)]¢(x) and [f(x) — m] ¢(z) are positive and 
apply Ex. 2. 


6. Evaluate the following by the direct application of (62) : 





(a) Ff ie = ty (8) ip odes =O — e@, 
Take equal intervals and use the rules for arithmetic and geometric progressions. 
7. Evaluate (a) ih "amd, = —1— (gm+1— amt), (8) at "clas = —— (ch on), 
a m +1 a log 


In the first the intervals should be taken in geometric progression with 7 = b/a. 
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8. Show directly that (a) i! “sin?ade = 4a, (8) fy “cost adit = 0, if n is odd. 


9. With the aid of the trigonometric formulas 
cosa + cos2u%+--- + cos(n— 1)x =} [sin nz cot 4x7 — 1— cosnz], 
sing + sin2e+---+sin(n— 1)c£=4[(1— cosnz) cot} az —sinnz], 


b b 
show (a) ik cosadx = sinb — sina, (B) i sin zdz = cos a — cosb. 
a a 
10. A function is said to be even if f(— x) = f(x) and odd if f(— r) = — f(z), 


Show (a) ie +9 6(a) dx = 2 4; “f(e) dx, feven, (8) f **4(c) dz = 0, f odd. 


11. Show that if an integral is regarded as a function of the lower limit, the 
upper limit being fixed, then 


Hie. Lee (es =e : ee 
# (a) = J f(x)de=—f(a), if (a) =f f(a) de. 
12. Use the relation between definite and indefinite integrals to compare 
b 
f f@d@e=b-aF® and FOY)—F(@=b-aF, 


the Theorem of the Mean for derivatives and for definite integrals. 


13. From consideration of Exs. 12 and 4 establish Cauchy's Formula 
AF _ F(b)—F(a)_ F’() 
Ab S(b)— (a) B(E)’ 
which states that the quotient of the increments AF and A® of two functions, in 
any interval in which the derivative $’(z) does not vanish, is equal to the quotient 
of the derivatives of the functions for some interior point of the interval. What 
would the application of the Theorem of the Mean for derivatives to numerator 
and denominator of the left-hand fraction give, and wherein does it differ from 
Cauchy’s Formula ? 





GSlEKG: 


14. Discuss the volume of revolution of y = f(z) as the limit of the sum of thin 
cylinders and compare the results with those found in Ex. 9, p. 10. 


15. Show that the mass of arod running from a to b along the a-axis is 
4k (b? — a?) if the density varies as the distance from the origin (k is a factor of 
proportionality). 


16. Show (a) that the mass in a rod running from a to D isthe same as the area 
under the curve y = p(x) between the ordinates s = a and « = Db, and explain why 
this should be seen intuitively to be so. Show (8) that if the density in a plane slab 
bounded by the z-axis, the curve y = f(x), and the ordinates x =a anda=bDisa 

b 
function p (x) of x alone, the mass of the slab is f yp (x) dx; also (y) that the mass 


a 


b 
of the corresponding volume of revolution is if myp (x) dx. 
Ja 


17. An isosceles triangle has the altitude a and the base 2b. Find (a) the mass 
on the assumption that the density varies as the distance from the vertex (meas- 
ured along the altitude). Find (8) the mass of the cone of revolution formed by 
revolving the triangle about its altitude if the law of density is the same. 
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18. In a plane, the moment of inertia I of a particle of mass m with respect to a 
point is defined as the product mr? of the mass by the square of its distance from the 
point. Extend this definition from particles to bodies. 

(a) Show that the moments of inertia of a rod running from a to b and of a 
circular slab of radius a are respectively 


b a 
is I) Z*p\(a) de and T= iy 2 arp (7) dr, p the density, 


if the point of reference for the rod is the origin and for the slab is the center. 

(8) Show that for a rod of length 21 and of uniform density, J= 1M2 with 
respect to the center and J = ¢ M/? with respect to the end, M being the total mass 
of the rod. 

(vy) For a uniform circular slab with respect to the center I = + Ma?. 

(6) For a uniform rod of length 21 with respect to a point at a distance d from 
its center is J= M(} /? + d?). Take the rod along the axis and let the point be 
(a, 8) with d? = a? + p?. 


19. A rectangular gate holds in check the water in a reservoir. If the gate is 
submerged over a vertical distance H and has a breadth B and the top of the 
gate is @ units below the surface of the water, find the pressure on the gate. At 
what depth in the water is the point where the pressure is the mean pressure 
over the gate ? 


20. A dam is in the form of an isosceles trapezoid 100 ft. along the top (which 
is at the water level) and 60 ft. along the bottom and 30ft. high. Find the pres- 
sure in tons. 


21. Find the pressure on a circular gate in a water main if the radius of the 
circle is r and the depth of the center of the circle below the water level isd=r. 


22. In space, moments of inertia are defined relative to an axis and in the for- 
mula J =mr?, for a single particle, r is the perpendicular distance from the 
particle to the axis. 

(a) Show that if the density in a solid of revolution generated by y = f(x) varies 
only with the distance along the axis, the moment of inertia about the axis of 
revolution is J = f 4 wy*p(«)dx. Apply Ex. 18 after dividing the solid into disks. 

eda 


L 

(8) Find the moment of inertia of a sphere about a diameter in case the density 
is constant; I = 2 Ma? = +8 7pa'. 

(vy) Apply the result to find the moment of inertia of a spherical shell with 
external and internal radii a and b; I= %M(a*> — b°)/(a3 — b°), Let 6b =a and 
thus find I = 2 Ma? as the moment of inertia of a spherical surface (shell of negli- 
gible thickness). 

(6) For a cone of revolution I = 8; Ma? where a is the radius of the base. 

23. If the force of attraction exerted by amass m upon a point is kmf(r) where 
y is the distance from the mass to the point, show that the attraction exerted at 
the origin by a rod of density p(x) running from a to 6 along the z-axis is 


Ar [1 @p (c)dz, and that A=kM/ab, M=p(b—a), 


is the attraction of a uniform rod if the law is the Law of Nature, that is 


IB) = Mh 
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24. Suppose that the density p in the slab of Ex. 16 were a function p(z, y) of 
both w and y. Show that the mass of a small slice over the interval Az; would be 
of the form 


y=S() 6 b =f (x) 
A f° p(x, y) dy = &() Av and that f e@se=f lila peu) dy [az 


would be the expression for the total mass and would require an integration with 
respect to y in which « was held constant, a substitution of the limits f(r) and 0 
for y, and then an integration with respect to z from a to b. 


25. Apply the considerations of Ex. 24 to finding moments of inertia of 
(a) a uniform triangle y = ma, y = 0, x = a with respect to the origin, 
(8) a uniform rectangle with respect to the center, 

(vy) a uniform ellipse with respect to the center. 


26. Compare Exs. 24 and 16 to treat the volume under the surface z = p(g, y) 
and over the area bounded by y =f (x), y =0,x =a,x=b. Find the volume 

(a) under z= ay and over y? = 4px, y = 0, c= 0, r=0, 

(8) under'z =a? 4-4? and over a + 7? =a, 74 =0,2=0,0¢ = 0; 


ge 2 ge 2 2 
(7) under = +5 +5 =1and over [+ 2 =1y=0,2=0,e=a. 


27. Discuss sectorial area } f rd in polar codrdinates as the limit of the sum 
of small sectors running out from the pole. 
28. Show that the moment of inertia of a uniform circular sector of angle a 


a. 
and radius a isi paa*. Hence infer ]=1p ‘rtdg in polar coédrdinates. 
a) 
29. Find the moment of inertia of a uniform (@) lemniscate r? = a? cos?2¢ 
and (8) cardioid r = a (1 — cos¢) with respect to the pole. Also of (y) the circle 
r= 2acos¢ and (6) the rose r= asin2¢ and (e) the rose r= asin38 ¢. 


CHAT ITE Ra IL 
REVIEW OF FUNDAMENTAL THEORY * 


18. Numbers and limits. The concept and theory of real number, 
integral, rational, and irrational, will not be set forth in detail here. 
Some matters, however, which are necessary to the proper understand- 
ing of rigorous methods in analysis must be mentioned; and numerous 
points of view which are adopted in the study of irrational number 
will be suggested in the text or exercises. 


It is taken for granted that by his earlier work the reader has become familiar 
with the use of real numbers. In particular it is assumed that he is accustomed 
to represent numbers as a scale, that is, by points on a straight line, and that he 
knows that when a line is given and an origin chosen upon it and a unit of measure 
and a positive direction have been chosen, then to each point of the line corre- 
sponds one and only one real number, and conversely. Owing to this correspond- 
ence, that is, owing to the conception of a scale, it is possible to interchange 
statements about numbers with statements about points and hence to obtain a 
more vivid and graphic or a more abstract and arithmetic phraseology as may be 
desired. Thus instead of saying that the numbers 2, @g, --- are increasing algebra- 
ically, one may say that the points (whose codrdinates are) a, 2g, --- are moving 
in the positive direction or to the right ; with a similar correlation of a decreasing 
suite of numbers with points moving in the negative direction or to the left. It 
should be remembered, however, that whether a statement is couched in geometric 
or algebraic terms, it is always a statement concerning numbers when one has in 
mind the point of view of pure analysis.t 

It may be recalled that arithmetic begins with the integers, including 0, and 
with addition and multiplication. That second, the rational numbers of the 
form p/g are introduced with the operation of division and the negative rational 
numbers with the operation of subtraction. Finally, the irrational numbers are 
introduced by various processes. Thus V2 occurs in geometry through the 
necessity of expressing the length of the diagonal of a square, and V3 for the 
diagonal of a cube. Again, 7 is needed for the ratio of circumference to diameter 
in a circle. In algebra any equation of odd degree has at least one real root and 
hence may be regarded as defining a number. But there is an essential difference 
between rational and irrational numbers in that any rational number is of the 


* The object of this chapter is to set forth systematically, with attention to precision 
of statement and accuracy of proof, those fundamental definitions and theorems which 
lie at the basis of calculus and which have been given in the previous chapter from an 
intuitive rather than a critical point of view. 

+ Some illustrative graphs will be given; the student should make many others. 
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form + p/q with g#0 and can therefore be written down explicitly ; whereas 
the irrational numbers arise by a variety of processes and, although they may be 
represented to any desired accuracy by a decimal, they cannot all be written 
down explicitly. It is therefore necessary to have some definite axioms regulating 
the essential properties of irrational numbers. The particular axiom upon which 
stress will here be laid is the axiom of continuity, the use of which is essential 
to the proof of elementary theorems on limits. 


19. Axiom or Continuity. Jf all the points of a line are divided into 
two classes such that every point of the first class precedes every point of 
the second class, there must be a point C such that any point preceding 
C is in the first class and any point succeeding C is in the second class. 
This principle may be stated in terms of numbers, as: Jf all real num- 
bers be assorted into two classes such that every number of the first class 
is algebraically less than every number of the second class, there must be 
a number N such that any number less than N is in the first class and 
any number greater than N is in the second. The number N (or point C) 
is called the frontier number (or point), or simply the frontier of the 
two classes, and in particular it is the wpper frontier for the first class 
and the lower frontier for the second. 


To consider a particular case, let all the negative numbers and zero constitute 
the first class and all the positive numbers the second, or let the negative numbers 
alone be the first class and the positive numbers with zero the second. In either 
case it is clear that the classes satisfy the conditions of the axiom and that zero is 
the frontier number such that any lesser number is in the first class and any 
greater in the second. If, however, one were to consider the system of all positive 
and negative numbers but without zero, it is clear that there would be no number 
N which would satisfy the conditions demanded by the axiom when the two 
classes were the negative and positive numbers ; for no matter how small a posi- 
tive number were taken as N, there would be smaller numbers which would also 
be positive and would not belong to the first class; and similarly in case it were 
attempted to find a negative N. Thus the axiom insures the presence of zero in 
the system, and in like manner insures the presence of every other number —a 
matter which is of importance because there is no way of writing all (irrational) 
numbers in explicit form. 

Further to appreciate the continuity of the number scale, consider the four 
significations attributable to the phrase ‘‘the interval from a to b.’ They are 

aSesb, a<vsod, at=x<d, Cae =O 

That is to say, both end points or either or neither may belong to the interval. In 
the case a is absent, the interval has no first point ; and if } is absent, there is no 
last point. Thus if zero is not counted as a positive number, there is no least 
positive number ; for if any least number were named, half of it would surely be 
less, and hence the absurdity. The axiom of continuity shows that if all numbers 
be divided into two classes as required, there must be either a greatest in the first 
class or a least in the second — the frontier — but not both unless the frontier is 
counted twice, once in each class. 
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20. Derinirion or 4 Limit. If x is a variable which takes on succes- 
sive values &,,%,, +++, %;, tj, +++, the variable x is said to approach the con- 
stant Las a limit if the numerical difference between x and 1 ultimately 
becomes, and for all succeeding values of x remains, ae 
less than any preassigned number no matter how Cee hee 
small. The numerical difference between x and J 
is denoted by |a —/| or |J—a| and is called the absolute value of the 
difference. The fact of the approach to a limit may be stated as 





|je—l|<e for all a’s subsequent to some x 
or x=l+y, |n|<e for all a’s subsequent to some a, 


where e¢ is a positive number which may be assigned at pleasure and 
must be assigned before the attempt be made to find an a such that 
for all subsequent «’s the relation | —/|< holds. 


So long as the conditions required in the definition of a limit are satisfied there 
is no need of bothering about how the variable approaches its limit, whether from 
one side or alternately from one side and the other, whether discontinuously as in 
the case of the area of the polygons used for computing the area of a circle or 
continuously as in the case of a train brought to rest by its brakes. To speak 
geometrically, a point x which changes its position upon a line approaches the 
point / as a limit if the point x ultimately comes into and remains in an assigned 
interval, no matter how small, surrounding 1. 


A variable is said to become infinite if the numerical value of the 
variable ultimately becomes and remains greater than any preassigned 
number K, no matter how large.* The notation is x =o, but had best 
be read “x becomes infinite,” not ‘‘« equals infinity.” 

TueorEeM 1. If a variable is always increasing, it either becomes 
infinite or approaches a limit. 


° 
That the variable may increase indefinitely is apparent. But if it does not 


become infinite, there must be numbers K which are greater than any value of 
the variable. Then any number must satisfy one of two conditions: either there 
are values of the variable which are greater than it or there are no values of the 
variable greater than it. Moreover all numbers that satisfy the first condition are 
less than any number which satisfies the second. All numbers are therefore 
divided into two classes fulfilling the requirements of the axiom of continuity, and 
there must be a number N such that there are values of the variable greater than 
any number N —e which is less than N. Hence if e be assigned, there is a value of 
the variable which lies in the interval N —e<2=N, and as the variable is always 
increasing, all subsequent values must lie in this interval. Therefore the variable 
approaches WN as a limit. 


* This definition means what it says, and no more. Later, additional or different 
meanings may be assigned to infinity, but not now. Loose and extraneous concepts in 
this connection are almost certain to introduce errors and confusion. 
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EXERCISES 


1. If 21, 2, +++, Un, ++, In+p, +++ 18 a Suite approaching a limit, apply the defi- 
nition of a limit to show that when e is given it must be possible to find a value of 
n so great that [2+ ) — ¢n|<e for all values of p. 


2. If 24, v2, --- is a suite approaching a limit and if y3, yo, --- is any suite such 
that |y, — 2, {approaches zero when n becomes infinite, show that the y’s approach 
a limit which is identical with the limit of the 2’s. 


3. As the definition of a limit is phrased in terms of inequalities and absolute 
values, note the following rules of operation : 


(a) If a>0 and c>6, then 


(6) |a+b+e+---|Slalt+[b]+[c]+---,  (y) labe---|=]a]-[d]-Je]---, 
where the equality sign in (8) holds only if the numbers a, }, c, --- have the same 
sign. By these relations and the definition of a limit prove the fundamental 
theorems : 

If limv=X and limy= Y, then lim @tyyjy=]X+ Y and limgy— XY. 


4. Prove Theorem 1 when restated in the slightly changed form: If a variable 
x never decreases and never exceeds K, then x approaches a limit Nand N= K. 
Illustrate fully. State and prove the corresponding theorem for the case of a 
variable never increasing. 


5. If a1, w, +--+ and y1, yz, --- are two suites of which the first never decreases 
and the second never increases, all the y’s being greater than any of the w’s, and if 
when e¢ is assigned an n can be found such that y, — 2, < e, show that the limits 
of the suites are identical. 


6. If x, w, --- and ¥1, ye, +--+ are two suites which never decrease, show by Ex. 4 
(not by Ex. 8) that the suites 71 + y1, f2+ Yo, --- and 2,y1, eyo, +--+ approach 
limits. Note that two infinite decimals are precisely two suites which never de- 
crease a8 more and more figures are taken. They do not always increase,for some 
of the figures may be 0. 


7. If the word ‘tall’ in the hypothesis of the axiom of continuity be assumed to 
refer only to rational numbers so that the statement becomes: If all rational 
numbers be divided into two classes.--, there shall be a number NV (not neces- 
sarily rational) such that ---; then the conclusion may be taken as defining a 
number as the frontier of a sequence of rational numbers. Show that if two num- 
bers -X, Y be defined by two such sequences, and if the sum of the numbers be 
defined as the number defined by the sequence of the sums of corresponding terms 
as in Ex. 6, and if the product of the numbers be defined as the number defined by 
the sequence of the products as in Ex. 6, then the fundamental rules 

A+ Y=Y+4+X, aes (X 4+ ¥Y)Z=XZ + YZ 
of arithmetic hold for the numbers X, Y, Z defined by sequences. In this way a 
complete theory of irrationals may be built up from the properties of rationals 
combined with the principle of continuity, namely, 1° by defining irrationals as 
frontiers of sequences of rationals, 2° by defining the operations of addition, multi- 
plication, --- as operations upon the rational numbers in the sequences, 3° by 
showing that the fundamental rules of arithmetic still hold for the irrationals. 
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8. Apply the principle of continuity to show that there is a positive number a 
such that z? = 2, To do this it should be shown that the rationals are divisible 
into two classes, those whose square is less than 2 and those whose square is not 
less than 2; and that these classes satisfy the requirements of the axiom of conti- 
nuity. In like manner if @ is any positive number and n is any positive integer, 
show that there is an @ such that 2" = a. : 


21. Theorems on limits and on sets of points. The theorem on 
limits which is of fundamental algebraic importance is 

TuroreM 2. If R(a, y, z,---) be any rational function of the variables 
x, y, 2,--+, and if these variables are approaching limits X, Y, Z, -:-, 
then the value of R approaches a limit and the limit is R(X, Y, Z, ---), 
provided there is no division by zero. 

As any rational expression is made up from its elements by combinations of 
addition, subtraction, multiplication, and division, it is sufficient to prove the 
theorem for these four operations. All except the last have been indicated in the 
above Ex. 8. As multiplication has been cared for, division need be considered 
only in the simple case of a reciprocal 1/z. It must be proved that if lima = X, 
then lim (1/z) = 1/X. Now 
1 L 
iy KE 


_|z@-4| 
= ? 
|x| || 





by Ex. 8 (y) above. 








This quantity must be shown to be less than any assigned e. As the quantity is 
complicated it will be replaced by a simpler one which is greater, owing to an 
increase in the denominator. Since = X,2— X may be made numerically as 
small as desired, say less than e’, for all z’s subsequent to some particular 2. Hence 
if <& be taken at least as small as }| |, it appears that |x| must be greater than 
3|X |. Then 

je—X|_ |t—X|] ef 

[e|[X] HX HX 





by Ex. 3 (a) above, 


and if e’ be restricted to being less than 4|X |’e, the difference is less than e and 
the theorem thats lim (1/z) = 1/X is proved, and also Theorem 2. The necessity 
for the restriction X 40 and the corresponding restriction in the statement of 
the theorem is obvious. 


TuErorEM 3. If when e is given, no matter how small, it is possible 
to find a value of n so great that the difference |x, ,,, —«,| between 2, 
and every subsequent term #,,, in the suite 7, #2, ---, &, ++: 18 less 
than «, the suite approaches a limit, and conversely. 


The converse part has already been given as Ex. 1 above. The theorem itself is 
a consequence of the axiom of continuity. First note that as |x, 4 ) —@|<e for 
all w’s subsequent to @,, the #’s cannot become infinite. Suppose 1° that there 
is some number / such that no matter how remote a, is in the suite, there are 
always subsequent values of « which are greater than / and others which are less 
than J. As all the w’s after x, lie in the interval 2« and as/is less than some @’s 
and greater than others, / must lie in that interval. Hence |! — 4 »|<2e for all 
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x’s subsequent to z,. But now 2¢ can be made as small as desired because e can be 
taken as small as desired. Hence the definition of a limit applies and the z’s 
approach / as a limit. 

Suppose 2° that there is no such number /. Then every number k is such that 
either it is possible to go so far in the suite that all subsequent numbers @ are 
as great as k or it is possible to go so far that all subsequent ’s are less than k. 
Hence all numbers k are divided into two classes which satisfy the requirements of 
the axiom of continuity, and there must be a number NV such that the z’s ultimately 
come to lie between N — e’ and N 4+ e’, no matter how small ¢’ is. Hence the z’s 
approach WN as a limit. Thus under either supposition the suite approaches a limit 
and the theorem is proved. It may be noted that under the second supposition the 
x’s ultimately lie entirely upon one side of the point N and that the condition 
|2n +p — n|<e is not used except to show that the x’s remain finite. 


22. Consider next a set of points (or their correlative numbers) 
without any implication that they form a suite, that is, that one may 
be said to be subsequent to another. If there is only a finite number 
of points in the set, there is a point farthest to the right and one 
farthest to the left. If there is an infinity of points in the set, two 
possibilities arise. Either 1° it is not possible to assign a point K so 
far to the right that no point of the set is farther to the right —in 
which case the set is said to be unlimited above 
point K such that no point of the set is beyond A—and the set is 


or 2° there is a 





said to be limited above. Similarly, a set may be limited below or un- 
limited below. If a set is limited above and below so that it is entirely 
contained in a finite interval, it is said merely to be dimited. If there 
is a point C such that in any interval, no matter how small, surround- 
ing C there are points of the set, then C is called a point of condensa- 
tion of the set (C itself may or may not belong to the set). 

THEOREM 4. Any infinite set of points which is limited has an 
upper frontier (maximum ?), a lower frontier (minimum ’?), and at 
least one point of condensation. 


Before proving this theorem, consider three infinite sets as illustrations : 
(a) 1, 1.9, 1.99, 1.999, ---, (8) —2,---, —1.99, —1.9, —1, 
() -l-h-he bbl. 

In (@) the element 1 is the minimum and serves also as the lower frontier ; it is 
clearly not a point of condensation, but is isolated. There is no maximum ; but 2 
is the upper frontier and also a point of condensation. In (8) there is a maximum 
—1 and aminimum — 2 (for — 2 has been incorporated with the set), In (y) there 
is a maximum and minimum; the point of condensation is 0. If one could be sure 
that an infinite set had a maximum and minimum, as is the case with finite 
sets, there would be no need of considering upper and lower frontiers. It is clear 
that if the upper or lower frontier belongs to the set, there is a maximum. or 
minimum and the frontier is not necessarily a point of condensation ; whereas 
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if the frontier does not belong to the set, it is necessarily a point of condensation and 
the corresponding extreme point is missing. 

To prove that there is an upper frontier, divide the points of the line into two 
classes, one consisting of points which are to the left of some point of the set, the 
other of points which are not to the left of any point of the set —then apply the 
axiom. Similarly for the lower frontier. To show the existence of a point of con- 
densation, note that as there is an infinity of elements in the set, any point p is such 
that either there is an infinity of points of the set to the right of it or there is not. 
Hence the two classes into which all points are to be assorted are suggested, and 
the application of the axiom offers no difficulty. 


EXERCISES 


1. Ina manner analogous to the proof of Theorem 2, show that 











Peet — ly. 5 SSS YS a GPE 

@) lim == lim =-, lim =—1. 
LS teal i eae ee. 7 CO) SO as 
2. Given an infinite series S = uy + we + ug +--+. Construct the suite 


Si =, Sp = + Us, Sg = Wy + Us + Us, +--+, Se= Uy tue +--+ + Ui, ---, 
where S; is the sum of the first i terms. Show that Theorem 3 gives: The neces- 
sary and sufficient condition that the series S converge is that it is possible to find 
an n so large that |S,4,— S,| shall be less than an assigned e for all values of p. 
It is to be understood that a series converges when the suite of S’s approaches a limit, 
and conversely. 


3. If in a series uy — ug + us — Ug +--+ the terms approach the limit 0, are 
alternately positive and negative, and each term is less than the preceding, the 
series converges. Consider the suites S,, Ss, S5,--- and Sp, S4, Se,---. 


4. Given three infinite suites of numbers 


Clg C2 5 Ung 2 85 UR BOs TE i Ono ss 21 225 9% %5 ony o** 
of which the first never decreases, the second never increases, and the terms of the 
third lie between corresponding terms of the first two, @, = 2%, = Yn. Show that 
the suite of z’s has a point of condensation at or between the limits approached by 
the z’s and by the y’s; and that if lim z = lim y = /, then the z’s approach / as a 
limit. 
5. Restate the definitions and theorems on sets of points in arithmetic terms. 


6. Give the details of the proof of Theorem 4. Show that the proof as outlined 
gives the least point of condensation. How would the proof be worded so as to give 
the greatest point of condensation ? Show that if a set is limited above,it has an 
upper frontier but need not have a lower frontier. 


7. If a set of points is such that between any two there isa third, the set is said 
to be dense. Show that the rationals form a dense set; also the irrationals. Show 
that any point of a dense set is a point of condensation for the set. 


8. Show that the rationals p/q where q < K do not form a dense set —in fact 
are a finite set in any limited interval. Hence in regarding any irrational as the 
limit of a set of rationals it is necessary that the denominators and also the numer- 
ators should become infinite. 
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9. Show that if an infinite set of points lies in a limited region of the plane, 
say in the rectangle a Sa =b,c=y =4, there must be at least one point of 
condensation of the set. Give the necessary definitions and apply the axiom 
of continuity successively to the abscissas and ordinates. 


23. Real functions of a real variable. Jf x be a variable which 
takes on a certain set of values of which the totality may be denoted 
by [x] and if y is a second variable the value of which is uniquely 
determined for each x of the set [x], then y is said to be a function of 
x defined over the set [x]. The terms “ limited,” “ unlimited,” “ limited 
above,” “unlimited below,” --- are applied to a function if they are 
applicable to the set [y] of values of the function. Hence Theorem 4 
has the corollary : 

THreoreM 5. If a function is limited over the set [x], it has an 
upper frontier M and a lower frontier m for that set. 

If the function takes on its upper frontier M, that is, if there is a 
value x, in the set [x] such that f(«#,) = M, the function has the abso- 
lute maximum M at x,; and similarly with respect to the lower 
frontier. In any case, the difference 1/—m between the upper and 
lower frontiers is called the oscillation of the function for the set [2]. 
The set [a] is generally an interval. 


Consider some illustrations of functions and sets over which they are defined. 
The reciprocal 1/z is defined for all values of x save 0. In the neighborhood of 0 
the function is unlimited above for positive xs and unlimited below for negative z’s. 
It should be noted that the function is not limited in the interyal 0 <2 = a but is 
limited in the interval e= x2 =a where e is any assigned positive number. The 
function + Vz is defined for all positive x's including 0 and is limited below. It 
is not limited above for the totality of all positive numbers; but if A is assigned, 
the function is limited in the interval 0 =a2 = K. The factorial function x! is de- 
fined only for positive integers, is limited below by the value 1, but is not limited 
above unless the set [2] is limited above. The function # (x) denoting the integer 
not greater than z or ‘‘the integral part of «*’ is defined for all positive numbers 
-—for instance # (3) = HE (7) = 3. This function is not expressed, like the elemen- 
tary functions of calculus, as a ‘t formula’? ; it is defined by a definite law, however, 
and is just as much of a function as 2? + 382+ 2 or }sin?2a2+4 logx. Indeed it 
should be noted that the elementary functions themselves are in the first instance 
defined by definite laws and that it is not until after they have been made the 
subject of considerable study and have been largely developed along analytic lines 
that they appear as formulas. The ideas of function and formula are essentially 
distinct and the latter is essentially secondary to the former. 

The definition of function as given above excludes the so-called multiple-valued 
functions such as Vc and sin-12 where to a given value of x correspond more than 
one value of the function. It is usual, however, in treating multiple-valued fune- 
tions to resolve the functions into different parts or branches so that each branch 
is a single-valued function. Thus + Vx is one branch and —Vz the other branch 
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of Va; in fact when 2 is positive the symbol V2 is usually restricted to mean 
awe + Va and thus becomes a single-valued symbol. One branch of sin-1a con. 
sists of the values between — }7 and + 47, other branches give values between 
3m and $7 or —i7 and — $7, and so on. Hence the term ‘function’? will be 
restricted in this chapter to the single-yalued functions allowed by the definition. 


24. Ifx=a is any point of an interval over which f(x) is defined, 
the function f(x) is said to be continuous at the point x =a if 


lim j'\(%) = f(a), no matter how « = a. 
“=a 


The function is said to be continuous in the interval if it is continuous 
at every point of the interval. If the function is not continuous at the 
point a, it is said to be discontinuous at a; and if it fails to be con- 
_ tinuous at any one point of an interval, it is said to be discontinuous 
in the interval. 

TueoreEM 6. If any finite number of functions are continuous (at a 
point or over an interval), any rational expression formed of those 
functions is continuous (at the point or over the interval) provided no 
division by zero is called for. 

TuroreM 7. If y=/(x) is continuous at #, and takes the value 
Y,=J(x,) and if z= ¢(y) is a continuous function of y at y= y,, then 
z= ¢[f(«)] will be a continuous function of & at x,. 


In regard to the definition of continuity note that a function cannot be con- 
tinuous at a point unless it is defined at that point. Thus e-!/" is not continuous 
at « = 0 because division by 0 is impossible and the function is undefined. If, how- 
eyer, the function be defined at 0 as f(0) = 0, the function becomes continuous at 
x = 0. In like manner the function 1/z is not continuous at the origin, and in this 
case it is impossible to assign to f(0) any value which will render the function 
continuous ; the function becomes infinite at the origin and the very idea of be- 
coming infinite precludes the possibility of approach to a definite limit. Again, the 
function £ (x) is in general continuous, but is discontinuous for integral values 
of «. When a function is discontinuous at « = a, the amount of the discontinuity is 
the limit of the oscillation M— m of the function in the interval a—éd<a<a+6 
surrounding the point @ when 6 approaches zero as its limit. The discontinuity 
of E(x) at each integral value of z is clearly 1; that of 1/x at the origin is infi- 
nite no matter what value is assigned to f(0). 

In case the interval over which f(x) is defined has end points, say a =a =), 
the question of continuity at «=a must of course be decided by allowing x to 
approach a from the right-hand side only ; and similarly it is a question of left- 
handed approach to b. In general, if for any reason it is desired to restrict the 
approach of a variable to its limit to being one-sided, the notations © = at and 
x = b- respectively are used to denote approach through greater values (right- 
handed) and through lesser values (left-handed). It is not necessary to make this 
specification in the case of the ends of an interval; for it is understood that 
shall take on only values in the interval in question, It should be noted that 
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lim f(x) =f (ao) when « = 29+ in no wise implies the continuity of f(x) at 2; a 
simple example is that of H (x) at the positive integral points. 
The proof of Theorem 6 is an immediate corollary application of Theorem 2. For 


lim R[f (x), ¢()---] = R [lim f(z), lim ¢ (2), ---] = R[f(limaz), ¢ (lim), ---], 
and the proof of Theorem 7 is equally simple. 


TuroreM 8. If f(x) is continuous at «=a, then for any positive 
e which has been assigned, no matter how small, there may be found a 
number 8 such that | f(#)—/f(a)|<e in the interval |*—a|<6, and 
hence in this interval the oscillation of f(z) is less than 2« And 
conversely, if these conditions hold, the function is continuous. 





This theorem is in reality nothing but a restatement of the definition of conti- 
nuity combined with the definition of a limit. For ‘tlim f(z) = f(a) when x= a, 
no matter how’’ means that the difference between f(x) and f(a) can be made as 
small as desired by taking w sufficiently near to a; and conversely. The reason 
for this restatement is that the present form is more amenable to analytic opera- 
tions. It also suggests the geometric picture which corre- 
sponds to the usual idea of continuity in graphs. For the 
theorem states that if the two lines y = f(a) + e be drawn, 
the graph of the function remains between them for at least 
the short distance 6 on each side of «=a; and as e may be 
assigned a value as small as desired, the graph cannot exhibit 
breaks. On the other hand it should be noted that the actual 
physical graph is not a curve but a band, a two-dimensional region of greater or 
less breadth, and that a function could be discontinuous at every point of an 
interval and yet lie entirely within the limits of any given physical graph. 

It is clear that 6, which has to be determined subsequently to e, is in general 
more and more restricted as e is taken smaller and that for different points it is 
more restricted as the graph rises more rapidly. Thus if f(x) = 1/z and e = 1/1000, 
5 can be nearly 1/10 if 2 = 100, but must be slightly less than 1/1000 if a» = 1, and 
something less than 10-® if ais 10-8, Indeed, if « be allowed to approach zero, the 
value 6 for any assigned e also approaches zero; and although the function 
f(v) =1/# is continuous in the interval 0<a2=1 and for any given a andea 
number 6 may be found such that | f(x) — f (xo) | < « when |x — 2o| < 4, yet it is not 
possible to assign a number 6 which shall serve uniformly for all values of ao. 





25. Tueorem 9. If a function f(a) is continuous in an interval 
a@=x2= with end points, it is possible to find a 8 such that 
| f(@) —S (#0)|<¢ when |a —a)|<68 for all points 2); and the function 
is said to be uniformly continuous. 


The proof is conducted by the method of reductio ad absurdum. Suppose e 
is assigned. Consider the suite of values 1, 1, 1,-.., or any other suite which 
approaches zero as a limit. Suppose that no one of these values will serve as a 8 
for all points of the interval. Then there must be at least one point for which 1 
will not serve, at least one for which } will not serve, at least one for which 4 will 


not serve, and so on indefinitely. This infinite set of points must have at least one 
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point of condensation C such that in any interval surrounding C there are points for 
which 2—* will not serve as 6, no matter how large k. But now by hypothesis f (x) 
is continuous at C and hence a number 6 can be found such that | f(2) —f (C)|<de 
when |@ — %|<26. The oscillation of f(x) in the whole interval 46 is less than e. 
Now if xp be any point in the middle half of this interval, |%— C|<6; and if 
satisfies the relation |a@ — ao|< 6, it must still lie in the interval 45 and the differ- 
ence | f(x) — f (xo) | <e, being surely not greater than the oscillation of fin the whole 
interval. Hence it is possible to surround © with an interval so small that the 
same 6 will serve for any point of the interval. This contradicts the former con- 
clusion, and hence the hypothesis upon which that conclusion was based must have 
been false and it must have been possible to find a 5 which would serve for all 
points of the interval. The reason why the proof would not apply to a function 
like 1/x defined in the interval 0 <a =1 lacking an end point is precisely that 
the point of condensation C would be 0, and at 0 the function is not continuous 
_ and |f(x) —f(C)|< de, |e — C| < 28 could not be satisfied, 


THEOREM 10. If a function is continuous in a region which includes 
its end points, the function is limited. 

THEOREM 11. Ifa function is continuous in an interval which includes 
its end points, the function takes on its upper frontier and has a maxi- 
mum MW; similarly it has a minimum mm. 


These are successive corollaries of Theorem 9, For let e be assigned and let 6 
be determined so as to serve uniformly for all points of the interval. Divide the 
interval b — a into n successive intervals of length 6 or less. Then in each such 
interval f cannot increase by more than e nor decrease by more thane, Hence f 
will be contained between the values f(a) + ne and f(a) — ne, and is limited. And 
J () has an upper and a lower frontier in the interval. Next consider the rational 
function 1/(M—f) of f. By Theorem 6 this is continuous in the interval unless 
the denominator vanishes, and if continuous it is limited. This, however, is impos- 
sible for the reason that, as M is a frontier of values of f, the difference M—/ 
may be made as small as desired. Hence 1/(M— /) is not continuous and there 
must be some value of « for which f= M. 


° 


TueoreM 12. If f(x) is continuous in the interval a = #35 6) with end 
points and if f(a) and f() have opposite signs, there is at least one 
point é,7a<&<d, in the interval for which the function vanishes. 
And whether f(a) and f(d) have opposite signs or not, there is a point 
§&,a<&< 4, such that f(é) =p, where p is any value intermediate be- 
tween the maximum and minimum of / in the interval. 


For convenience suppose that f(@) <0. Then in the neighborhood of « = a the 
function will remain negative on account of its continuity ; and in the neighbor- 
hood of b it will remain positive. Let € be the lower frontier of values of @ which 
make f(z) positive. Suppose that f(£) were either positive or negative. Then as 
f is continuous, an interval could be chosen surrounding & and so small that f re- 
mained positive or negative in that interval. In neither case could £ be the lower 
frontier of positive values. Hence the contradiction, and f(g) must be zero. To 
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prove the second part of the theorem, let ¢ and d be the values of « which make 
f aminimum and maximum. Then the function f—p has opposite signs at ¢ and 
d, and must vanish at some point of the interval between c and d; and hence a 
fortiori at some point of the interval from a to b. 


EXERCISES 


1. Note that 2 is a continuous function of x, and that consequently it follows 
from Theorem 6 that any rational fraction P (x)/Q(x), where P and @ are poly- 
nomials in 2, must be continuous for all #’s except roots of Q(x) = 0. 


2. Graph the function « — H (x) for = 0 and show that it is continuous except 
for integral values of z. Show that it is limited, has a minimum 0, an upper fron- 
tier 1, but no maximum. 


3. Suppose that f(r) is defined for an infinite set [x] of which x = a is a point 
of condensation (not necessarily itself a point of the set). Suppose 


_ lim @)—-F@N=0 or [F@)— FW) <e |e — a] <a, |e” —a}<a, 


when wv’ and x” regarded as independent variables approach a as a limit (passing 
only over values of the set [aw], of course). Show that f(x) approaches a limit as 
‘@ =a. By considering the set of values of f(x), the method of Theorem 3 applies 
almost verbatim. Show that there is no essential change in the proof if it be 
assumed that a and x2” become infinite, the set [x] being unlimited instead of 
having a point of condensation a. 


4. From the formula sin z < z and the formulas for sin u — sin v and cos u — cos v 
show that A sing and A cosa are numerically less than 2|Ax|; hence infer that sin x 
and cosa are continuous functions of « for all values of z. 


5. What are the intervals of continuity for tana and esex? If e= 10-4, what 
are approximately the largest available values of 6 that will make | f(x) — f(x9)|<e 
when Z) = 1°, 80°, 60°, 89° for each ? Use a four-place table. 


6. Let f(x) be defined in the interval from 0 to 1 as equal to 0 when z is irra- 
tional and equal to 1/qg when @ is rational and expressed as a fraction p/q in lowest 
terms. Show that f is continuous for irrational values and discontinuous for 
rational values. Ex. 8, p. 89, will be of assistance in treating the irrational values. 


7. Note that in the definition of continuity a generalization may be introduced 
by allowing the set [«] over which f is defined to be any set each point of which 
is a point of condensation of the set, and that hence continuity over a dense set 
(Ex. 7 above), say the rationals or irrationals, may be defined. This is important 
because many functions are in the first instance defined only for rationals and are 
subsequently defined for irrationals by interpolation. Note that if a function is 
continuous over a dense set (say, the rationals), it does not follow that it is uni- 
formly continuous over the set. For the point of condensation C which was used 
in the proof of Theorem 9 may not be a point of the set (may be irrational), and 
the proof would fall through for the same reason that it would in the case of 1/2 
in the interval 0<#S 1, namely, because it could not be affirmed that the function 
was continuous at C. Show that if a function is defined and is uniformly continu- 
ous over a dense set, the value f(x) will approach a limit when x approaches any 
value a (not necessarily of the set, but situated between the upper and lower 
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frontiers of the set), and that if this limit be defined as the value of f (a), the 
function will remain continuous. Ex. 3 may be used to advantage. 


8. By factoring (x + Ax)" — a, show for integral values of n that when 
0=c=K, then A (a) <nK"-! Ax for small Av’s and consequently x” is uniformly 
continuous in the interval 0O=2=K. If it be assumed that 2 has been defined 
only for rational 2’s, it follows from Ex. 7 that the definition may be extended 
to all z’s and that the resulting a will be continuous. 


9. Suppose (a) that f(x) + f(y) = f(x + y) for any numbers z and y. Show that 
J (n) =nf(1) and nf(1/n) =f(1), and hence infer that f(x) = af(1) = Cz, where 
C=f(1), for all rational xs. From Ex. 7 it follows that if f(x) is continuous, 
J (x) = Cz for all ws. Consider (8) the function f(x) such that f(x) f(y) =f@ + y). 
Show that it is Ce* = at. 

10. Show by Theorem 12 that if y = f(x) is a continuous constantly increasing 
function in the interval a = 2 =b, then to each value of y corresponds a single value 
of x so that the function z = f—!(y) exists and is single-valued ; show also that 
it is continuous and constantly increasing. State the corresponding theorem if 
F(x) is constantly decreasing. The function f—1(y) is called the inverse function 
to f(z). 

11. Apply Ex. 10 to discuss y = V2, where n is integral, x is positive, and only 
positive roots are taken into consideration. 

12. In arithmetic it may readily be shown that the equations 

anqn = qmt n, (amr = qmn, anhr = (ab)”, 
are true when a and) are rational and positive and when m and n are any positive 
and negative integers or zero. (a) Can it be inferred that they hold when a 
and 6 are positive irrationals? (8) How about the extension of the fundamental 


inequalities 
essale” alee fe soa av<1, when 0=2¢<1 


to all rational values of n and the proof of the inequalities 
er>oe if m>n and «>1, quurcnoe Th Wahoo EmUNel NORepe Uh 


(vy) Next consider « as held constant and the exponent n as variable. Discuss the 

exponential function a” from this relation, and Exs, 10, 11, and other theorems that 
° . . 

may seem necessary. Treat the logarithm as the inverse of the exponential. 


26. The derivative. /f «=u is a point of an interval over which 
F(x) is defined and if the quotient 
Af flath)—f(a) 
Ax h : 





Is = ING 


approaches a limit when h approaches zero, no matter how, the function 
f(x) is said to be differentiable at x =a and the value of the limit of 
the quotient is the derivative f'(a) of fata =a. In the case of differ- 
entiability, the definition of a limit gives 
fath—f<@ 
h 
where lim » = 0 when lim / = 0, no matter how. 


=fla)+y or fath)—f@=i(@ +n YD 
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In other words if e is given, a 6 can be found so that |y|<e when |h|<6. This 

shows that a function differentiable at @ as in (1) is continuous at a. For 
[Fa+h—f(@| SIP @lot+, — [hl<a 

If the limit of the quotient exists when 2 = 0 through positive values only, the 
function has a right-hand derivative which may be denoted by f’ (a+) and similarly 
for the left-hand derivative f’(a-). At the end points of an interval the derivative 
is always considered as one-handed ; but for interior points the right-hand and left- 
hand derivatives must be equal if the function is to have a derivative (unqualified). 
The function is said to have an infinite derivative at a if the quotient becomes infi- 
nite as h = 0; but if @ is an interior point, the quotient must become positively 
infinite or negatively infinite for all manners of approach and not positively infinite 
for some and negatively infinite for others. Geometrically this allows a vertical 
tangent with an inflection point, but not with a cusp as in Fig. 3, p. 8. If infinite 
derivatives are allowed, the function may haye a derivative and yet be discontin- 
uous, as is suggested by any figure where f(a) is any value between lim f(r) when 
x = at and lim f(x) when «= a-. 


TxeoreM 13. If a function takes on its maximum (or minimum) at 
an interior point of the interval of definition and if it is differentiable 
at that point, the derivative is zero. 

TueoreM 14. Rolle’s Theorem. If a function f(«) is continuous over 
an interval a = « S $ with end points and vanishes at the ends and has 
a derivative at each interior point a <a < d, there is some point , 
a< & <b, such that f'(é)=0 

THEroreM 15. Theorem of the Mean. Ifa function is continuous over 
an interval a = x S / and has a derivative at each interior point, there 
is some point € such that 


J@Q)=—I@) F(a) _ f!  f(atr—f@ _ a», 
ae PIG) 08 A ney ane 


where 2 = ) — a* and 6 is a proper fraction, 0< 6 < 1. 


To prove the first theorem, note that if f(a) = M, the difference f(a + h) — f(a) 
cannot be positive for any value of A and the quotient Af/h cannot be positive 
when 2>0 and cannot be negative when h<0. Hence the right-hand derivative 
cannot be positive and the left-hand derivative cannot be negative. As these two 
must be equal if the function has a derivative, it follows that they must be zero, 
and the derivative is zero. The second theorem is an immediate corollary. For as 
the function is continuous it must have a maximum and a minimum (Theorem 11) 
both of which cannot be zero unless the function is always zero in the interval. 
Now if the function is identically zero, the derivative is identically zero and the 
theorem is true ; whereas if the function is not identically zero, either the maximum 
or minimum must be at an interior point, and at that point the derivative will vanish, 


* That the theorem is true for any part of the interval from « to d if it is true for the 
whole interval follows from the fact that the conditions, namely, that # be continuous 
and that 7” exist, hold for any part of the interval if they hold for the whole. 
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To prove the last theorem construct the auxiliary function 


ve\=f@—s@—@—g9 PFO, v@maray—-TO=fo. 

b—a b—a 
As y (a) = ¥(b) = 0, Rolle’s Theorem shows that there is some point for which 
y (é) = 0, and if this value be substituted in the expression for y’ (x) the solution 
for f’ (g) gives the result demanded by the theorem. The proof, however, requires 
the use of the function y (x) and its derivative and is not complete until it is shown 
that y (x) really satisfies the conditions of Rolle’s Theorem, namely, is continuous 
in the interval a=a2=b and has a derivative for every point a<a<b. The con- 
tinuity is a consequence of Theorem 6; that the derivative exists follows from the 
direct application of the definition combined with the assumption that the deriva- 
tive of f exists. 


27. TuEorem 16. If a function has a derivative which is identically 
zero in the interval a = x S 4, the function is constant; and if two 
functions have derivatives equal throughout the interval, the functions 
differ by a constant. 

TuroreM 17. If f(x) is differentiable and becomes infinite when 
x = a, the derivative cannot remain finite as x = a. 

THEoREM 18. If the derivative f'(x) of a function exists and is a 
continuous function of x in the interval a = x = 4, the quotient Af/h 
converges uniformly toward its limit f' (a). 


These theorems are consequences of the Theorem of the Mean. For the first, 
S(a+h)—f(a)=hf' (at 6r)=0, if ASb—a, or f(a+h)=f(a). 


Hence f(x) is constant. And in case of two functions fand ¢ with equal derivatives, 
the difference w (x) = f(x) — ¢ (x) will have a derivative that is zero and the differ- 
ence will be constant. For the second, let x, be a fixed value near a and suppose that 
in the interval from z, to a the derivative remained finite, say less than K. Then 


> [F@o+ 2) —S(t0)| = [AS eo + Oh) |S |b] K. 


Now let x) + A approach a and note that the left-hand term becomes infinite and 
the supposition that /’ remained finite is contradicted. For the third, note that /’, 
being continuous, must be uniformly continuous (Theorem 9), and hence that if ¢ is 
given, a 6 may be found such that 


ae — f'(a) |S f/(@ + Oh) — f’(a)|<e 

t 

when |h|<6 and for all #’s in the interval ; and the theorem is proved. 
Concerning derivatives of higher order no special remarks are necessary. Each 

is the derivative of a definite function — the previous derivative. If the deriva- 

tives of the first n orders exist and are continuous, the derivative of order n+ 1 

may or may not exist. In practical applications, however, the functions are gen- 

erally indefinitely differentiable except at certain isolated points. The proof of 

Leibniz’s Theorem (§ 8) may be revised so as to depend on elementary processes. 

Let the formula be assumed for a given value of n. The only terms which can 
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contribute to the term DiuD»+1—% in the formula for the (n + 1)st derivative of 
uv are the terms 


n(n = 1) n= (02) yd, He 44% n(n—1)---(n"—t+]) pi On 
1-2---(i—1) : ieee 


= ty, 








in which the first factor is to be differentiated in the first and the second in the 
second, The sum of the coefficients obtained by differentiating is 





pid AC Ay OAS = ae ES a 
1D il) Latacve - oe eae : 


which is precisely the proper coefficient for the term DiuD»+1—% in the expansion 
of the (n + 1)st derivative of wv by Leibniz’s Theorem. 

With regard to this rule and the other elementary rules of operation (4)-(7) of 
the previous chapter it should be remarked that a theorem as well as a rule is in- 
volved—thus: If two functions wu and v are differentiable at x, then the product 
uv is differentiable at x), and the value of the derivative is wu (xq) v’ (Zp) + w’ (Zp) V (Zp). 
And similar theorems arise in connection with the other rules. As a matter of fact 
the ordinary proof needs only to be gone over with care in order to convert it into 
a vigorous demonstration. But care does need to be exercised both in stating the 
theorem and in looking to the proof. For instance, the above theorem concerning 
a product is not true if infinite derivatives are allowed. For let u be — 1,0, or + 1 
according as & is negative, 0, or positive, and let v= 2. Nowv has always a deriva- 
tive which is 1 and wu has always a derivative which is 0, + «, or 0 according as x 
is negative, 0, or positive. The product wv is|x|, of which the derivative is — 1 for 
negative x’s, + 1 for positive ws, and nonexistent for 0. Here the product has no 
derivative at 0, although each factor has a derivative, and it would be useless to have 
a formula for attempting to evaluate something that did not exist. 


EXERCISES 


1. Show that if at a point the derivative of a function exists and is positive, the 
function must be increasing at that point. 


2. Suppose that the derivatives /’(a) and f’(b) exist and are not zero. Show 
that f(a) and f(b) are relative maxima or minima of f in the interval a=r=b, and 
determine the precise criteria in terms of the signs of the derivatives f’(a) and f’(b). 


3. Show that if a continuous function has a positive right-hand derivative at 
every point of the interval a=ax=b, then f(b) is the maximum value of f. Simi- 
larly, if the right-hand derivative is negative, show that f(b) is the minimum of f. 


4. Apply the Theorem of the Mean to show that if f’(x) is continuous at a, then 


LF) _ pug 


lim 
Ot, OY OG =O 


xv and w” being regarded as independent. 
5. Form the increments of a function f for equicrescent values of the variable : 
A, f=f(a+ h) —f(a), A,f =f (a + 2h)—f(a + hi), 
A,f = f(a+ 3h) —f(a+ 2h), +++. 
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These are called first differences ; the differences of these differences are 
A?f=f(at 2h)—2f(at+h)+f(a), 
A7f =f (a+ 8h)—2f(a + 2h) + f(a + h),--- 
which are called the second differences ; in like manner there are third differences 
APf=f(a+ 3h) — 8f(a+ 2h) + 3f(a+h)—f(a),--- 
and so on. Apply the Law of the Mean to all the differences and show that 
APf = lh? f(a + O,h + Oh), Aff= lf "(a + Oh + Oh + Oyh),---. 


Hence show that if the first n derivatives of f are continuous at a, then 








+/ 7 Ay ‘S47 A” ie 
fae (Ga) = i = oot PAO) line es Dob f2(G\= su he 


6. Cauchy's Theorem. If f(x) and ¢(x) are continuous over aSab, have 
derivatives at each interior point, and if ¢’(x) does not vanish in the interval, 


FO) =F) _FE) 4 F@+H—LF@ _ FatOh) 





$(d)— (a) $8) p(U+h)— (a) oat Gh) 
Prove that this follows from the application of Rolle’s Theorem to the function 
S(6) — f(a) 


eG tee 0 el 3G Lrg secre 


7. One application of Ex. 6 is to the theory of indeterminate forms. Show that 
if f(a) = ¢(a) = 0 and if f’(x)/¢’(z) approaches a limit when « = a, then f(x)/¢ (7) 
will approach the same limit. 


8. Taylor's Theorem. Note that the form f(b) = f(a) + (b— a) f’(é) is one way 
of writing the Theorem of the Mean. By the application of Rolle’s Theorem to 


FAO) TOY OO) 18) 





y (x) = f(b) — f(z) — (b— 2) f(z) — (b — x)? 








(b— a)? 
pn FH =He) + 0— OF) + °—* 1, 
BOY (eh tO) SE) — Oat @)— ae Sia ae yt ERO) 
ieee - f(b) —f(a) — b— a) f(a) 
(b _— a) wy _ == q)n—l haere 
3 TMV ae f¢ Ol 
show SF (0) = (a) +o— a) f’(a) zs (b ay? ea) ri 
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What are the restrictions that must be imposed on the function and its derivatives ? 


9. If a continuous function over a =a =b has a right-hand derivative at eac e 
point of the interval which is zero, show that the function is constant. Apply Ex. 
to the functions f(x) + e(« — a) and f(x) — e(@— a) to show that the ieee 
difference between the functions is 2 (b — a) and that f must therefore be constant, 
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10. State and prove the theorems implied in the formulas (4)—(6), p. 2. 


11. Consider the extension of Ex. 7, p. 44, to derivatives of functions defined 
over a dense set. If the derivative exists and is uniformly continuous over the dense 
set, what of the existence and continuity of the derivative of the function when its 
definition is extended as there indicated ? 


12. If f(c) has a finite derivative at each point of the interval a=x=b, the 
derivative f’(x) must take on every value intermediate between any two of its values. 
To show this, take first the case where /’(a) and f’(b) have opposite signs and show, 
by the continuity of f and by Theorem 13 and Ex. 2, that f’/(&)=0. Next if 
f’(a)<u<f(b) without any restrictions on f’(a) and f’(b), consider the function 
f(v) — wx and its derivative f’() — yu. Finally, prove the complete theorem. It 
should be noted that the continuity of f(z) is not assumed, nor is it proved; for 
there are functions which take every value intermediate between two given values 
and yet are not continuous. 


28. Summation and integration. Let f(~) be defined and limited 
over the interval a= a= 05 and let M, m, and O= M—~m be the 
upper frontier, lower fron- 
tier, and oscillation of f(a) 
in the interval. Let n —1 
points of division be intro- a 
duced in the interval divid- Vie E 
ing it into m consecutive an 
intervals 6,, 8, ---, 5, of 
which the largest has the @| a E 5 xX 
length A and let M;, m,, O;, 
and f(€,) be the upper and lower frontiers, the oscillation, and any 
value of the function in the interval 8; Then the inequalities 


Yi ~ M; M 











més, = mo, = f(é)5§; = MS, S M8, 


,= 


will hold, and if these terms be summed up for all » intervals, 


m(b—a)=S oy mo, = > Fé 5; = > M8; = M(b—a) (A) 


will also hold. Let s = 3m,8;, ¢ = 3/(é)8;, and S = 3M, From (A) 
it is clear that the difference S — s does not exceed 
(M — m)(b — a) = 0(b — a), 

the product of the length of the interval by the oscillation in it. The 
values of the sums S, s, will evidently depend on the number of parts 
into which the interval is divided and on the way in which it is divided 
into that number of parts. 

THrorEeM 19. If n! additional points of division be introduced into 
the interval, the sum S' constructed for the m + n! —1 points of division 
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cannot be greater than S and cannot be less than S by more than 


n'OX. Similarly, s' cannot be less than s and cannot exceed s by more 
than n'OA. 


THEoREM 20. There exists a lower frontier Z for all possible methods 
of constructing the sum S and an upper frontier Z for s. 

TuHEoREM 21. Darboux’s Theorem. When ¢ is assigned it is possible 
to find a A so small that for all methods of division for which 8; = A, 
the sums S and s shall differ from their frontier values Z and Z by less 
than any preassigned e. 


To prove the first theorem note that although (A) is written for the whole inter- 
val from a to b and for the sums constructed on it, yet it applies equally to any 
part of the interval and to the sums constructed on that part. Hence if S; = M6; be 
the part of S due to the interval 6; and if S; be the part of S’ due to this interval 
after the introduction of some of the additional points into it, ms; = S; = 8; = Mj6;. 
Hence S; is not greater than S; (and as this is true for each interval 6;, S’ is not 
greater than S) and, moreover, S;— S; is not greater than O;5; and a fortiori not 
greater than OA. As there are only 1’ new points, not more than n’ of the intervals 
6; can be affected, and hence the total decrease S — 8’ in S cannot be more than 
n’OA. The treatment of s is analogous. 

Inasmuch as (A) shows that the sums S and s are limited, it follows from Theo- 
rem 4 that they possess the frontiers required in Theorem 20. To prove Theorem 21 
note first that as L is a frontier for all the sums S, there is some particular sum S 
which differs from L by as little as desired, say }e. For this S let n be the number 
of divisions. Now consider S’ as any sum for which each 6, is less than A = } €/n0O. 
If the sum S” be constructed by adding the n points of division for S to the points 
of division for S’, S” cannot be greater than S and hence cannot differ from L by 
so much as fe. Also S” cannot be greater than S’ and cannot be less than S’ by 
more than nOA, which is }e. As S” differs from Z by less than de and S’ differs 
from S” by less than de, S’ cannot differ from ZL by more than e, which was to be 
proved. The treatment of s and / is analogous. 


29. If indites are introduced to indicate the interval for which the 
frontiers Z and 7 are calculated and if B hes in the interval from a to 4, 
then Z8 and /8 will be functions of £. 

TurorEM 22. The equations LI=L¢6+L?, a<c<b; L2=—-Lf; 


a 
Li=p(b—a),mSph=M, hold for L, and similar equations for 7. As 
functions of 8, Lf and /? are continuous, and if f(a) is continuous, 


they are differentiable and have the common derivative /(£). 


To prove that L? = L° + L?, consider c as one of the points of division of the 
interval from a to b. Then the sums S will satisfy 8? = 8° + 8°, and as the limit 
of a sum is the sum of the limits, the corresponding relation must hold for the 
frontier L. To show that L? =— L,* it is merely necessary to note that 8? =— 8" 
because in passing from b to @ the intervals 6; must be taken with the sign opposite 
to that which they have when the direction is from a to b. From (A) it appears 


that m(b — a) = Sie = M (b — a) and hence in the limit m(b — a) = Le = M(b—a). 
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Hence there is a value n, m=u=M, such that L? =4(b— a). To show that Lé 
is a continuous function of B, take K >|M|and|m|, and consider the relations 


Leh LR = D8 + Lgt*— Le = LE" = ph, lul<K, 
Lip Bree DEO SNL eae yee ee 


Hence if ¢ is assigned, a 6 may be found, namely 6<e/K, so that |L2** — LE \<e 
when 4 <6 and L8 is therefore continuous. Finally consider the quotients 
Lgth— 18 L§-*— D8 
ST 200 ——— i 
h 2 yy 


where » is some number between the maximum and minimum of f(z) in the inter- 
val 8B =e#=B+h and, if f is continuous, is some value f(é) of f in that interval 
and where pu’ = f(é) is some value of f in the interval B—h=c=f. Now let 
h=0. As the function f is continuous, lim f(é) = (8) and lim f(é’) = f(8). Hence 
the right-hand and left-hand derivatives exist and are equal and the function L8 
has the derivative (8). The treatment of / is analogous. 


TuEorEM 23. For a given interval and function f, the quantities Z 
and Z satisfy the relation 7 = Z; and the necessary and sufficient con- 
dition that ZL =/ is that there shall be some division of the interval 
which shall make 3} (M; — m,) 8; = 30,6; <<. 

If > =1?, the function f is said to be integrable over the interval 


b 
from a to 6 and the integral li J(«) dx is defined as the common value 


L?=12. Thus the definite integral is defined. 
TuHrorEeM 24. If a function is integrable over an interval, it is inte- 
grable over any part of the interval and the equations 


c b b 
i SF (x) de ef J (ze) de =f I (a) da, 
: a ‘ c : a 
i F(x) dx =— fl I (@) de, i J (x) dx = w(b—a) 
a b a 


B 
hold ; moreover, f J (x) dx = F(B) is a continuous function of B; and 
if f(w) 1s continuous, the derivative 7’'(@) will exist and be f(). 


By (A) the sums S and s constructed for the same division of the interval satisfy 
the relation S—s=0. By Darboux’s Theorem the sums S and s will approach the 
values L and J when the divisions are indefinitely decreased. Hence L —l=0, 
Now if L =land a A be found so that when 6; <A the inequalities S— L < he and 
1—s<te hold, then S—s = 2 (M;— m,) 5; = 50,6; < :; and hence the condition 
20,5; <€ is seen to be necessary. Conversely if there is any method of division such 
that 20,6; <e, then S — s<e and the lesser quantity Z— 1 must also be less thane. 
But if the difference between two constant quantities can be made less than €, 
where ¢ is arbitrarily assigned, the constant quantities are equal ; and hence the 
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conditton is seen to be also sufficient. To show that if a function is integrable over 
an interval, it is integrable over any part of the interval, it is merely necessary to 
show that if L? = 1°, then L8 = 18 where a and B are two points of the interval, 
Here the condition 20;3;<e applies; for if 20,5; can be made less than e for the 
whole interval, its value for any part of the interval, being less than for the whole, 
must be less than e. The rest of Theorem 24 is a corollary of Theorem 22. 


30. THEorEM 25, A function is integrable over the interval a= a= d 
if it is continuous in that interval. 

TuEorEM 26. If the interval a=a=¢6 over which f(«) is defined 
and limited contains only a finite number of points at which f is dis- 
continuous or if it contains an infinite number of points at which / is 
discontinuous but these points have only a finite number of points of 
condensation, the function is integrable. 

THEorEM 27. If f(x) is integrable over the interval a=x=32, the 


b 
sum o = 3/(€)8; will approach the limit ji J(@)da when the indi- 


vidual intervals 6, approach the limit zero, it being immaterial how 
they approach that limit or how the points €; are selected in their 
respective intervals 9,. 

THeorEM 28. If f(x) is continuous in an interval a=a=d, then 


J(@) has an indefinite integral, namely ii J («) dx, in the interval. 


Theorem 25 may be reduced to Theorem 23. For as the function is continuous, 
it is possible to find a A so small that the oscillation of the function in any interval 
of length A shall be as small as desired (Theorem 9). Suppose A be chosen so that 
the oscillation is less than e/(b — a). Then 20,6; << e when 6;< A; and the function 
is integrable. To prove Theorem 26, take first the case of a finite number of discon- 
tinuities. Cut out the discontinuities surrounding each value of @ at which f is dis- 
continuous by an interval of length 6. As the oscillation in each of these intervals 
is not greater than O, the contribution of these intervals to the sum 2O,6; is not 
greater than Oné, where n is the number of the discontinuities. By taking 6 small 
enough this may be made as small as desired, say less than 4¢. Now in each of the 
remaining parts of the interval a=«=b, the function f is continuous and hence 
integrable, and consequently the value of 2O;6; for these portions may be made as 
small as desired, say 4e. Thus the sum 20j;6; for the whole interval can be made 
as small as desired and f(x) is integrable. When there are points of condensation 
they may be treated just as the isolated points of discontinuity were treated. After 
they have been surrounded by intervals, there will remain over only a finite num- 
ber of discontinuities. Further details will be left to the reader. 

For the proof of Theorem 27, appeal may be taken to the fundamental relation 
(A) which shows that sSo=8. Now let the number of divisions increase indefi- 
nitely and each division become indefinitely small. As the function is integrable, 


b 
S and s approach the same limit f(x) dx, and consequently ¢ which is included 


a 


between them must approach that limit. Theorem 28 is a corollary of Theorem 24 
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which scates that as f(«) is continuous, the derivative of ik F(x) dx is f(x). By defi- 
nition, the indefinite integral is any function whose derivative is the integrand. 
Hence if J (x) dx is an indefinite integral of f(x), and any other may be obtained 


@ . . 
by adding to this an arbitrary constant (Theorem 16). Thus it is seen that the 
proof of the existence of the indefinite integral for any given continuous zunction 
is made to depend on the theory of definite integrals. 


EXERCISES 
1. Rework some of the proofs in the text with / replacing L. 


2. Show that the LZ obtained from Cf(x), where C is a constant, is C times the Z 
obtained from f. Also if u, v, w are all limited in the interval a=z=b, the L for 
the combination u + v — w will be L(w) + L(v) — L(w), where L (wu) denotes the L 
for u, etc. State and prove the corresponding theorems for definite integrals and 
hence the corresponding theorems for indefinite integrals. 


3. Show that 2O;6; can be made less than an assigned e in the case of the func- 
tion of Ex. 6, p. 44. Note that / = 0, and hence infer that the function is integrable 
and the integral is zero. The proof may be made to depend on the fact that there 
are only a finite number of values of the function greater than any assigned value. 


4. State with care and prove the results of Exs. 3 and 5, p. 29. What restric- 
tion is to be placed on f(a) if f(£) may replace pu ? 
5. State with care and prove the results of Ex. 4, p. 29, and Ex. 13, p. 30. 


6. If a function is limited in the interval a =z =b and never decreases, show 
that the function is integrable. This follows from the fact that }O; = O is finite. 


7. More generally, let f(x) be such a function that =O; remains less than some 
number KA, no matter how the interval be divided. Show that fis integrable. Such 
a function is called a function of limited variation (§ 127). 


8. Change of variable. Let f(x) be continuous over a=x=b. Change the 
variable to © = ¢(t), where it is supposed that a = ¢(t,) and b= ¢(f,), and that 
¢(t), o’(t), and f[¢ (1)] are continuous in t over t; S=tSt,. Show that 


b tg $ (t) 
HO) OH “(t)dt or C= ( 
fterde=f Toole oa or [sede =f Foleo wat 


Do this by showing that the derivatives of the two sides of the last equation with 
respect to ¢ exist and are equal over t; =tSt,, that the two sides vanish when 
t=, and are equal, and hence that they must be equal throughout the interval. 


9. Osgood’s Theorem. Let a; be aset of quantities which differ uniformly from 
J (ti) 6: by an amount ¢4;, that is, suppose 


a =f (&) 5+ G;, where |&|<e and a=éSb. 
Prove that if fis integrable, the sum Sa; approaches a limit when 6; = 0 and that 
rb 
the limit of the sum is F(x) da. 
va 


10. Apply Ex. 9 to the case Af = f’Av + ¢Av where f’ is continvous to show 
b 
directly that f(b) — f(a) = i J'(v) dx. Also by regarding Av = ¢’ (t) At + ¢At, apply 
to Ex, 8 to prove the rule for change of variable. 


PART i. DIFFERENTIAL CALCULUS 


CHAPTER III 
TAYLOR’S FORMULA AND ALLIED TOPICS 


31. Taylor’s Formula. The object of Taylor’s Formula is to express 
the value of a function f(a) in terms of the values of the function and 
its derivatives at some one point «=a. Thus 


f(2) =f (a) +(x —a), pot 22 seo fila) +e 
Sane One (1) 


Such an expansion is necessarily true because the remainder R may be 
considered as defined by the equation; the real significance of the 
formula must therefore le in the possibility o: finding a simple ex- 
pression for FR, and there are several. 

THeorEM. On the hypothesis that f(a) and its first m derivatives 
exist and are continuous over the interval «=x =), the function may 
be expanded in that interval into a polynomial in # — a, 


(@— a)" 


F=f + @—a fo) + SD pw 


(ea) ay - 


with the remainder R expressible in any one of the forms 


An(1 — 0)"— 
(7-1)! 


‘i h 
Ate wie ae fr-l (Nn) (oy, ho dt, 2 
ead fOG@th—Hdt, (2) 


where h=x—aanda<é<aoré=a+06h where 0< 6<1. 





p= ED po = FE 
nN. 


A first proof may be made to depend on Rolle’s Theorem as indicated in Ex. 8, 
p. 49. Let « be regarded for the moment as constant, say equal to b. Construct 
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the function y (x) there indicated. Note that y(a) = y(b) = 0 and that the deriva- 
tive ¥/(x) is merely 


¥@) =— A po) + [7-7-6 aro 
ayn 
i ae oe ft = |: 


By Rolle’s Theorem ¥’(£) = 0. Hence if — be substituted above, the result is 
b—a)r-l b—a)n 

£0) =F (a) + = as'(a) ++ + FO gornyay 4 SI Fm, 
after striking out the factor — (b— £)”—1, multiplying by (b — a)”"/n, and transposing 
f(b). The theorem is therefore proved with the first form of the remainder. This 
proof does not require the continuity of the nth derivative nor its existence at a and at b. 
The second form of the remainder may be found by applying Rolle’s Theorem to 


, Farad wpmie ye 
VO) =F) 7 A) aya (a) tee RCN. Oe ee 
where P is determined so that R=(b—a)P. Note that y()) =0 and that by 
Taylor’s Formula y (a) = 0. Now 
a yh Se qa 
y(n) = Gas JM@)+P or P=fM() oor since y’(é)=0. 


Hence if & be written £=a+6h where h=b—a, then b—£=b—a—6h=(b—a)(1—8@). 
b—a)n-1(1—6)n-1 . b—a)r(1—@)r-1 
Saale Foy =! 
(n—1)! (n—1)! 

The second form of F& is thus found. In this work as before, the result is proved 
for c = b, the end point of the interval a=x=b. But as the interval could be 
considered as terminating at any of its points, the proof clearly applies to any x 
in the interval. 

A second proof of Taylor’s Formula, and the easiest to remember, consists in 
integrating the nth derivative n times from a to x. The successive results are 


{yo (x) dx = feta) [P= so» (x) — f= (a). 
ff 7©@ ee = Fo @ae— f'Fo-Y ae 
= f™-2 (x) —fe—-2D (a) — (ew — a) f-D (a). 
habe ™ (a) da® = f—8%) (x) — f—8) (a) — (« — a) f— (a) — me = aan ee ded. 


And R=(b—a) P=(b—a) 








F (8). 


eyes 


os [FO (@) de =f) —F(@)—@— F(a) 


— q)2 
— cor) sas 16 fs i oe (a). 


[- F(x) dx". To trans- 


va 


form this to the ordinary form, the Law of the Mean may be applied (( (65), $16). Fox 


The formula is therefore proved with R in the form fe 


x << n n 
m (x — a) ih F(x) da < M(x —- a), ro <f jie ‘f0(2) )dan< yea" 


n! n! 





? 
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where m is the least and M the greatest value of f(z) froma to a. There is then 
some intermediate value f(t) = » such that 


fc c [-FOC) dan = C—O" pong, 


This proot requires that the nth derivative be continuous and is less general. 
The third proof is obtained by applying successive integrations by parts to the 


. . . h 
obvious identity f(a + h) —f(a)= ih S’(a + h — t) dt to make the integrand contain 
0 
higher derivatives. 


Fa+—F= fF arh—na=warh—o] + fy a+h—oa 


rh h 
«Cee aaa 
ee 
= 1s (a+ 5 Ea) + ee eC) 
) (4) bom ine 


This, however, is precisely Taylor’s Formula with the third form of remainder. 





Te 


If the point a about which the function is expanded is x= 0, the 
expansion will take the form known as Maclaurin’s Formula: 


gn-l 


@—1! 
R= 2 £0(6r) =" — ay 1p (On) = a, f PAPO @e—Hat 
a Oe Gey! (M—T)tJ, | 


fe =f) taf) + SP") + se gategy yh slur @\O) tateay 2) 





32. Both Taylor’s Formula and its special case, Maclaurin’s, express 
a function as a polynomial in 4 =x —a, of which all the coefficients 
except the last are constants while the last is not constant but depends 
on h both explicitly and through the unknown fraction 6 which itself is 
a function of h. If, however, the nth derivative is continuous, the coeffi- 
cient f(a + 6h)/n! must remain finite, and if the form of the deriva- 
tive is known, it may be possible actually to assign lmits between 
which f™(a+ 6h)/n! lies. This is of great importance in making 
approximate calculations as in Exs. 8 ff. below; for it sets a limit to 
the value of R for any value of n. 

TuroremM. There is only one possible expansion of a function into 
a, polynomial in =a —a of which all the coefficients except the last 
are constant and the last finite; and hence if such an expansion is 
found in any manner, it must be Taylor’s (or Maclaurin’s). 


To prove this theorem consider two polynomials of the nth order 
C+ Ch Cyl? +. + Cyh—1h 1 + enh = Cy + Cyh + Cyl? + +++ + Cy—1h™—1 + C,h", 


which represent the same function and hence are equal for all values of h from ¢ 
to b—a. It follows that the coefficients must be equal, For let h approach 0. 
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The terms containing 4 will approach 0 and hence c, and Cy may be made as 
nearly equal as desired ; and as they are constants, they must be equal. Strike 
them out from the equation and divide by h. The new equation must hold for all 
values of h from 0 to b — a with the possible exception of 0. Again let h = 0 and 
now it follows that c, = C,. And so on, with all the coefficients. The two devel- 
opments are seen to be identical, and hence identical with Taylor’s. 

To illustrate the application of the theorem, let it be required to find the expan- 
sion of tana about 0 when the expansions of sinz and cosz about 0 are given. 


sing = a—4a°+ 71,05 4+ Po’, cost = 1— 4a? 4+ x at + Qr%, 


where P and Q remain finite in the neighborhood of « = 0. In the first place note 
that tan clearly has an expansion ; for the function and its derivatives (which 
are combinations of tan x and sec 2) are finite and continuous until ¢ approaches } 7. 
By division, g 
e+4e+ 7 2 
1 — 4a? + gat + Qr®) a — $28 4+ 54,2? i+ Px! 
o—jur+ oy i+ Qe? 
303 — gly i+ (P—Q)al 











1 73 Bis 5 eesey | 9 
ee — § Pitre +i Qe 
ts 
DD 8 Siccceasaesnecscnecine 


S7 

oO a mp . ie a see Yond 
Hence tang =a+}4ae+4 ~ao + preg where S is the remainder in the division 
and is an expression containing P, Q, and powers of x; it must remain finite if P 


and @ remain finite. The quotient S/cos « which is the coefficient of x? therefore 
remains finite near x = 0, and the expression for tan x is the Maclaurin expansion 
up to terms of the sixth order, plus a remainder. 

In the case of functions compounded from simple functions of which the expan- 
sion is known, this method of obtaining the expansion by algebraic processes upon 
the known expansions treated as polynomials is generally shorter than to obtain 
the result by differentiation. The computation may be abridged by omitting the 
last terms and work such as follows the dotted line in the example above; but if 
this is done, care must be exercised against carrying the algebraic operations too 
far or not far enough. In Ex. 5 below, the last terms should be put in and carried 
far enough to insure that the desired expansion has neither more nor fewer terms 
than the circumstances warrant. 


EXERCISES 


Ar(1 — 9)n—k | 
———_______ f'(m) (£), 
(mw —I)LE | @) 


2. Apply Ex. 5, p. 29, to compare the third form of remainder with the first. 


1. Assume R = (b— a)*P; show R= 


3. Obtain, by differentiation and substitution in (1), three nonvanishing terms: 


(@) sino, a='0; (8) tanh a, a = 0; (y) tanz, a= 17, 
(6) csow,a@=17, (e) eine g@=0, (§) log sing, a= dr. 


4, Find the nth derivatives in the following cases and write the expansion : 
(a) sinew, a= 0, (8) sina, a=4n, (ry) CH == 0s 
(O)c2 G15 (e) Lost, ani (d+ a)*, a= 0. 
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5. By algebraic processes find the Maclaurin expansion to the term in #5: 








(a) seca, (8) tanh x, (y) — V1 — 22, 
(5) esina, (e) [log (A — a), (¢) + Veosh a, 
(ees, (A) log cos a, » (c) log V1 + 2”. 


The expansions needed in this work may be found by differentiation or taken 
from B. O. Peirce’s ‘*Tables.’’ In (y) and (¢) apply the binomial theorem of Ex. 
4(). In (y) let y= sina, expand ev, and substitute for y the expansion of sin z. 
In (6) let cosz =1—y. In all cases show that the coefficient of the term in 2° 
really remains finite when z = 0. 


6. If SF (& + h) = Cy + eh + Cyh? + +++ + Cy—yhP-1 4 ah”, show that in 
h c c Cx h 
a h) dh = c,h 172 2 ps Saye 2-1 pn hn 
fo fa+ Pail ey sta + the +f eghndh 


the last term may really be put in the form Ph” +1 with P finite. Apply Ex. 5, p. 29. 








eo dx 
7. Apply Ex. 6 to sin-la =i! ——., etc., to find developments of 
pply ers ; p 
(a) sin —1 2, (8) tan-la, (y) sinh-1 2, 
1 as ] 
yon (ce) [Ve-tar, @) fo Fa. 
1—2z 0 0 x 


In all these cases the results may be found if desired to n terms. 


8. Show that the remainder in the Maclaurin development of e* is less than 
aee/n!; and hence that the error introduced by disregarding the remainder in com- 
puting e is less than x”et/n!. How many terms will suffice to compute e to four 
decimals ? How many for e® and for e®:! ? 


9. Show that the error introduced by disregarding the remainder in comput- 
ing log (1+ 2) is not greater than a”/n if « >0. How many terms are required for 
the computation of log 1} to four places ? of log 1.2 ? Compute the latter. 


10. The hypotenuse of a triangle is 20 and one angle is 31°. Find the sides by 
expanding sina and cos« about a =17 as linear functions of « — 47. Examine 
the term in («"— 47)? to find a maximum value to the error introduced by 
neglecting it. 


11. Compute to 6 places: (a) 2, (8) log1.1, (7) sin 30’, (5) cos 30’. During 
the computation one place more than the desired number should be carried along 
in the arithmetic work for safety. 


12. Show that the remainder for log (1 + z) is less than a”/n(1+ a)” if «<0. 
Compute (a) log 0.9 to 5 places, (8) log 0.8 to 4 places. 


13. Show that the remainder for tan-! z is less than #”/n where n may always 
be taken as odd. Compute to 4 places tan~! f. 


14. The relation }7 = tan-11 = 4 tan-!} — tan-144, enables $a to be found 
easily from the series for tan-1z. Find }7 to 7 places (intermediate work carried 
to 8 places). 

15. Computation of logarithms. (a) Tf a = log 30, b = log 34, ¢ = log §4, then 


log2 =7a—2h+3¢, log8 = 1la—3b+4 5e, log 5 = 16a—4b+4 Te, 
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Now a =— log (1— y,), b =— log (1— zz), ¢ = log (1 + 4’) are readily computed 
and hence log 2, log 3, log 5 may be found. Carry the calculations of a, b, ¢ to 
10 places and deduce the logarithms of 2, 3, 5, 10, retaining only 8 places. Com- 
pare Peirce’s ‘* Tables,” p. 109. F 


1+2, ee SO 
(8) Show that the error in the series for log ae is less than aie Com 


pute log 2 corresponding to z = } to 4 places, log 14 to 5 places, log 12 to 6 places. 
(vy) Show log? = = 2 eae d += i: (24 x y Sa 3 (22+ Rants} 
q DAD BND 2n—1\p+4q 
give an estimate of R2»41, and compute to 10 figures log3 and log7 from log2 
and log 5 of Peirce’s ‘* Tables”? and from 








74 

4 log 3— 4log2—log5= log» 4 log 7 — 5 log 2 — log 3 — 2log 5 = log —_ a 

16. Compute Ex. 7 (e) to 4 places for « = 1 and to 6 places for x = $. 

17. Compute sin-10.1 to seconds and sin! 4 to minutes. 

18. Show that in the expansion of (1 + z)* the remainder, as z is > or <0, is 

k-(k—1)---(k—n+]),, k-(k—1)-++-(k—n+1) x” 
1-2. Teens nw (1+ a)"-* 

Hence compute to 5 figures V 103, Vv 98, V 28, v 250, V'1000. 


19. Sometimes the remainder cannot be readily found but the terms of the 
expansion appear to be diminishing so rapidly that all after a certain point appear 
negligible. Thus use Peirce’s ‘' Tables,’? Nos. 774-789, to compute to four places 
(estimated) the values of tan 6°, log cos 10°, esc 3°, sec 2°. 


o Ke 


Tipe or Ra 











20. Find to within 1% the area under cos (x?) and sin («?) from 0 to $7 


21. A unit magnetic pole is placed at a distance L from the center of a magnet 
of pole strength M and length 21, where //Z is small. Find the force on the pole 
if (a) the pole is in the line of the magnet and if (8) it is in the perpendicular 


bisector. 
7) 2 rat S ( y 
Le O\L 


22. The formula for the distance of the horizon is D =V$h where D is the 
distance in miles and f is the altitude of the observer in feet. Proye the formula 
and show that the error is about 3% for heights up to a few miles. Take the radius 
of the earth as 3960 miles. 








23. Find an approximate formula for the dip of the horizon in minutes below 
the horizontal if h in feet is the height of the observer. 


24. If S isa circular are and C its chord and c the chord of half the are, prove 
S=1(8c— C) (1+ €) where ¢ is about S*/7680 R4 if R is the radius. 


25. If two quantities differ from each other by a small fraction e of their value, 
show that their geometric mean will differ from their arithmetic mean by about 
+é of its value. 


26. The algebraic method may be applied to finding expansions of some func- 
tions which become infinite. (Thus if the series for cosa and sin be divided to 
find cot 2, the initial term is 1/z and becomes infinite at a = 0 just as cot« does. 
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Such expansions are not Maclaurin developments but are analogous to them. 
The function x cot would, however, have a Maclaurin development and the 
expansion found for cot is this development divided by w.) Find the develop- 
ments about « = 0 to terms in «# for 


(a) cota, (8) cot? a, » (y) esca, (5) ese? a, 
(e) cotz esc a, (§) 1/(tan-1 2)?, (n) (sinw — tan@)-!. 
27. Obtain the expansions: 
(a) logsinz=loga—{a?— 7h at+R, (8) logtanev=loga+iar+ water, 
(y) likewise for log versa. 


33. Indeterminate forms, infinitesimals, infinites. If two functions 
J (x) and ¢$() are defined for a = a and if $(a) # 0, the quotient //¢ is 
defined fora =a. Butif $(a) = 0, the quotient f/¢ is not defined for a. 
If in this case f and ¢ are defined and continuous in the neighborhood 
of a and f(a) + 0, the quotient will become infinite as «+a; whereas 
if f(a) = 0, the behavior of the quotient f/¢ is not immediately appar- 
ent but gives rise to the indeterminate form 0/0. In like manner if f 
and @ become infinite at a, the quotient f/¢ is not defined, as neither 
its numerator nor its denominator is defined; thus arises the indeter- 
minate form o/#. The question of determining or evaluating an 
indeterminate form is merely the question of finding out whether the 
quotient f/¢ approaches a limit (and if so, what limit) or becomes 
positively or negatively infinite when « approaches a. 

TuHEorEM. L’Hospital’s Rule. If the functions f(a) and ¢ (x), which 
give rise to the indeterminate form 0/0 or «/o when « = a, are con- 
tinuous and differentiable in the interval a < « S 6 and if 6 can be 
taken so near to a that ¢'(a) does not vanish in the interval and if the 
quotient f'/' of the derivatives approaches a limit or becomes posi- 
tively or negatively infinite as «+ a, then the quotient f/¢ will ap- 
proach that limit or become positively or negatively infinite as the case 
may be. Hence an indeterminate form 0/0 or 0/0 may be replaced by 
the quotient of the derivatives of numerator and denominator. 


Case I. f(a) = ¢(a) = 0. The proof follows from Cauchy’s Formula, Ex. 6, p. 49. 
f(@) _ f@)-fa) _£®. 
b(t) o(%)—9(2) 4) 

Now if « = a, so must £, which lies between w and a. Hence if the quotient on the 
right approaches a limit or becomes positively or negatively infinite, the same is 
true of that on the left. The necessity of inserting the restrictions that f and ¢ 
shall be continuous and differentiable and that ¢’ shall not have a root indefinitely 
near to a is apparent from the fact that Cauchy’s Formula is proved only for func- 
tions that satisfy these conditions. If the derived form f/’/¢’ should also be inde- 
terminate, the rule could again be applied and the quotient f”/¢” would replace 
/’/¢’ with the understanding that proper restrictions were satisfied by /’, 9’, and ¢”. 


a<E<u. 





For 
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Casx Il. f(a) = ¢(a) = 0. Apply Cauchy’s Formula as follows : 


Fe) —fO) _ f@ 1-FO/F(@) _ P6) a<a2<b, 

9 (t)—9(b)  (@)1—4())/o(z) #8) eet 
where the middle expression is merely a different way of writing the first. Now 
suppose that f’(x)/¢’(x) approaches a limit when 2 =a. It must then be possible to 
take b so near to a that f’(&)/¢() differs from that limit by as little as desired, no 
matter what value € may have between a and b. Now as f and ¢ become infinite 
when x = a, it is possible to take w so near to a that f(b)/f(c) and ¢(b)/¢ (x) are 
as hear zero as desired. The second equation above then shows that f(x)/¢ (2), 
multiplied by a quantity which differs from 1 by as little as desired, is equal to 
a quantity f’(&)/¢’(é) which differs from the limit of /’(z)/¢’(z) as x = a by as little 
as desired. Hence f/@ must approach the same limit as f’/¢’. Similar reasoning 
would apply to the supposition that f’/¢’ became positively or negatively infinite, 
and the theorem is proved. It may be noted that, by Theorem 16 of § 27, the form 
t’/¢?’ is sure to be indeterminate. The advantage of being able to differentiate 
therefore lies wholly in the possibility that the new form be more amenable to 
algebraic transformation than the old. 

The other indeterminate forms 0- a, 0°, 1%, 0°, «© — o may be reduced to the 

foregoing by various devices which may be indicated as follows : 





Oc nes : 2 

0O-w=—=—, 00 = elog 00 = gdlog0 — gd-m, .... w—w=loger—= = log —. 
1 1 is aes 
o 0 


The case where the variable becomes infinite instead of approaching a finite value 
a is covered in Ex. 1 below. The theory is therefore completed. 

Two methods which frequently may be used to shorten the work of evaluating 
an indeterminate form are the method of E-functions and the application of Taylor's 
Formula. By definition an E-function for the point x = a is any continuous function 
which approaches a finite limit other than 0 when x = a. Suppose then that f(x) or 
¢ (x) or both may be written as the products #,f, and £,¢,. Then the method of 
treating indeterminate forms need be applied only to f,/¢, and the result multiplied 
by lim #,/#,. For example, 

x — as v— a 


lin. —————_ = lim (x? + aw + a”) lim —— - - 
w+esin(®—a) w+a xasin (& — @) wv+asin (x — a) 





Again, suppose that in the form 0/0 both numerator and denominator may be de- 

veloped about « = a by Taylor’s Formula. The evaluation is immediate. Thus 
tane—sine (© + }a* + Po) — (w@—}2?+ Qe) 44+(P— Q)2?. 

x? log (1 + 2) x? (x — 422 + Ra) 1—i2+ Re’ 











and now if « = 0, the limit is at once shown to be simply }. 

When the functions become infinite at 2 = a, the conditions requisite for Taylor's 
Formula are not present and there isno Taylor expansion. Nevertheless an expan- 
sion may sometimes be obtained by the algebraic method (§ 32) and may frequently 
be used to advantage. To illustrate, let it be required to evaluate cot « — 1/x which 
is of the form «—o whenz= 0, Here 


OS 7 1 2 rnd ah? nt 
_ cose 1+ har?+ Pat 11—4a?+ Pa == (1-524 sx), 


cota - a - i a —__ = 
sing w—tge+Qr° vl—iw+ Qt oz 
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where S remains finite when «= 0, If this value be substituted for cot x, then 


lim (cote — ‘) = lim (; — Ly + Sx — :) == ihn (- ae + sx) 0) 
x=0 x, z+0\e 38 Q, e+0\ 3 

34. An infinitesimal is a variable which is ultimately to approach the 
limit zero ; an infinite is a variable which is to become either positively 
or negatively infinite. Thus the increments Ay and Az are finite quan- 
tities, but when they are to serve in the definition of a derivative they 
must ultimately approach zero and hence may be called infinitesimals. 
The form 0/0 represents the quotient of two infinitesimals ; * the form 
o/c, the quotient of two infinites; and 0-0, the product of an infin- 
itesimal by an infinite. If any infinitesimal @ is chosen as the primary 
infinitesimal, a second infinitesimal B is said to be of the same order as 
a if the limit of the quotient B/a@ exists and is not zero when a+ 0; 
whereas if the quotient B/a becomes zero, B is said to be an infinites- 
imal of higher order than a, but of lower order if the quotient becomes 
infinite. If in particular the limit B/a” exists and is not zero when 
a=, then B is said to be of the nth order relative to a. The deter- 
mination of the order of one infinitesimal relative to another is there- 
fore essentially a problem in indeterminate forms. Similar definitions 
may be given in regard to infinites. 

THeEoREM. If the quotient B/a of two infinitesimals approaches a 
limit or becomes infinite when @ = 0, the quotient £'/a' of two infin- 
itesimals which differ respectively from 8 and @ by infinitesimals of 
higher order will approach the same limit or become infinite. 

THEOREM. Duhamel’s Theorem. If the sum Sa;=@,+a,+---+4a, 
of n positive infinitesimals approaches a limit when their number x 
becomes infinite, the sum 38;= 8,+ 8,+-:-+8,, where each 8; differs 
uniformly frdm the corresponding @, by an infinitesimal of higher 
order, will approach the same linit. 


As a’ — ais of higher order than @ and f’ — £ of higher order than £, 








pie See 0 ie ee Oe op beh al BA eg 
a B a B 
where » and ¢ are infinitesimals. Now a’ = a(1+ 7) and p’=6(1+ §). Hence 
od = B ES and lim id = lim B ’ 
a alet+yn a a 


provided 8/a approaches a limit; whereas if B/a becomes infinite, so will p’/a’. 
In a more complex fraction such as (8 — y)/a it is not permissible to replace B 


* It cannot be emphasized too strongly that in the symbol 0/0 the 0’s are merely sym- 
bolic for a mode of variation just as © is; they are not actual 0’s and some other nota- 
tion would be far preferable, likewise for 0+ ~, 0°, etc. 
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and y individually by infinitesimals of higher order ; for 6 — y may itself be of 
higher order than 6 or y. Thus tan z — sing is an infinitesimal of the third order 
relative to a although tan # and sin z are only of the first order, To replace tan x 
and sin x by infinitesimals which differ from them by those of the second order or 
even of the third order would generally alter the limit of the ratio of tanw — sing 
to «8 when « = 0. 
To prove Duhamel’s Theorem the f’s may be written in the form 
B= a (1+ m), Gea yay oan, Tt, |ni|<e, 

where the 7’s are infinitesimals and where all the 7’s simultaneously may be made 
less than the assigned e owing to the uniformity required in the theorem. Then 

| (By + By + +++ + Bn) — (@y + Oy +++ + On) | =| + Myhy +++ + nan| <eZax. 


Hence the sum of the 6’s may be made to differ from the sum of the a@’s by less 
than eZa, a quantity as small as desired, and as Z@ approaches a limit by hypoth- 
esis, so 28 must approach the same limit. The theorem may clearly be extended 
to the case where the @’s are not all positive provided the sum Z| a;| of the abso- 
lute values of the @’s approaches a limit. 


35. If y=/(a), the differential of y is defined as 
y= 7 (eye; and hence ae sila Aw. (4) 
From this definition of dy and dx it appears that dy/dx = f'(x), where 
the quotient dy/dzx is the quotient of two finite quantities of which dx 


may be assigned at pleasure. This is true if # is the independent 
variable. If x and y are both expressed in terms of ¢, 
c= x(t), y¥=y(t), iit== Dade, dy = Dydt; 
dy vet Dy 


and —“=D), 7 virtue AY SZ. 
tae ee ds by virtue of (4), § 


From this appears the important theorem: The quotient dy/dx is the 
derivative of y with respect to x no matter what the independent variable 
may be. It is this theorem which really justifies writing the derivative 
as a fraction and treating the component differentials according to the 
rules of ordinary fractions. For higher derivatives this is not so, as 
may be seen by reference to Ex. 10. 

As Ay and Aw are regarded as infinitesimals in defining the deriva- 
tive, it is natural to regard dy and dx as infinitesimals. The difference 
Ay — dy may be put in the form 

e+ Ax) — f(a 
ay— dy =| PETE —SO) r@) (5) 
wherein it appears that, when Aw + 0, the bracket approaches zero. 
Hence arises the theorem: Jf x is the independent variable and if Ay 
and dy are regarded as infinitesimals, the difference Ay — dy is an infin- 
itesimal of higher order than Ax. This has an application to ‘the 
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subject of change of variable in a definite integral. For if «= ¢$ (2), 
then dx = ¢'(t) dt, and apparently 


if fade = {lem s'@as, 


where $(¢,)=a and $(¢,) =0, so that ¢ ranges from t, to ¢, when « 
ranges from @ to db. 

But this substitution is too hasty; for the dx written in the integrand 
is really Aw, which differs from dx by an infinitesimal of higher order 
when « is not the independent variable. The true condition may be 
seen by comparing the two sums 


Leary SFl$@]eG)at, At=adt, 

the limits of which are the two integrals above. Now as Aw differs 
from dx = ¢'(t)dt by an infinitesimal of higher order, so f(a) Aa will 
differ from /[¢(¢)]¢'()dt by an infinitesimal of higher order, and 
with the proper assumptions as to continuity the difference will be uni- 
form. Hence if the infinitesimals f(a) Ax be all positive, Duhamel’s 
Theorem may be applied to justify the formula for change of variable. 
To avoid the restriction to positive infinitesimals it is well to replace 
Duhamel’s Theorem by the new 

THEOREM. Osgood’s Theorem. Let @,, @,, +--+, @, be nm infinitesimals 
and let @; differ uniformly by infinitesimals of higher order than Ax 
from the elements /(#;)Axv, of the integrand of a definite integral 


[1 J (x) dx, where f is continuous; then the sum Sw=a@,+a@,+---+a, 


approaches the value of the definite integral as a limit when the num- 
ber m becomes infinite. 
° 


Let a; =f (a) At;+ GAz;, where | &;| <e owing to the uniformity demanded. 


Then | >a — > fe Ax; =| > far = o> Ari =e(b— a). 


But as f is continuous, the definite integral exists and one can make 


d Feyane— fF e)ae <e, and hence arm f $e) ae 


It therefore appears that Za; may be made to differ from the integral by as little 
as desired, and Sa; must then approach the integral as a limit. Now if this theo- 
rem be applied to the case of the change of variable and if it be assumed that 
f[¢(t)] and ¢’(t) are continuous, the infinitesimals Ax; and da; = ’(t;) dt will 
differ uniformly (compare Theorem 18 of § 27 and the above theorem on Ay — dy) 
by an infinitesimal of higher order, and so will the infinitesimals f(2;) Av; and 
F[¢ (ti) ] 0'(t) dt. Hence the change of variable suggested by the hasty substitution 
ig justified. 











Seo atl) 
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EXERCISES 


1. Show that l’Hospital’s Rule applies to evaluating the indeterminate form 
f (x)/@ (x) when a becomes infinite and both f and ¢ either become zero or infinite. 


2. Evaluate the following forms by differentiation, Examine the quotients 
for left-hand and for right-hand approach ; sketch the graphs in the neighborhood 
of the points. 

















ec _ pe _ tana—1 ; 
(a) lim Z > (6) lin = (y) lim a loga, 
x=0 x wtin C— ZT 0 s 
(oO) lim ae==, (e) lim (cot «)sin~, (¢) lim z1-# 
Lo x2=0 x21 
3. Evaluate the following forms by the method of expansions : 
1 Ch Cente . loge 
lim (— — cot? lim. ——_—__ lim 
(2) im (5 ), (8) c=on—tang ) ats Lag 
_.. sin (sinz) — sin? x . e&—e-®—Qz 
(6) lim (csch « — esc x), (e) lim sla eih apne te , (¢) lim ———~ 
“0 x=0 x 2=6 &— SNe 
4. Evaluate by any method: : 
—e-* + 2sing — 4a _ /tanc\@ 
(ays eee } (8) lim (= ) ' 
£=0 aw w+0\ «£ 


xcos? xe — log (1 + 2) — sin-11 x? . log («#—} 
Cry eerie (rE Aah (i) im S239), 
2=0 28 oa tan x 


(€) pe l* (1 + 3) - ex? log ( + *)f 


5. Give definitions for order as applied to infinites, noting that higher order 
would mean becoming infinite to a greater degree just as it means becoming zero 
to a greater degree for infinitesimals. State and prove the theorem relative to quo- 
tients of infinites analogous to that given in the text for infinitesimals. State and 
prove an analogous theorem for the product of an infinitesimal and infinite, 





6. Note that if the quotient of two infinites has the limit 1, the difference of 
the infinites is an infinite of lower order. Apply this to the proof of the resolution 
in partial fractions of the quotient f(x)/F (x) of two polynomials in case the roots 
of the denominator are all real. For if F(x) = (x — a)‘ F, (x), the quotient is an 
infinite of order k in the neighborhood of « = a; but the difference of the quotient 
and f(a)/(@ — a)*F, (a) will be of lower integral order — and so on. 


7. Show that when «=-+o, the function e* is an infinite of higher order 
than a” no matter how large n. Hence show that if P(x) is any polynomial, 
lim P(%)e-* = 0 when # =-+ oo. 
c= 0 

8. Show that (log x)™ when @ is infinite is a weaker infinite than 2 no matter 
how large m or how small n, supposed positive, may be. What is the graphical 
interpretation ? 


1 
9. If P is a polynomial, show that lim P(s)e# = 0. Hence show that the 
Hs=0 

1 1 


Maclaurin development of e @ is f(@)=e @ = £0) (02) if (0) is defined as 0. 
un } hs 
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10. The higher differentials are defined as dy = f(x) (dx)" where « is taken 
as the independent variable. Show that dtz = 0 for k>1 if x is the independent 
variable. Show that the higher derivatives D2y, D’y,+++ are not the quotients 
d?y/dx*, d’y/dx*,--- if « and y are expressed in terms of a third variable, but that. 
the relations are 


dydx — d2xdy Dye da (dxd’y — dyd*x) — 3 dx (dxd?y — dyd2r) 


2, — 
ave da a dx® ‘ 





The fact that the quotient dxy/dx, n>1, is not the derivative when x and y are 
expressed parametrically militates against the usefulness of the higher differentials 
and emphasizes the advantage of working with derivatives. The notation dvy/dx” 
is, however, used for the derivative. Nevertheless, as indicated in Exs. 16-19, 
higher differentials may be used if proper care is exercised. 


11. Compare the conception of higher differentials with the work of Ex. 5, p. 48. 


12. Show that in a circle the difference between an infinitesimal are and its 
chord is of the third order relative to either are or chord. 


13. Show that if 8 is of the nth order with respect to a, and y is of the first 
order with respect to a, then is of the nth order with respect to y. 


14. Show that the order of a product of infinitesimals is equal to the sum of the 
orders of the infinitesimals when all are referred to the same primary infinitesimal 
a. Infer that in a product each infinitesimal may be replaced by one which differs 
from it by an infinitesimal of higher order than it without affecting the order of the 
product. 


15. Let A and B be two points of a unit circle and let the angle 4 OB subtended 
at the center be the primary infinitesimal. Let the tangents at A and B meet at 
T, and OT cut the chord AB in M and the arc ABin C. Find the trigonometric 
expression for the infinitesimal difference TC — CM and determine its order. 


16. Compute d? (sin z) = (2 cosa — @ sin x) dz? + (sine 4+ & cos 2) d*x by taking 
the differential of the differential. Thus find the second derivative of # sing if a is 
the independent variable and the second derivative with respect to tif#=14+4 #. 


17. Compute the first, second, and third differentials, d?x # 0. 
(a) «? cosa, (8) V1— «log (1—2), (y) we?” sin a. 
18. In Ex. 10 take y as the independent variable and hence express D2y, D3y 
in terms of Dye, D?x. Ct. Ex. 10, p. 14. 


19. Make the changes of variable in Exs. 8, 9, 12, p. 14, by the method of 
differentials, that is, by replacing the derivatives by the corresponding differential 
expressions where @ is not assumed as independent variable and by replacing these 
differentials by their values in terms of the new variables where the higher ditfer- 
entials of the new independent variable are set equal to 0. 


20. Reconsider some of the exercises at the end of Chap. I, say, 17-19, 22, 23, 
27, from the point of view of Osgood’s Theorem instead of the Theorem of the Mean. 


21. Find the areas of the bounding surfaces of the solids of Ex, 11, p. 18. 
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22. Assume the law F = kmm//r? of attraction between particles. Find the 


attraction of : 
(a) a circular wire of radius a and of mass M on a particle m at a distance r from 


the center of the wire along a perpendicular to its plane; Ans. kMmr (a? + 7?)— a 
(8) a circular disk, etc., as in (a) ; Ans. 2kMma-2(1 — r/ Vr? + a?). 
(vy) a semicircular wire on a particle at its center ; Ans. 2kMm/za?. 
(5) a finite rod upon a particle not in the line of the rod. The answer should 

be expressed in terms of the angle the rod subtends at the particle. 

(e) two parallel equal rods, forming the opposite sides of a rectangle, on each 


other. 


23. Compare the method of derivatives (§ 7), the method of the Theorem of the 
Mean (§ 17), and the method of infinitesimals above as applied to obtaining the for- 
mulas for (a) area in polar codrdinates, (8) mass of a rod of variable density, (y) pres- 
sure on a vertical submerged bulkhead, (6) attraction of a rod on a particle. Obtain 
the results by each method and state which method seems preferable for each case. 

24. Is the substitution dz = ¢’(t) dt in the indefinite integral i J (x) dx to obtain 


the indefinite integral ip S(¢@] ¢’(t) at justifiable immediately ? 


36. Infinitesimal analysis. To work rapidly in the applications of 
calculus to problems in geometry and physics and to follow readily the 
books written on those subjects, it is necessary to have some familiarity 
with working directly with infinitesimals. It is possible by making use 
of the Theorem of the Mean and allied theorems to retain in every ex- 
pression its complete exact value; but if that expression is an infini- 
tesimal which is ultimately to enter into a quotient or a limit of a sum, 
any infinitesimal which is of higher order than that which is ultimately 
kept will not influence the result and may be discarded at any stage of 
the work if the work may thereby be simplified. A few theorems 
worked through by the infinitesimal method will serve partly to show 
how the method is used and partly to establish results which may be 
of use in further work. The theorems which will be chosen are: 

1. The increment Aw and the differential dx of a variable differ by 
an infinitesimal of higher order than either. 

2. If a tangent is drawn to a curve, the perpendicular from the curve 
to the tangent is of higher order than the distance from the foot of the 
perpendicular to the point of tangency. 

3. An infinitesimal are differs from its chord by an infinitesimal of 
higher order relative to the are. 

4, If one angle of a triangle, none of whose angles are infinitesimal, 
differs infinitesimally from a right angle and if h is the side opposite 
and if @ is another angle of the triangle, then the side opposite ¢ is 
h sin ¢ except for an infinitesimal of the second order and the adjacent 
side is / cos @ except for an infinitesimal of the first order. 
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The first of these theorems has been proved in § 35. The second follows from 
it and from the idea of tangency. For take the a-axis coincident with the tangent 
or parallel to it. Then the perpendicular is Ay and the distance from its foot to the 
point of tangency is Ax. The quotient Ay/Av approaches 0 as its limit because the 
tangent is horizontal ; and the theorem is proved. The theorem would remain true 
if the perpendicular were replaced by a line making a constant angle with the tangent 
and the distance from the point of tangency to the foot of the perpendicular were re- 
placed by the distance to the foot of the oblique line. For if Z PMN = 6, 





PM  — PNescO ~=——sPN ese A 
TM TN—PNcot6 TN. PN ‘ 
= ACOUG eS 
TN ae! MN 


and therefore when P approaches T with 6 constant, PM/TM approaches zero and 
PM is of higher order than TM. 

The third theorem follows without difficulty from the assumption or theorem 
that the arc has a length intermediate between that of the chord and that of the 
sum of the two tangents at the ends of the chord. Let 6, and @, be the angles 
between the chord and the tangents. Then 


s— AB AT+ TB—AB_ AM(sec6,—1)+ MB(sec @, — 1) 


6 
AM+ MB AM+ MB AM+ MB (6) 





Now as AB approaches 0, both sec 6,—1 and sec @,—1 approach 0 and their 
coefficients remain necessarily finite. Hence the difference between the are and 
the chord is an infinitesimal of higher order than the chord. As 


a ly 
the arc and chord are therefore of the same order, the difference 
is of higher order than the arc. This result enables one to replace 
the are by its chord and vice versa in discussing infinitesimals of “ 7 
i 


the first order, and for such purposes to consider an infinitesimal 
are as straight. In discussing infinitesimals of the second order, this substitution 
would not be permissible except in view of the further theorem given below in 
§ 37, and even then the substitution will hold only as far as the lengths of arcs are 
concerned and not in regard to directions. 

For the fourth theorem let 4 be the angle by which C departs from 90° and with 
the perpendicular BM as radius strike an are cutting BC. Then by trigonometry 


AC=AM+ MC=hcos?¢ + BM tand, B 
BC =hsing + BM (sec 6 —1). 


Now tan @ is an infinitesimal of the first order with respect to 0; 

for its Maclaurin development begins with 6. And sec@—1 

is an infinitesimal of the second order; for its development 

begins with a term in 62, The theorem is therefore proved. 

This theorem is frequently applied to infinitesimal triangles, 4 MO 
that is, triangles in which h is to approach 0. 

37. As a further discussion of the third theorem it may be recalled that by defi- 
nition the length of the arc of a curve is the jimit of the length of an inscribed 
polygon, namely, 

s = lim (VAr? + Ay? + Var? + Ay2 +++. 4V Ar? + Ay). 


n= 2 
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Ax? + Ay? aa dx? — dy? 
V Ar? + Ay? + Vda? + dy? 
_ Ae= dr) (Ax + dx) + (Ay — dy) (Ay + dy) 





Now VA? + Ay? — V de? 4+- dy = 














- V Ar? + Ay? + Vda? + dy? 
av V Ax? + Ay? — Vda? + dy? _ (Av — da) Az + da 
V Aw? + Ay? V Ag? + Ay? V Ax? + Ay? +-Vda? + dy? 
(Ay — dy) Ay + dy 








Var? + Ay? V Aa? + Ay? +-Vda? + dy? 


But Ax — de and Ay — dy are infinitesimals of higher order than Az and Ay. 
Hence the right-hand side must approach zero as its limit and hence V Ag? + Ay? 
differs from Vdz2 + dy? by an infinitesimal of higher order and may replace it in 
the sum 


———— x: 
Ss itn >» WA aig? SEUNG F? == iho SS Vda? + dy? =ah ‘V1 + y7 dz. 
x 


n=O n= 


The length of the arc measured from a fixed point to a variable point is a func- 
tion of the upper limit and the differential of arc is 


Oks = a f°vi + y2de =V14 y2de = Vda? + dy. 


To find the order of the difference between the are and its chord let the origin 
be taken at the initial point and the v-axis tangent to the curve at that point. 
The expansion of the are by Maclaurin’s Formula gives 


s(x) = 8(0) + xs’(0) + $ r28(0) + 4.238’ (Gz), 
where (0) =0, (0) =VIF¥7),=1, 90) = “2 _| =o. 
Vi esto 
Owing to the choice of axes, the expansion of the curve reduces to 
y =f (x) = y (0) + wy’(0) + 4 27y’ (Ox) = Fx2y’’ (Ax), 


_and hence the chord of the curve is 








cW)=Vete=ovi + ely @\P =2(+2P), 


where P is a complicated expression arising in the expansion of the radical by 
Maclaurin’s Formula. The difference 


8 (x) — c (x) = [@ + 4 09s’’(x)] — [x (1 + 2? P)] = 23 (4 8”’(0x) — P). 
This is an infinitesimal of at least the third order relative to z, Now as both s (x) 
and ¢ («) are of the first order relative to a, it follows that the difference s(x) — ¢ (x) 
must also be of the third order relative to either s(x) or c(x). Note that the proof 
assumes that y” is finite at the point considered. This result, which has been 
found analytically, follows more simply though perhaps less rigorously from the 


fact that sec 6, — 1 and sec @, — 1 in (6) are infinitesimals of the second order with 
@, and 6,. 


38. The theory of contact of plane curves may be treated by means 
of Taylor’s Formula and stated in terms of infinitesimals. Let two 
curves y= f(w) and y= g(a) be tangent at a given point and let the 
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origin be chosen at that point with the a-axis tangent to the curves, 
The Maclaurin developments are 


— 1 pig) 42 eG it oe oe 1 6 
Wi=say (i) = = (0) a theo oak aie ao (O) oa F (0) +--+: 
fi 
(w—1)! 
If these developments agree up to but not including the term in a”, the 

difference between the ordinates of the curves is 


y — = 9 (x)= ae 5 t N(0) a2 oe - | ——_—___ ge Sng ees (0) + = peg (0) alk 


i 
F@) —9(@) = 2"[ FO) — YO] $---, FOO) # 90), 


and is an infinitesimal of the nth order with respect to . The curves 
are then said to have contact of order n —1 at their point of tangency. 
In general when two curves are tangent, the derivatives f""(0) and g''(0) 
are unequal and the curves have simple contact or contact of the first 
order. 

The problem may be stated differently. Let PM be a line which 
makes a constant angle @ with the a-axis. Then, when P approaches 7, 
if 2Q be regarded as straight, the proportion 


lim (P# + PQ)= lim (Gin Z PQR: sin Z PRQ)=sin 6:1 


shows that PR and PQ are of the same order. Clearly also the lines 
TM and TN are of the same order. Hence if 





: PB 
; Pte PQ 
1——_ += 0,0, then lim——— = 0, 0. 
lim (TINY ==) ey. 1 1 (Tay #0, x y, 
Hence if two curves have contact of the (n—1)st_ “—S==—7F a 
order, the seginent of a line intercepted between is 


the two curves is of the mth order with respect to 

the distance from the point of tangency to its foot. It would also be 
of the nth order with respect to the perpendicular 7F from the point 
of tangency to the line. 

In view of these results it is not necessary to assume that the two 
curves have a special relation to the axis. Let two curves y= f(x) and 
y = (x) intersect when « = a, and assume that the tangents at that point 
are not parallel to the y-axis. Then 


Y = Yo (a —a)f (a) +-- wee sees ee 
=a 


—a 
Y=Yta—ayg'(a)+-: pk o ei iar Dg) 4 gr(a)+- 
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will be the Taylor developments of the two curves. If the difference 
of the ordinates for equal values of « is to be an infinitesimal of the 
nth order with respect to «—a which is the perpendicular from the 
point of tangency to the ordinate, then the Taylor developments must 
agree up to but not including the terms in #. This is the condition for 
contact of order n —1. 

As the difference between the ordinates is 


F0)— 9 @) =A — aL F/OW) — MO] + 


the difference will change sign or keep its sign when « passes through 
a according as n is odd or even, because for values sufficiently near to 
x the higher terms may be neglected. Hence the curves will cross each 
other if the order of contact is even, but will not cross each other if the 
order of contact is odd. If the values of the ordinates are equated to find 
the points of intersection of the two curves, the result is 


ah : 
0 (= aPC) = 9] +7 


and shows that x =a is a root of multiplicity m. Hence it is said that 
two curves have in common as many coincident points as the order of 
their contact plus one. This fact is usually stated more graphically 
by saying that the curves have n consecutive points in common. It may 
be remarked that what Taylor’s development carried to n terms does, is 
to give a polynomial which has contact of order mn —1 with the function 
that is developed by it. 


As a problem on contact consider the determination of the circle which shall 
have contact of the second order with a curve at a given point (a, yo). Let 


Y= Yo + (e— a)f"(a) + §(e— a)2f"(a) +> 


be the development of the curve and let y’ = f’(a) =tanT be the slope. If the 
circle is to have contact with the curve, its center must be at some point of the 
normal. Then if & denotes the assumed radius, the equation of the circle may be 
written as 


(e — a)? + 2Rsin tr (x — a) + (y — yo)? — 2R cos t(y — yo) = 0, 


where it remains to determine R so that the development of the circle will coincide 
with that of the curve as far as written. Differentiate the equation of the circle. 











dy Rsint + (vw — a) dy 
de  Reost— (Y¥ — Yo) : ealk a pd ea | 
d?y e, [RB cost — (y — Yo) |? + [R sin tr + (« — a)]? (=) . 1 
lnk [Rh cost — (y — yp) ]8 : dx?}q,y,  Rcos* T 
and Y¥=Yo t+ w—a)f'(a) + 4 — a)? 


R cos? t 
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is the development of the circle. The equation of the coefficients of (« — a)?, 


al 3 ; sec’ {1 + Lf’(a)}2}2 
——— o R= = 3 
R cos? T Se (a), gives St” (a) St’ (a) 


This is the well known formula for the radius of curvature and shows that the cir- 
cle of curvature has contact of at least the second order with the curve. The circle 
is sometimes called the osculating circle instead of the circle of curvature. 





39. Three theorems, one in geometry and two in kinematics, will 
now be proved to illustrate the direct application of the infinitesimal 
methods to such problems. The choice will be: 

1. The tangent to the ellipse is equally inclined to the focal radii 
drawn to the point of contact. 

2. The displacement of any rigid body in a plane may be regarded 
at any instant as a rotation through an infinitesimal angle about some 
point unless the body is moving parallel to itself. 

3. The motion of a rigid body in a plane may be regarded as the 
rolling of one curve upon another. 


For the first problem consider.a secant PP’ which may be converted into a 
tangent TT’ by letting the two points approach until they coincide. Draw the 
focal radii to P and P’ and strike ares with F and F’ as 


centers. As F’P+ PF=F’P’+ P’F=2a, it follows van 
that NP = MP’. Now consider the two triangles PP’M 
and P’PN nearly right-angled at M and N. The sides e 


PP’, PM, PN, P’M, PN are all infinitesimals of the 
same order and of the same order as the angles at F and , 
Ane ig! 
F’. By proposition 4 of § 36 : F 


MPA GOs 7a eeMaeta es, HN. Pie PS COS 4. Pcl-Ni yep, 
where e, and e, are infinitesimals relative to MP’ and NP or PP’. ‘Therefore 
lim [cos Z PP’M — cos Z P’PN] = cos Z TPF — cos Z TPF’ = lim = = 0, 


and the two angles TPF’ and T’PF are proved to be equal as desired. 

To prove the second theorem note first that if a body is rigid, its position is com- 
pletely determined when the position AB of any rectilinear segment of the body 
is known. Let the points A and B of the body be de- 
scribing curves 4A’ and BB’ so that, in an infinitesimal 
interval of time, the line AB takes the neighboring posi- 
tion A’B’. Erect the perpendicular bisectors of the lines 
AA’ and BB’ and let them intersect at O. Then the tri- 
angles AOB and A’OB’ have the three sides of the one ZL 2 
equal to the three sides of the other and are equal, and 
the second may be obtained from the first by a mere rotation about O through the 
angle AOA’= BOB’. Except for infinitesimals of higher order, the magnitude of 
the angle is AA’/OA or BB’/OB. Next let the interval of time approach 0 so that 
A’ approaches A and B’ approaches B, The perpendicular bisectors will approach 





\ 
\ 
\ 
\ 
\ 
\ 
\ 
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the normals to the arcs 4.4’ and BB’ at A and B, and the point O will approach 
the intersection of those normals. 

The theorem may then be stated that: At any instant of time the motion of a 
rigid body in a plane may be considered as a rotation through an infinitesimal angle 
about the intersection of the normals to the paths of any two of its points at that in- 
stant ; the amount of the rotation will be the distance ds that any point moves divided 
by the distance of that point from the instantaneous center of rotation; the angular 
velocity about the instantaneous center will be this amount of rotation divided by the 
interval of time dt, that is, it will be v/r, where v is the velocity of any point of the body 
and r is its distance from the instantaneous center of rotation. It is therefore seen 
that not only is the desired theorem proved, but numerous other details are found. 
As has been stated, the point about which the body is rotating at a given instant 
is called the instantaneous center for that instant. 

As time goes on, the position of the instantaneous center will generally change. 
If at each instant of time the position of the center is marked on the moving plane 
or body, there results a locus which is called the moving centrode or body centrode ; 
if at each instant the position of the center is also marked on a fixed plane over 
which the moving plane may be considered to glide, there results another locus which 
is called the fixed centrode or the space centrode. From these definitions it follows 
that at each instant of time the body centrode and the space centrode intersect at 
the instantaneous center for that instant. Consider a series of 
positions of the instantaneous center as P_»P_yPP,P, marked 
in space and Q_o@-1QQ,Q, marked in the body. At a given 
instant two of the points, say P and Q, coincide ; an instant 
later the body will have moved so as to bring @, into coin- 
cidence with P, ; at an earlier instant @_1 was coincident with 
P_;. Now as the motion at the instant when P and Q are together is one of 
rotation through an infinitesimal angle about that point, the angle between PP, 
and QQ, is infinitesimal and the lengths PP, and QQ, are equal ; for it is by the 
rotation about P and Q that Q, is to be brought into coincidence with P,. Hence 
it follows 1° that the two centrodes are tangent and 2° that the distances PP, = QQ, 
which the point of contact moves along the two curves during an infinitesimal inter- 
val of time are the same, and this means that the two curves roll on one another 
without slipping — because the very idea of slipping implies that the point of con- 
tact of the two curves should move by different amounts along the two curves, 
the difference in the amounts being the amount of the slip. The third theorem 
is therefore proved. 





EXERCISES 


1. If a finite parallelogram is nearly rectangled, what is the order of infinites- 
imals neglected by taking the area as the product of the two sides? What if the 
figure were an isosceles trapezoid ? What if it were any rectilinear quadrilateral 
all of whose angles differ from right angles by infinitesimals of the same order ? 


2. On a sphere of radius r the area of the zone between the parallels of latitude 
Nand d+ dd is taken as 2arcosr- 7dr, the perimeter of the base times the slant 
height. Of what order relative to d\ is the infinitesimal neelected 2 What if the 
perimeter of the middle latitude were taken so that 2772 cos (\ + $d\) dX were 
assumed ? 
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3. What is the order of the infinitesimal neglected in taking 4mr2dr as the 
volume of a hollow sphere of interior radius r and thickness dr? What if the mean 


radius were taken instead of the interior radius ? Would any particular radius be 
best ? 


4. Discuss the length of a space curve 7 =f (x), 2=g(@) analytically as the 
length of the plane curve was discussed in the text. 


5. Discuss proposition 2, p. 68, by Maclaurin’s Formula and in particular show 
that if the second derivative is continuous at the point of tangency, the infinites- 
imal in question is of the second order at least. How about the case of the tractrix 


a a— Vaz — 22 Se 
i= log oe Va noe 
4 a+ Vaz — x2 





and its tangent at the vertex «=a? How about s(x) — c¢ (zx) of § 37? 


6. Show that if two curves have contact of order n —1, their derivatives will 
have contact of order n— 2. What is the order of contact of the kth derivatives 
k<n—1? 


7. State the conditions for maxima, minima, and points of inflection in the 
neighborhood of a point where f(a) is the first derivative that does not vanish. 


8. Determine the order of contact of these curves at their intersections : 


II 


V2 (02 + y? +2) =3(e@+y) TO COAG Cy 


> 2 
(a) Ba? — Gay + 5y?=8, (6) y2 = 2a(a—2), x+y? = ay. 


9. Show that at points where the radius of curvature is a maximum or mini- 
mum the contact of the osculating circle with the curve must be of at least the 
third order and must always be of odd order. 


10. Let PN be a normal to a curve and P’N a neighboring normal. If O is the 
center of the osculating circle at P, show with the aid of Ex. 6 that ordinarily the 
perpendicular from O to P’N is of the second order relative to the are PP’ and that 
the distance ON is of the first order. Hence interpret the statement: Consecutive 
normals to a curve meet at the center of the osculating circle. 


11. Does the osculating circle cross the curve at the point of osculation ? Will 
the osculating cireles at neighboring points of the curve intersect in real points ? 


12. In the hyperbola the focal radii drawn to any point make equal angles with 
the tangent. Prove this and state and prove the corresponding theorem for the 
parabola. 


13. Given an infinitesimal arc AB cut at C by the perpendicular bisector of its 
chord AB, What is the order of the difference AC — BC ? 


14. Of what order is the area of the segment included between an infinitesimal 
are and its chord compared with the square on the chord ? 


15. Two sides 4B, AC of a triangle are finite and differ infinitesimally ; the 
angle @ at A is an infinitesimal of the same order and the side BO is either recti- 
linear or curvilinear. What is the order of the neglected infinitesimal if the area 
is assumed as 4 AB*62 What if the assumption is LAB. AC.0? 
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16. A cycloid is the locus of a fixed point upon a circumference which rolls on 
a straight line. Show that the tangent and normal to the cycloid pass through the 
highest and lowest points of the rolling circle at each of its instantaneous positions. 


17. Show that the increment of arc As in the cycloid differs from 2a sin } 6d@ 
by an infinitesimal of higher order and that the increment of area (between two 
consecutive normals) differs from 3 a? sin? } 6d@ by an infinitesimal of higher order. 
Hence show that the total length and area are 8a and 37a”. Here a is the radius 
of the generating circle and @ is the angle subtended at the center by the lowest 
point and the fixed point which traces the cycloid, 


18. Show that the radius of curvature of the cycloid is bisected at the lowest 
point of the generating circle and hence is 4a sin} 4. 


19. A triangle ABC is circumscribed about any oval curve. Show that if the 
side BC is bisected at the point of contact, the area of the triangle will be changed 
by an infinitesimal of the second order when BC is replaced by a neighboring tan- 
gent B’C’, but that if BC be not bisected, the change will be of the first order. 
Hence infer that the minimum triangle circumscribed about an oval will have its 
thiee sides bisected at the points of contact. 


20. If a string is wrapped about a circle of radius a and then unwound so that 
its end describes a curve, show that the length of the curve and the area between 
the curve, the circle, and the string are 


tC] 6 
$= f aodd, A= i! | 20708, 


where @ is the angle that the unwinding string has turned through. 


21. Show that the motion in space of a rigid body one point of which is fixed 
may be regarded as an instantaneous rotation about some axis through the given 
point. To do this examine the displacements of a unit sphere surrounding the fixed 
point as center, 


22. Suppose a fluid of variable density D(z) is flowing at a given instant through 
a tube surrounding the «w-axis. Let the velocity of the fluid be a function v(x) of a. 
Show that during the infinitesimal time 5¢ the diminution of the amount of the 
fluid which lies between # = a andxwx=a-+ his 


S[v(a + h) D(a + h) dt — v (a) D(a) dt], 


where S is the cross section of the tube. Hence show that D(x) v(x) = const. is the 
condition that the flow of the fluid shall not change the density at any point. 


23. Consider the curve y = f(x) and three equally spaced ordinates at r= a — 6, 
e£=d, ©=a+5. Inseribe a trapezoid by joining the ends of the ordinates at 
x= a+ 6 and circumscribe a trapezoid by drawing the tangent at the end of the 
ordinate at « = a and producing to meet the other ordinates, Show that 


9 


Y . u ‘J o 4 
So = 2 Of (a), Sa aly (a) + af “a) + mine |: 


) 


S, = 25) f(a) + a f(a) + ay favy(t 
1 a oat te) 
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are the areas of the circumscribed trapezoid, the curve, the inscribed trapezoid. 
Hence infer that to compute the area under the curve from the inscribed or cir- 
cumscribed trapezoids introduces a relative error of the order 62, but that to com- 
pute from the relation S = }(2S, + S,) introduces an error of only the order of 64. 


24. Let the interval from a to b be divided into an even number 2n of equal 
parts 6 and let the 2n + 1 ordinates yo, y,, +++, Yon at the extremities of the inter- 
vals be drawn to the curve y=f(x). Inscribe trapezoids by joining the ends of 
every other ordinate beginning with y), y,, and going to yoy. Circumscribe trape- 
zoids by drawing tangents at the ends of every other ordinate Y15 Yay ot) Y2n=1- 
Compute the area under the curve as 


ag b—a 
S =f F(x) du = = — [4 (Uy + Yg + +++ + Yan—1) 
+2) + Ye t++++ + Yon]—Y%o— YonJ +R 
by using the work of Ex. 23 and infer that the error R is less than (b—) 64f@)(£) /45. 
This method of computation is known as Simpson’s Rule. It usually gives accu- 


racy sufficient for work to four or even five figures when 6 = 0.1 and b—a=1; for 
f4)(x) usually is small. 


25. Compute these integrals by Simpson’s Rule. Take 2n = 10 equal intervals. 
Carry numerical work to six figures except where tables must be used to find f(z) : 





2 1 : 
(a) ff = = log 2 = 0.69315, (6) ae tant =n = 0.78585, 
(”) f" sinzae = 1.00000, (3) i log, rdx = 2log,, — M = 0.16776, 
1 log (1 + 2) log ( (1+ 2) a 
da = 0.27220 8 i + *) de = 0.82247. 
ES ig , fee 


The answers here given are the true values of the integrals to five places. 


26. Show that the quadrant of the ellipse x = asin ¢, y = bcos ¢ is 


la 1 
saa” VI— @ sin? gdp = fa f V4 (2 — &) + he? cos zu du. 
a 





Compute to four figures by Simpson’s Rule with six divisions the quadrants of 
the ellipses : i 
(a) e=}4V3, s=1.2114, (8) e=4V2, s=1.851a. 


27. Expand s in Ex. 26 into a series and discuss the remainder. 


at De flee 1-3-5)? & ey =— Ba | 
ante) 3 rer) 5 4 Py Woy ys 
2 
DPS : ie sb >\z is 5 SeeEx.18, p.60,and Peirce’s ‘tTables,’’p.62. 
meme (eae ND id --(2n + 2)/ 2n+1 


Estimate the number of terms necessary to compute Ex. 26 (8) with an error not 
greater than 2 in the last place and compare the labor with that of Simpson’s Rule. 











28. If the eccentricity of an ellipse is ;'y, find to five decimals the percentage 
error made in taking 27a as the perimeter, Ans. 0.00694% 
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29. If the catenary y = cosh (x/c) gives the shape of a wire of length Z sus- 
pended between two points at the same level and at a distance / nearly equal to 
L, find the first approximation connecting L, /, and d, where d is the dip of the 
wire at its lowest point below the level of support. 


30. At its middle point the parabolic cable of a suspension bridge 1000 ft. long 
between the supports sags 50 ft. below the level of the ends. Find the length of 


the cable correct to inches. 


40. Some differential geometry. Suppose that between the incre- 
ments of a set of variables all of which depend on a single variable ¢ 
there exists an equation which is true except for infinitesimals of higher 
order than At = dt, then the equation will be exactly true for the differ- 
entials of the variables. Thus if 


fda + gay + hAz + (At +---+e,+46,+---=0 
is an equation of the sort mentioned and if the coefficients are any func- 


tions of the variables and if ¢,, ¢,,--: are infinitesimals of higher order 
than dt, the limit of 








Ax Ay Az 2 eee ee 
Ee ae ai Res tae ae 
. li 
is ie +9 Lae 7 +l=0, 
or ot ae, eae 


and the statement is proved. This result is very useful in writing 
down various differential formulas of geometry where the approximate 
relation between the increments is obvious and where the true relation 
between the differentials can therefore be found. 

For instance in the case of the differential of are in rectangular codr- 
dinates, if the increment of are is known to differ from its chord by an 
infinitesimal of higher order, the Pythagorean theorem shows that the 





equation 
q As? = Aa? + Ai or As*= Ax? + Ai? AS (7) 
is true except for infinitesimals of higher order; and hence 

ds? = dx? + dy? ore ds? = dr? + di? + dz. (7') 
In the case of plane polar coérdinates, the triangle PP'N (see Fig.) 
has two curvilinear sides PP! and PN and is right- Ar 
angled at N. The Pythagorean theorem may be Nig 
applied to a curvilinear triangle, or the triangle may ae WY oe 
be replaced by the rectilinear triangle PP'N with =. 4x 


the angle at N no longer a right angle but nearly so. In either way of 
looking at the figure, it is easily seen that the equation As? = A;* + Ag? 
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which the figure suggests differs from a true equation by an infinitesi- 
mal of higher order; and hence the inference that in polar codrdinates 
ds? = di” + r°d¢?. 

The two most used systems of codrdinates 
other than rectangular in space are the polar 
or spherical and the cylindrical. In the first 
the distance 7= OP from the pole or center, 
the longitude or meridional angle ¢, and the 
colatitude or polar angle @ are chosen as coér- 
dinates ; in the second, ordinary polar codrdinates r= OM and ¢ in 
the xy-plane are combined with the ordinary rectangular for distance 
from that plane. The formulas of transformation are 


2=7 cos 0, p= Va? +P + 2% 





y =r sin 6 sin ¢, = cos 


scape =O 


; y 
LT si 0 Cos d, Sen Sp 
ie 


for polar coérdinates, and for cylindrical codrdinates they are 
. Pap aie 4 
2S, (SPM, 2S POs, p= Vy? +7, o=tan-* ve (9) 
x 


Formulas such as that 
for the differential of 
are may be obtained for 
these new coordinates by 
mere transformation of 
(7') according to the rules 
for change of variable. 
In both these cases, 
however, the value of 
ds may be found readily 
by direct inspection of 
the figure. The small 
parallelepiped (figure 
for polar case) of which 
As is the diagonal has 
some of its edges and 
faces curved instead of 





straight; all the angles, 





however, are right angles, 
and as the edges are infinitesimal, the equations certainly suggested as 
holding except for infinitesimals of higher order are 
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As? = Ar?+7* sin? Ad? + 7°A@? and As?=Ar’?+ rAd? + Az? (10) 
or d@=dr+rsint6d¢?+rde and ds?*=dr?+rd¢’?+dz#. (10') 
To make the proof complete, it would be necessary to show that noth- 
ing but infinitesimals of higher order have been neglected and it might 
actually be easier to transform Vida? + dy? +dz# rather than give a 
rigorous demonstration of this fact. Indeed the infinitesimal method is 
seldom used rigorously; its great use is to make the facts so clear to the 
rapid worker that he is willing to take the evidence and omit the proof. 
In the plane for rectangular coérdinates with rulings parallel to the 
y-axis and for polar coérdinates with rulings issuing from the pole the 
increments of area differ from 


dA=ydx and dA=j4rdd (11) 





respectively by infinitesimals of higher order, and 


vy $y 
A= [ yde and Aaa [i rdd (11') 


0 bo 
are therefore the formulas for the area under a curve and between two 
ordinates, and for the area between the curve and two radii. If the plane 
is ruled by lines parallel to both axes or by nes issuing from the pole 
and by circles concentric with the pole, as is customary for double inte- 
gration (§§ 131, 134), the increments of area differ respectively by 
infinitesimals of higher order from 


dA=dzady and dA=rdrdd, (12) 


and the formulas for the area in the two eases are 


Aves lim 5) 4 =[ faa =f free (12') 
PAve=o 10nd >,44 = [fos = | franis, 


where the double integrals are extended over the area desired. 

The elements of volume which are required for triple integration 
($§ 188, 184) over a volume in space may readily be written down for 
the three cases of rectangular, polar, and cylindrical coérdinates. In the 
first ease space is supposed to be divided up by planes x=a, y=d, 
z= c perpendicular to the axes and spaced at infinitesimal intervals; in 
the second case the division is made by the spheres r= a concentric 
with the pole, the planes #=6 through the polar axis, and the cones 
@=c of revolution about the polar axis; in the third case by the cylin- 
ders r=a, the planes ¢=4, and the planes g=c. The infinitesimal 
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volumes into which space is divided then differ from 
dv = dadydz, dv =7° sin 6drdbdé, dv = rdrdddz (13) 


respectively by infinitesimals of higher order, and 


ff fertuaes [hfe sin Odrdddé, | f fraraaae (13) 


are the formulas for the volumes. 

41. The direction of a line in space is represented by the three angles 
which the line makes with the positive directions of the axes or by the 
cosines of those angles, the direction cosines of the line. From the defi- 
nition and figure it appears that 


dx dy dz 
be C08 DOS Bais eared Ml aks (14) 


are the direction cosines of the tangent to the are at the point; of the 
tangent and not of the chord for the reason 
that the increments are replaced by the differ- 
entials. Hence it is seen that for the direc- 
tion cosines of the tangent the proportion 


Linon Sade: dy? dz (14) 
holds. The equations of a space curve are 
i= (t), y= 9); z= h(t) 


in terms of a variable parameter ¢.* At the point (a, y, %,) where 
t=, the equations of the tangent lines would then be 





See i OEY ie tes See une V6 BF a 
(dx), —{ay), (2), IG) 9b) BIG) 
As the cosine of the angle 6 between the two directions given by the 
direction cosines J, m, n and l', m', n' is 


cos6=ll'+mm'+nn', so Ul'+tmm'+nn'=0 (16) 








is the condition for the perpendicularity of the lines. Now if (a, y, 2) 
lies in the plane normal to the curve at «,, y,, 2, the lines determined 
by the ratios x —a,:y—y,:#—#, and (dx), : (dy),: (dz), will be per- 
pendicular. Hence the equation of the normal plane is 
(7 —@,) (de), + (y— (dy), + (@ — 2,)(d2)y = 0 
or S'E)@—x)+g9' GY — %) + h'E,)(% — @,) = 9. (17) 
* For the sake of generality the parametric form in fis assumed ; ina particular case a 


simplification might be made by taking one of the variables as ¢ and one of the functions 
ft’, 7, W would then be 1. Thus in Ex. 8 (€), y should be taken as ¢. 
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The tangent plane to the curve is not determinate; any plane through 
the tangent line will be tangent to the curve. If A be a parameter, the 
pencil of tangent planes is 








oa 
Ne — —~o — 0), 
Fa) tay Ot) ae = 


There is one particular tangent plane, called the oseulating plane,which 
is of especial importance. Let 
e—x,=f'\(t,)t HEP EC +EI Or’, r=t-t, ~4<é<F, 
with similar expansions for 7 and 2, be the Taylor developments of 
x, y, 2 about the point of tangency. When these are substituted in the 
ae of the plane, the result is 
W t g'! i A(t ) 
tae ney 9 HG) 
Pt) g(a) (ty) 
sf ©) g'"(n) ; : POON 
i 1A 
8 67 at Fey a q(t.) MM aives 











This expression is of course proportional to the distance from any point 
x, y, # of the curve to the tangent plane and is seen to be in general of 
the second order with respect to + or ds. It 1s, however, possible to 
choose for X that value which makes the first bracket vanish. The tan- 
gent plane thus selected has the property that the distance of the curve 
from it in the neighborhood of the point of tangency is of the third order 
und is called the osculating plane. The substitution of the value of A gives 


OD OO a ator [ee Ye ee 
pitt) git) ANG, |= 0 or” day ay) (ae), i a 
fq) 9G.) "CG (@x), (yy (Pz), 


or (dyd’z — dzdy),(a — a,) + (ded’x — dxd?z) (y — y,) 
+ (dad?y — dyd’x) (2 — z,) = 0 








as the equation of the osculating plane. In case f"(4,.)=g"(¢,) =h'"(¢,) =0, 
this equation of the osculating plane vanishes identically and it is neces- 
sary to push the development further (Ex. 11). 

42. For the case of plane curves the ewrvature is defined as the rate 
at which the tangent turns compared with the description of are, that 
is, as dp/ds if d@ denotes the differential of the angle through which 
the tangent turns when the point of tangency advances along the curve 
by ds. The radius of curvature R is the reciprocal of the curvature, 
that is, it is ds/d@. Then 


; , ' 1293 
dd = d tan-!— a dp _ do da 2 2 ) R= Rie sats : 
da ds dx ds [1+ y' 3 y"' 





(19) 
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where accents denote differentiation with respect to a. For space curves 
the same definitions are given. If 7, m, n and 1+dl, m+dm,n+dn 
are the direction cosines of two successive tangents, 


cos dp = 11+ dl) ++ m(m + dm) +n (nm + dn). 
But P+m?+n?=1 and @+ dl)? + (m + dm)? + (n + dn)? = 1. 
Hence dl + din® + dn* = 2 — 2 cos do = (2 sin} dd)’, 
at (“)= ie sin } “|= dP + din? + dn? 





Bo = 1? + m!? + n!?, (19) 


ds ds ds* 
where accents denote differentiation with respect to s. 

The torsion of a space curve is defined as the rate of turning of the 
osculating plane compared with the increase of are (that is, @~/ds, where 
dy is the differential angle the normal to the osculating plane turns 
through), and may clearly be calculated by the same formula as the 
curvature provided the direction cosines L, M, N of the normal to the 
plane take the places of the direction cosines /, m, 1 of the tangent line. 
Hence the torsion is 


il dy 
R2 a 


)= dL? + di? + dN” 





; See aN (20) 


ds 


and the radius of torsion R is defined as the reciprocal of the torsion, 
where from the equation of the osculating plane 


L M N 
dy@z—da@y de@ax—dxdz dad’y — dyd’& 
1 


sum of squares 














(20°) 


. 
The actual computation of these quantities is somewhat tedious. 


The vectorial discussion of curvature and torsion (§ 77) gives a better insight 
into the principal directions connected with a space curve. These are the direction 
of the tangent, that of the normal in the osculating plane and directed towards 
the concave side of the curve and called the principal normal, and that of the 
normal to the osculating plane drawn upon that side which makes the three direc- 
tions form a right-handed system and called the binormal. In the notations there 
given, combined with those above, 


r=2i1+ yi+ 2k, t=lit+¢mj+nk, c=dit+tpj+rk, n= Li+ Mj+ Nk, 


where \, », v are taken as the direction cosines of the principal normal. Now dt 
is parallel to c and dn is parallel to — c. Hence the results 


dl dm dn _ ds ii oe aN 


ds 
= = =— and = — — 
Xr b& y R aN Me v R 








(21) 
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follow from dt/ds = C and dn/ds = T. Now dc is perpendicular to c and hence in 
the plane of t and n; it may be written as dc=(t-dc)t+ (n-de)n. But as t-econ-c=0, 
tedc =— c-dt and nedc =—cedn. Hence , 
n 
dc =— (cedt)t — (cedn)n —=-—— tds + Tnds =— R ds + ie 
dy» if LT du m M dy ree lV 
= ; =— —=-—-—+—. 22 

arts a guldins & Rai d= | RoR eet (22) 
Formulas (22) are known as Frenet’s Formulas ; they are usually written with — R 
in the place of R because a left-handed system of axes is used and the torsion, being 
an odd function, changes its sign when all the axes are reversed. If accents denote 
differentiation by s, 














a’ y Z a’ ve va 
a’ Wee ae ao” ih alah 
if Li vil ALA “tt 1 rl fat tofu 
above formulas, — = a L aeeeey! usual formulas, — = — — = - i (23) 
right-handed Dee Caer e left-handed ® lie iE 
EXERCISES 


1. Show that in polar coédrdinates in the plane, the tangent of the inclination 
of the curve to the radius vector is rd¢/dr. 


2. Verify (10), (10’) by direct transformation of codrdinates. 


3. Fill in the steps omitted in the text in regard to the proof of (10), (10’) by 
the method of infinitesimal analysis. 


4, A rhumb line on a sphere is a line which cuts all the meridians at a constant 
angle, say a. Show that for a rhumb line sin 6d¢ = tanad@ and ds = rsec adé. 
Hence find the equation of the line, show that it coils indefinitely around the 
poles of the sphere, and that its total length is mr sec a. 


5. Show that the surfaces represented by F'(¢, 6) = 0 and F(r, @) = 0 in polar 
coordinates in space are respectively cones and surfaces of revolution about the 
polar axis. What sort of surface would the equation F(r, ¢) = 0 represent ? 


6. Show accurately that the expression given for the differential of area in 
polar coérdinates in the plane and for the diiferentials of volume in polar and 
cylindrical codrdinates in space differ from the corresponding increments by in- 
finitesimals of higher order. 

7. Show that ci Meee, r ain 02 

ds dls ds 
space curve relative to the radius, meridian, and parallel of latitude. 





are the direction cosines of the tangent to a 


8. Find the tangent line and normal plane of these curves. 

(GA eye teil 1 aoe me (deen lew), (8) @ = cost, y= sind, z= ke, 

(GA) PAC stoke Coming al (6) e=teost, y=tsint, z= kt, 

Ce\ey =e, ee al 9, (fF) P@+yF4 2=a%, 224 y24 2ar=0. 

9. Find the equation of the osculating plane in the examples of Ex. 8. Note 
that if w is the independent variable, the equation of the plane is 


) 


dy dz dz <4) io *) 
PEE OI C= 0) — = q ei ee 
Ge dx? dx dx® O! *o) dx? (Y — Yo) + ee Ay Soles 


0 
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10. A space curve passes through the origin, is tangent to the a-axis, and has 
z = 0 as its osculating plane at the origin. Show that 


v= tf’(0) + d2/"(0) +++, y=4Pq(0)+---, Z2=4 8h’ (0)+-->- 
will be the form of its Maclaurin development if t= 0 givesa=y=z=0. 

11. If the 2d, 3d,---, (n — 1)st derivatives of f, g, h vanish for ¢ = t, but not 
all the nth derivatives vanish, show that there is a plane from which the curve 
departs by an infinitesimal of the (n + 1)st order and with which it therefore 


has contact of order n. Such a plane is called a hyperosculating plane. Find its 
equation. 


12. At what points if any do the curves (8), (7), (6), ({), Ex. 8 have hyperoscu- 
lating planes and what is the degree of contact in each case ? 


13. Show that the expression for the radius of curvature is 

= Votan? Cf FIN, Ltt pl LIN OVE 
1 gap pra es WM I + UP FE 
R ie te Ge ae h/?\2 


where in the first case accents denote differentiation by s, in the second by f. 





14. Show that the radius of curvature of a space curve is the radius of curva- 
ture of its projection on the osculating plane at the point in question. 


15. From Frenet’s Formulas show that the successive derivatives of x are 
r I ONE l li L 


Rei] ee ES fe ee g/’ = ayer EN 
sae A R R # Rm Ret RR’ 





where accents denote differentiation by s. Show that the results for y and z are 
the same except that m, u, M orn, v, N take the places of J, 4, Z. Hence infer 
that for the nth derivatives the results are 


LPN PSP, YO) me MP ek =n Pe po NP. 
where P,, P,, P; are rational functions of & and R and their derivatives by s. 
16. Apply the foregoing to the expansion of Ex. 10 to show that 
Si ae R’ 33 


1 
Mere 6R2. aries YOR 6R? Te 6RR* d 














where R and R are the values at the origin where s = 0,1 == N =1, and the 
other six direction cosines m, n, », v, L, M vanish. Find s and write the expan- 
sion of the curve of Ex. 8 (y) in this form. 


17. Note that the distance of a point on the curve as expanded in Ex. 16 from 
the sphere through the origin and with center at the point (0, R, R’R) is 


Va? + (y — BR)? + 2 — BR)? —VR? + R?R? 
re (a2 + y? — 2 Ry + 22 — 2 R’R2) 
Va? + (y — R)?2 + (2 — BR)? 4+ VR? + ROR? 











and consequently is of the fourth order. The curve therefore has contact of the 
third order with this sphere. Can the equation of this sphere be derived by a 
limiting process like that of Ex. 18 as applied to the osculating plane 
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18. The osculating plane may be regarded as the plane passed through three 
consecutive points of the curve ; in fact it is easily shown that 


iy 
lim P 
ap 
ba Bn be wy) és 
Ly AY, AZ H 
approach 0 aa + 6% 
Ly + Ax 


y 
Yo 

Yo + OY 
Yo + Ay 


z if 
; 1 1 L—Ly, Y=Yo 2— Zh 
om 4a 13 Lars ONGC G MG ate 
eae (Pr), (Py), (#2)y 
0 


19. Express the radius of torsion in terms of the derivatives of x, y, z by t 


(Ex. 10, p. 67). 


20. Find the direction, curvature, osculating plane, torsion, and osculating 
sphere (Ex. 17) of the conical helix = tcost, y=tsint, z=ktatt=27. 


21. Upon a plane diagram which shows As, Az, Ay, exhibit the lines which 
represent ds, dx, dy under the different hypotheses that *, y, or s is the independ- 


ent variable, 


CHAPTER IV 
PARTIAL DIFFERENTIATION ; EXPLICIT FUNCTIONS 


43. Functions of two or more variables. The definitions and theo- 
rems about functions of more than one independent variable are to a 
large extent similar to those given in Chap. II for functions of a single 
variable, and the changes and difficulties which occur are for the most 
part amply illustrated by the case of two variables. The work in the 
text will therefore be confined largely to this case and the generaliza- 
tions to functions involving more than two variables may be left as 
exercises. 

If the value of a variable z is uniquely determined when the values 
(x, y) of two variables are known, z is said to be a function z= f(a, y) 
of the two variables. The set of values [(x, y)] or of points P(a, y) of 
the wy-plane for which z is defined may be any set, but usually consists 
of all the points in a certain area or region of the plane bounded by 
a curve which may or may not belong to the region, just as the end 
points of an interval may or may not belong to it. Thus the function 
1/V1 — «* — 7’ is defined for all points within the circle a + 7? =1, 
but not for points on the perimeter of the circle. For most purposes it 
is sufficient to think of the boundary of the region of definition as a 
polygon whose sides are straight lines or such curves as the geometric 
intuition naturally suggests. 

The first way of representing the function z = f(a, y) geometrically 
is by the surface z = f(x, y), just as y = f(a) was represented by a curve. 
This method is not available for w= f(x, y, z), a function of three vari- 
ables, or for functions of a greater number of variables; for space has 
only three dimensions. A second method of representing the function 
z= f(x, y) is by its contour lines in the wy-plane, that is, the curves 
f(z, vy) = const. are plotted and to each curve is attached the value of 
the constant. This is the method employed on maps in marking heights 
above sea level or depths of the ocean below sea level. It is evident that 
these contour lines are nothing but the projections on the ay-plane 
of the curves in which the surface z= f(a, y) is cut by the planes 
z=const. This method is applicable to functions u= f(x, y, 2) of 


three variables. The contour surfaces vu = const. which are thus obtained 
87 


88 DIFFERENTIAL CALCULUS 


are frequently called eguipotential surfaces. If the function is single 
valued, the contour lines or surfaces cannot intersect one another. 

The function z= f(x, y) is continuous for (a,b) when either of the 
following equivalent conditions is satisfied : 

1° «lim f(a, y) =f(a, 6) or limf@, y) =/f(imz, lim y), 
no matter how the variable point P(x, y) approaches (a, 0). 

2°. If for any assigned «, a number 8 may be found so that 

|\f(@, y) — f(a, 6)|<« when |x—al|<8, |ly—b|<8 

Geometrically this means that if a square with (a, 4) as center and 
with sides of length 26 parallel to the axes be drawn, fla,b)+e 
the portion of the surface z= f(x, y) above the 
square will lie between the two planes z= f(a,)+e. 
Or if contour lines are used, no line f(, y) = const. \ f (a,b) 
where the constant differs from f(a, 6) by so much 
as e will cut into the square. It is clear that in place 9 
of a square surrounding (a, 0) a circle of radius 8 or any other figure 
which lay within the square might be used. 











44. Continuity examined. From the definition of continuity just given and 
from the corresponding definition in § 24, it follows that if f(x, y) is a continuous 
function of x and y for (a, b), then f(x, b) is a continuous function of x for r= a 
and f(a, y) is a continuous function of y for y=). That is, if f is continuous in 
x and y jointly, it is continuous in e and y severally. It might be thought that 
conversely if f(x, 6) is continuous for =a and f(a, y) for y=), f(x, y) would 
be continuous in (a, y) for (a, b). That is, if f is continuous in x and y severally, 
it would be continuous in « and » 
jointly. A simple example will show 
that this is not necessarily true. Con- 
sider the case 


=f > +0 


x? + y? 
2=f(@, y)= ny 
F(0, 0) =0 





and examine z for continuity at 
(0, 0). The functions f(@, 0)=2, 
and f(0, y) = y are surely continuous 
in their respective variables. But the surface z = f(x, y) is a conical surface (except 
for the points of the z-axis other than the origin) and it is clear that P(«, y) may 
approach the origin in such a manner that z shall approach any desired value, 
Moreover, a glance at the contour lines shows that they all enter any circle or 
square, no matter how small, concentric with the origin. If P approaches the origin 
along one of these lines, z remains constant and its limiting value is that constant. 
In fact by approaching the origin along a set of points which jump from one con- 
tour line to another, a method of approach may be found such that z approaches 
no limit whatsoever but oscillates between wide limits or becomes infinite. Clearly 
the conditions of continuity are not at all fulfilled by z at (0, 0). 
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Double limits. There often arise for consideration expressions like 


ee Se vy), neg ee cen ¥) |; (1) 
where the limits exist whether & first approaches its limit, and then y its limit, or 
vice versa, and where the question arises as to whether the two limits thus obtained 
are equal, that is, whether the order of taking the limits in the double limit may 
be interchanged. It is clear that if the function f(x, y) is continuous at (a, b), the 
limits approached by the two expressions will be equal; for the limit of f(z, y) is 
J (a, b) no matter how («, y) approaches (a, 0). If f is discontinuous at (a, b), it 
may still happen that the order of the limits in the double limit may be inter- 
changed, as was true in the case above where the value in either order was zero ; 
but this cannot be affirmed in general, and special considerations must be applied 
to each case when f is discontinuous. 

Varieties of regions.* For both pure mathematics and physics the classification 
of regions according to their connectivity is important. Consider a finite region R 
bounded by a curve which nowhere cuts itself. (For the present 


purposes it is not necessary to enter upon the subtleties of the 
meaning of ‘‘curve’’ (see §§ 127-128); ordinary intuition will R 
suffice.) It is clear that if any closed curve drawn in this region 


had an unlimited tendency to contract, it could draw together 
to a point and disappear. On the other hand, if R’ be a region 
like R except that a portion has been removed so that R’ is 
bounded by two curves one within the other, it is clear that 
some closed curves, namely those which did not encircle the 
portion removed, could shrink away to a point, whereas other 
closed curves, namely those which encircled that portion, could 
at most shrink down into coincidence with the boundary of that 
portion. Again, if two portions are removed so as to give rise 
to the region R”, there are circuits around each of the portions 
which at most can only shrink down to the boundaries of those 
portions and circuits around both portions which can shrink down to the bounda- 
ries and a line joining them. A region like R, where any closed curve or circuit 
may be shrunk away to nothing is called a simply connected region; whereas regions 
in which there are circuits which cannot be shrunk away to nothing are called 
multiply connected regions. 

A multiply connected region may be made simply connected by a simple device 
and convention. For suppose that in R’ a line were drawn connecting the two 
bounding curyes and it were agreed that no curve or circuit drawn within R’ should 
cross this line. Then the entire region would be surrounded by a 
single boundary, part of which would be counted twice. The figure 
indicates the situation. In like manner if two lines were drawn in y 
R” connecting both interior boundaries to the exterior or connecting 
the two interior boundaries together and either of them to the outer 
boundary, the region would be rendered simply connected. The entire region 
would have a single boundary of which parts would be counted twice, and any 
circuit which did not cross the lines could be shrunk away to nothing. The lines 





* The discussion from this point to the end of § 45 may be connected with that of 
§§ 123-126. 
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thus drawn in the region to make it simply connected are called cuts. There is no 
need that the region be finite ; it might extend off indefinitely in some directions 
like the region between two parallel lines or between the sides of an angle, or like 
the entire half of the zy-plane for which y is positive. In such cases the cuts may 
be drawn either to the boundary or off indefinitely in such a way as not to meet 
the boundary. 

45. Multiple valued functions. If more than one value of z corresponds to the 
pair of values (x, y), the function z is multiple valued, and there are some note- 
worthy differences between multiple valued functions of one variable and of several 
variables. It was stated (§ 23) that multiple 
valued functions were divided into branches Y Y 
each of which was single valued. There are 
two cases to consider when there is one vari- 
able, and they are illustrated in the figure. 
Either there is no value of x in the interval 
for which the different values of the function 
are equal and there is consequently a number 
D which gives the least value of the difference 
between any two branches, or there is a value of « for which different branches 
have the same value. Now in the first case, if « changes its value continuously and 
if f(x) be constrained also to change continuously, there is no possibility of passing 
from one branch of the function to another ; but in the second ease such change is 
possible for, when « passes through the value for which the branches haye the same 
value, the function while constrained to change its value continuously may turn off 
onto the other branch, although it need not do so. 

In the case of a function z= f(x, y) of two variables, it is not true that if the 
values of the function nowhere become equal in or on the boundary of the region 
over which the function is defined, then it is impossible to pass continuously from 
one branch to another, and if P(x, y) describes any 
continuous closed curve or circuit in the region, the 
value of f(v, y) changing continuously must return to 
its original value when P has completed the descrip- 
tion of the circuit. For suppose the function z be a 
helicoidal surface z = atan—1(y/z), or rather the por- 
tion of that surface between two cylindrical surfaces 
concentric with the axis of the helicoid, as is the case 
of the surface of the screw of a jack, and the circuit 
be taken around the inner cylinder. The multiple num- 
bering of the contour lines indicates the fact that the 
function is multiple valued. Clearly, each time that 








O x P. 








the circuit is described, the value of z is increased by the amount between the sue- 
cessive branches or leaves of the surface (or decreased by that amount if the cirenit 
is described in the opposite direction). The region here dealt with is not simply 
connected and the circuit cannot be shrunk to nothing — which is the key to the 
situation. 

Tneorem. If the difference between the different values of a continuous mul- 
tiple valued function is never less than a finite number D for any set (x, y) of 
values of the variables whether in or upon the boundary of the region of defini- 
tion, then the value f(a, y) of the function, constrained to change continuously, 
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will return to its initial value when the point P(z, y), describing a closed curve 
which can be shrunk to nothing, completes the circuit and returns to its starting 
point. 

Now owing to the continuity of f throughout the region, it is possible to find a 
number 6 so that | f(a, y) — f(#’, y’)|<e when |a — #’|<é and ly — y’|<6 no matter 
what points of the region (x, y) and (2, y’) may be. Hence the values of f at any 
two points of a small region which lies within any circle of radius 46 cannot differ 
by so much as the amount D. If, then, the circuit is so small 
that it may be inclosed within such a circle, there is no possi- 
bility of passing from one value of f to another when the circuit 
is described and f must return to its initial value. Next let 
there be given any circuit such that the value of f starting from 
a given value f(x, y) returns to that value when the circuit has 
been completely described. Suppose that a modification were 
introduced in the circuit by enlarging or diminishing the inclosed area by a small 
area lying wholly within a circle of radius $6. Consider the circuit ABCDEA and 
the modified circuit ABC’DEA. As these circuits coincide except for the ares BCD 
and BO’D, it is only necessary to show that f takes on the same value at D whether 
D is reached from B by the way of C or by the way of C’. But this is necessarily 
so for the reason that both ares are within a circle of radius 46. 

Then the value of f must still return to its initial value f(x, y) 

when the modified circuit is described. Now to complete the 

proot of the theorem, it suffices to note that any circuit which 

can be shrunk to nothing can be made up by piecing together a 

number of small circuits as shown in the figure. Then as the 

change in f around any one of the small circuits is zero, the change must be zero 
around 2, 3, 4, --- adjacent circuits, and thus finally around the complete large 
circuit. 

Reducibility of circuits. If a circuit can be shrunk away to nothing, it is said to 
be reducible ; if it cannot, it is said to be irreducible. In a simply connected region 








all circuits are reducible ; in a multiply connected region there are an infinity of 
irreducible circuits. Two circuits are said to be equivalent or reducible to each 
other when either can be expanded or shrunk into the other. The change in the 
value of fon passing around two equivalent circuits from A to A 
is the same, provided the circuits are described in the same direc- 
tion. For consider the figure and the equivalent circuits ACA 
and AC’A described as indicated by the large arrows. It is clear 
that either may be modified little by little, as indicated in the 
proof aboye, until it has been changed into the other. Hence the 
change in the value of f around the two circuits is the same. Or, as another proof, 
it may be observed that the combined circuit ACAC’A, where the second is 
described as indicated by the small arrows, may be regarded as a reducible circuit 
which touches itself at A. Then the change of f around the circuit is zero and f 
must lose as much on passing from A to A by C’ as it gains in passing from A to 
A by C. Hence on passing from A to A by C’ in the direction of the large arrows 
the gain in f must be the same as on passing by C. 

It is now possible to see that any circuit ABC may be reduced to circuits around 
the portions cut out of the region combined with lines yoing to and from A and the 
boundaries. The figure shows this; for the circuit ABO’BADC”DA is clearly 
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reducible to the circuit ACA. It must not be forgotten that although the lines AB 
and BA ooincide, the values of the function are not necessarily the same on AB 
as on BA but differ by the amount of change introduced in 
f on passing around the irreducible circuit BC’B. One of the 
cases which arises most frequently in practice is that in 
which the successive branches of f(x, y) differ by a constant 
amount as in the case z = tan—!(y/«) where 2 7 is the differ- 
ence between successive values of z for the same values of the 
variables. If now a circuit such as ABO’BA be considered, where it is imagined 
that the origin lies within BO’B, it is clear that the values of z along AB and 
along BA differ by 27, and whatever z gains on passing from A to A 

B will be lost on passing from B to A, although the values through 
which z changes will be different in the two cases by the amount Wa B/B 
27. Hence the circuit ABC’ BA gives the same changes for z as 
the simpler circuit BC’B. In other words the result is obtained 
that if the different values of a multiple valued function for the same 
values of the variables differ by a constant independent of the values of 
the variables, any circuit may be reduced to circuits about the bound- 
aries of the portions removed ; in this case the lines going from the point A to the 
boundaries and back may be discarded. 








Gg 


EXERCISES 


1. Draw the contour lines and sketch the surfaces corresponding to 
ry 
E+y 
Note that here and in the text only one of the contour lines passes through the 
origin although an infinite number have it as a frontier point between two parts 


of the same contour line. Discuss the double limits lim lim z, lim lim z. 
x=0y=0 y=0 x=0 


» 2(0, 0)=0. 





(2) eared, 2(0,0)=0, (8) z= 





2. Draw the contour lines and sketch the surfaces corresponding to 


x? + y? —1 y? r+ 2y?—1 
ae (8) z=—, es 
2y x 227+ y7-1 
Examine particularly the behavior of the function in the neighborhood of the 
apparent points of intersection of different contour lines. Why apparent ? 


3. State and prove for functions of two independent variables the generaliza- 
tions of Theorems 6-11 of Chap. II. Note that the theorem on uniformity is proved 
for two variables by the application of Ex. 9, p. 40, in almost the identical manner 
as for the case of one variable. 


4. Outline definitions and theorems for functions of three variables. In partic- 
ular indicate the contour surfaces of the functions 


aty+2z : e+ y? + 2 
a) 4u= ———_,,, yee ial 
(G) ue goa, «l= ee 


and discuss the triple limits as x, y, z in different orders approach the origin. 


(y) ees A 


z 





5. Let z= P(w, y)/Q(z, y), where P and Q are polynomials, be a rational fune- 
tion of e and y. Show that if the curves P = 0 and Q = 0 intersect in any points, 
all the contour lines of z will converge toward these points ; and conversely show 
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that if two different contour lines of z apparently cut in some point, all the contour 
lines will converge toward that point, P and @ will there vanish, and z will be 
undefined. 


6. If Dis the minimum difference between different values of a multiple valued 
function, as in the text, and if the function returns to its initial value plus D’=D 
when P describes a circuit, show that it will return to its initial value plus D’= D 
when P describes the new circuit formed by piecing on to the given circuit a small 
region which lies within a circle of radius 36. 


7. Study the function z = tan-1(y/zx), noting especially the relation between 
contour lines and the surface. To eliminate the origin at which the function is not 
defined draw a small circle about the point (0, 0) and observe that the region of 
the whole zy-plane outside this circle is not simply connected but may be made so 
by drawing a cut from the circumference off to an infinite distance. Study the 
variation of the function as P describes various circuits. 


8. Study the contour lines and the surfaces due to the functions 


(a). 2= tans tay, @re= tans 





, Vee Siti - (aie 
ae (7) (t— y) 


Cut out the points where the functions are not defined and follow the changes in 
the functions about such circuits as indicated in the figures of the text. How may 
the region of definition be made simply connected ? 


9. Consider the function z = tan—1(P/Q) where P and Q are polynomials and 
where the curves P = 0 and @ = 0 intersect in n points (@,, 0,), (@y, 02), +++) (Any On) 
but are not tangent (the polynomials have common solutions which are not mul- 
tiple roots). Show that the value of the function will change by 2k7 if (a, y) 
describes a circuit which includes & of the points. Illustrate by taking for P/Q 
the fractions in Ex. 2. 


10. Consider regions or volumes in space. Show that there are regions in which 
some circuits cannot be shrunk away to nothing ; also regions in which all circuits 
may be shrunk away but not all closed surfaces. 


46. First partial derivatives. Let z= (/(x, y) be a single valued 
function, or one branch of a multiple valued function, defined for (a, >) 
and for all points in the neighborhood. If y be given the value 3, 
then z becomes a function f(a, 6) of « alone, and if that function has a 
derivative for x = a, that derivative is called the partial derivative of 
z= f(a, y) with respect to a at (a, >). Similarly, if « is held fast and 
equal to a and if f(a, 7) has a derivative when y = 4, that derivative is 
called the partial derivative of z with respect to y at (a, 6). To obtain 
these derivatives formally in the case of a given function f(a, y) it is 
merely necessary to differentiate the function by the ordinary rules, 
treating y as a constant when finding the derivative with respect to 
and « as a constant for the derivative with respect to y. Notations are 


of Oz ’ 7 dz 
== ae : Pie De ID 
o a: he Je x D,f a (e , 








94 DIFFERENTIAL CALCULUS 


for the z-derivative with similar ones for the y-derivative. The partial 
derivatives are the limits of the quotients 


re fath, b)—f 4, 8) | lan S(a,b +k) —f(a, b) (2) 
k=0 





k 


h=0 h 


provided those limits exist. The application of the Theorem of the 
Mean to the functions f(a, >) and f(a, y) gives 


flath,b)—fa, bd =hf at 6h, b), 0<6,<1, (3) 
f(a ob+k)—fa bd=kfj(a,6+ 44), 0<6,<1, 


under the proper but evident restrictions (see § 26). 


Two comments may be made. First, some writers denote the partial derivatives 
by the same symbols dz/dx and dz/dy as if z were a function of only one variable 
and were differentiated with respect to that variable; and if they desire especially 
to call attention to the other variables which are held constant, they affix them as 
subscripts as shown in the last symbol given (p. 93). This notation is particularly 
prevalent in thermodynamics. As a matter of fact, it would probably be impos- 
sible to devise a simple notation for partial derivatives which should be satisfac- 
tory for all purposes. The only safe rule to adopt is to use a notation which is 
sufficiently explicit for the purposes in hand, and at all times to pay careful atten- 
tion to what the derivative actually means in each case. Second, it should be noted 
that for points on the boundary of the region of definition of f(x, y) there may be 
merely right-hand or left-hand partial derivatives or perhaps none at all. For it 
is necessary that the lines y = b and 2 =a cut into the region on one side or the 
other in the neighborhood of (a, 6) if there is to be a derivative even one-sided ; 
and at a corner of the boundary it may happen that neither of these lines cuts 
into the region. 


Tueorem. If f(x, 7) and its derivatives 77 and 7; are continuous fune- 
tions of (#, y) in the neighborhood of (a, 6), the increment Af may be 
written in any of the three forms 

Af=f(a+th,b+k)— f(a, 6) 
=hfiat+ Oh, by)+kfi(ath, b+ 6,4) (4) 
=hfi(a+ 6h, b+ 6k) + kf, (a + Oh, o-- 6k) 
= hf. (a, b+) + kfy (a, b) + EA + tA, 

where the 6’s are proper fractions, the @’s infinitesimals. 
‘To prove the first form, add and subtract f(@ + A, b); then 
Af =[f(a+ h, d)—S(a, I] + [flat h, b+) — f(a + h, ¥)] 
=Nfp (a+ Oh, b) + kf; (a + hy b+ Ok) 


by the application of the Theorem of the Mean for functions of a single variable 
($$ 7, 26). The application may be made because the function is continuous and 
the indicated derivatives exist. Now if the derivatives are also continuous, they 
may be expressed as ' 


fz (a+ Ah, b) =f, (a, b) 4 cr Fath, b+ Ak) =f, (a, b)+ & 
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where ¢, & may be made as small as desired by taking h and k sufficiently small. 
Hence the third form follows from the first. The second form, which is symmetric 
in the increments h, k, may be obtained by writing «=a-+ th and y=b + tk. 


Then f(z, y) = @(t). As f is continuous in (a, y), the function is continuous in ¢ 
and its increment is 


Ab=f(at+t+ Ath, b+t+ Ath) —f(a + th, b+ th). 


This may be regarded as the increment of f taken from the point (x, y) with At. h 
and At-k as increments in « and y. Hence A® may be written as 


Ab = At -hfi (a + th, b + th) + At-kf/ (a + th, b + th) + GAt-h + GAt-k. 
Now if A® be divided by At and At be allowed to approach zero, it is seen that 
lim =hfz(a + th, b + th) + kf; (at th, b+ th) = .. 


The Theorem of the Mean may now be applied to ® to give (1) — (0) =1- (6), 
and hence 


6(1)— (0) =f(a + h, b+ k) — f(a, b) 
=Af=hfi(at Oh, b + Ok) + kf; (a+ Oh, b + Ok). 


47. The partial differentials of f may be defined as 





Ve 0 
ej — Nj NGG SO) bu Ne : ot = iis 
es di » 0% 
Chae Oe 2) 
d,f=fiAy, sothat dy = Ay, ee eae 


where the indices « and y introduced in d,fand d,f indicate that « and 
y respectively are alone allowed to vary in forming the corresponding 
partial differentials. The total differential 
. pac of 
df = d,f + d,f = is, i ay dy, (6) 
which is the sum of the partial differentials, may be defined as that 
sum; but it is better defined as that part of the increment 


6 of 
Af oe Ax + a Bg CAe-P CAy (7) 


which is obtained by neglecting the terms Ax + ¢,Ay, which are of 
higher order than Av and Ay. The total differential may therefore be 
computed by finding the partial derivatives, multiplying them respec- 
tively by dx and dy, and adding. 

The total differential of z = f(#, y) may be formed for (a, y,) as 


of of 
2—2,=(2) (=z) ta i WTR) (8) 


0 


where the values « — a, and y— y, are given to the independent differ- 


entials dx and dy, and df = dz is written as z —z, This, however, 1s 
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the equation of a plane since ~ and y are independent. The difference 
Af — df which measures the distance from the plane to the surface 
along a parallel to the z-axis is of higher order than VA? + Az’; for 


Af — df 
Vax? + Ay| | Vax? + Az? 


Hence the plane (8) will be defined as the tangent plane at (a,, y,, %) 
to the surface z = f(x, y). The normal to the plane is 


C Ax + CAy 


<[6|+[2,|= 0. 














Cie ei ah ee 


ia fay Mee eS (9) 


re a 


which will be defined as the normal to the surface at (x, y,, %,). The 
tangent plane will cut the planes y= y, and # =~, in lines of which 
the slope is f;, and ff). The surface will cut these planes in curves 
which are tangent to the lines. 

In the figure, PQSR is a portion of the 
surface z= f(x,y) and PT'TT" is a cor- 
responding portion of its tangent plane 
at P (a, Yy #,). Now the various values 
may be read off. 





PP! = Ag, PIQ=A,f, 

P'T'/ PP! = fy, P'T' =d,f, 
PP" = Ay, P"R = a 

Sue Gaye.) a ply" = ads 


jee" ae /Palg pat WT, NLS Af, 
NT = df = dof 4d, fe 
48. If the variables x and y are expressed as x = ¢(f) and y = y(t) 
so that f(, y) becomes a function of ¢, the derivative of # with respect 
to ¢1is found from the expression for the increment of 7. 
Af Gf Ae Of Ay Ax Aa 
= Sn — f+ p—+¢-" 
At 0x At ' dy At Siar PAS 
dey dfs «OF da eet 
or lim eee af = af me oy ay 
Ato At dt cx dt Cy dt 











(10) 


The conclusion requires that a and y should have finite derivatives with 
respect to ¢. The differential of fas a function of ¢ is 
df Of dx of dy of 


lf = dt =  — It Pe a Ee of 
Git gee Ox dt x Cy dt a Cx eat oy dy (11) 


and hence it appears that the differential has the same form as the total 
differential, This result will be generalized later. 
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As a particular case of (10) suppose that « and y are so related that 
the point (a, y) moves along a line inclined at an angle r to the z-axis. 
Uf s denote distance along the line, then 


e=a2,+scost, y=y,+ssint, dx=costds, dy=sinrds (12) 
dp ree l 
ofa FEE — f.008 7 + fy sins. (13) 

The derivative (13) is called the directional derivative of f in the direc- 

tion of the line. The partial derivatives f{, f, are the particular direc- 

tional derivatives along the directions of the z-axis and y-axis. The 
directional derivative of f in any direction is the rate of increase of 

J along that direction; if 2 = f(a, y) be inter- 

preted as a surface, the directional derivative is 

the slope of the curve in which a plane through 
the line (12) and perpendicular to the xy-plane 
cuts the surface. If f(a, y) be represented by 
its contour lines, the derivative at a point 

(x, y) in any direction is the limit of the ratio 

Af/As = AC /As of the increase of f, from one contour line to a neigh- 

boring one, to the distance between the lines in that direction. It is 

therefore evident that the derivative along any contour line is zero and 
that the derivative along the normal to the contour line is greater than 
in any other direction because the element dn of the normal is less than 
ds in any other direction. In fact, apart from infinitesimals of higher 


order, a Af Af df i if 


— = 0s ——_ = — cos 
As ¥ As An Ys 


and 





ds. dn ie ore 
Hence it is seen that the derivative along any direction may be found 
by multiplying the derivative along the normal by the cosine of the angle 
between that direction and the normal. The derivative along the normal 
to a contour line is called the normal derivative of f and is, of course, 
a function of (a, y). 

49. Next suppose that «= f(a, y, z,---) is a function of any number 
of variables. The reasoning of the foregoing paragraphs may be 
repeated without change except for the additional number of variables. 
The increment of f will take any of the forms 


Af=f(ath, b+kh,e+1, ---)— f(a, Dats +++) 
= hfi(a + Oh, b, c,---) + hf, (a+ h, b + 6,4, ¢, +++) 
+ Ufi(a +hobth,e+ 6,1, a) De eer 
= [hfe + fy + Ufo A Jas on, 40%; 0461, «+> 
=Afp thi tite +t Oat cetoit+::. 
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and the total differential will naturally be defined as 





0 
Cpe LF ae + Edy + det, (16) 
and finally if w, y, 2, --- be functions of ¢, it follows that 
af  Ofdu , ofdy , Of de riety (17) 


dt Ox dt cy dt dz dt 


and the differential of fas a function of ¢ is still (16). 

If the variables x, y, z,--- were expressed in terms of several new 
variables 7, s,---, the function f would become a function of those vari- 
ables. To find the partial derivative of f with respect to one of those 
variables, say 7, the remaining ones, s, ---, would be held constant and 
fF would for the moment become a function of 7 alone, and so would «, 
y, % +++» Hence (17) may be applied to obtain the partial derivatives 


Of S0f Ci 0; Ou. OF Ge 
Or Ox Or Oy Or Oz Or 
Of Of Oe Of dy uf G2 


as 62 Os oy Os oes Be ds a eke Ube 





ae re 
(18) 





and 


These are the formulas for change of variable analogous to (4) of § 2 
If these equations be multiplied by Av, As, --- and added, 


of 0 Of (Cx Ox. of /e , 
LSE. =e au Fant Gas +.) 4 Fh artes |b 
or Os Be or Os ey \ er 

or apa E ax +e ~ dy + a de + 


for when 7, s, --- are the OSes variables, the parentheses above 
are dx, dy, dz, --- and the expression on the left is df. 

THeoreEM. The expression of the total differential of a function of 
x, Y, 2% as df= fidx + fidy + fidz +--- is the same whether a, y, 
z, ++. are the independent variables or functions of other independent 
variables 7, s,---; 16 being assumed that all the derivatives which occur, 
whether of f by x, y, 2,--- or of a, y, 2, +--+ by 7, s, ---, are continuous 
functions. 

By the same reasoning or by virtue of this theorem the rules 


d (cw) =cedu, diutv— w) = du + dv — dw, 
d (ww) =udv + vdu, a(*)= vdu — udv (19) 
: 





9 


= 


of the differential caleulus will apply to calculate the total differential 
of combinations or functions of several variables. If by this means, or 
any other, there is obtained an expression 
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df = Rr, s,t,---)dr + S(r, 8,t,--ds-++ T(r, 5, t,-- dt.» (20) 
for the total oy aay in which 7, s, ¢,--+ are independent variables, 
the coefficients R, - are the fteveaaa? 
af of of 
= eee | = y 
R=s, S=eT=Z, (21) 


For in the equation df= Rdr+Sds+ Tdt+::.= fdr-+ fids+ fidt+..-, 
the variables 7, s, t, ---, being independent, may be assigned increments 
absolutely at pleasure and if the particular choice dr=1, ds=dt=...=0, 
be made, it follows that R = f/; and so on. The single equation (20) is 
thus equivalent to the equations (21) in number equal to the number of 
the independent variables. 








As an example, consider the case of the function tan-!(y/x). By the rules (19) 


dtan-14 — d(y/x) _ dy/x—ydx/x? «dy — ydx 











@ 1+(y/e?  l1+y/e)? ~— @+y¥? 
Then Sint! 2, fen i2 = | by (20)-(21). 
Ox x v+ y? cy Ce ye 


If y and x were expressed as y = sinhvst and « = cosh rst, then 
y  «dy—ydx _ [stdr + rtds + rsdt|[cosh?rst — sinh?rst] 














dtan-1= = = 
ae 22 + 4 cosh2rst + sinh?rst 
aa Ci st of _ rt of _ rs 
dr cosh2rst’ és cosh 2 rst at cosh 2 rst 
EXERCISES 
1. Find the partial derivatives f/, f/ or f;, fy, f; of these functions : 
(a) log a +’), (8) e* cosy sin gz, (y) @ + Bay + ¥?, 
(6) Z = a (e) ae (¢) log (sina + sin?y + sin®z), 
y Wi -\ 2 

eed, z= Fins yee 

sin-1= — er, tanh OY (ee NG 
() sin Pid (4) 5 (+) \ Sree wea 


2. Apply the definition (2) directly to the following to find the partial deriva- 
tives at the indicated points : 











CN te 1), (8) 22 + Say + y® at (0, 0), and (y) at (1, 1), 
Ly 
(6) See at (0, 0); also try differentiating and substituting (0, 0). 
ory 
3. Find the ae derivatives and hence the total differential of : 
(a) (8) xlog yz, (y) Va? — a? — y?, 
a? $y? 
(6) e-“siny, (ce) e* sinh ay, (¢) log tan(z + — ru): 








ml SE tae BE 22), 
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4, Find the general equations of the tangent plane and normal line to these 
surfaces and find the equations of the plane and line for the indicated (Zp, Yq) : 


(a) the helicoid z= ktan—1(y/z), (ETO) eels (Ona) 

(8) the paraboloid 4pz = (x? + y”), (0, p), (22, 9), (DP, — P), _ 

(vy) the hemisphere z = Va? — a? — y?, (0, — 4a), (a, 4a), (4 V3, 0), 
(6) the cubic zyz = 1, (1, 1, 1), (— 4, — 4, 4) (4, 4, 3)- 


5. Find the derivative with respect to ¢ in these cases by (10): 

(@) f=e+y?,%=acost,y=osint, (8) tant! y = cosh, ¢ = sinh, 

(Gr sing! @i—7/), wot, ya 28 (6) cos2 ay, x =tan—1t, y = cot—*t. 

6. Find the directional derivative in the direction indicated and obtain its 
numerical value at the points indicated : 

(a) wy, r = 45°, (1, 2), (8) sin2xy, r = 60°, (V3, — 2). 

7. (aw) Determine the maximum value of df/ds from (13) by regarding T as 

variable and applying the ordinary rules. Show that the direction that gives the 


maximum !s , df A? ah 
(= tan 122, and then = (; ) az (; ) - 
We dn Ox oy 





x 
(8) Show that the sum of the squares of the derivatives along any two perpen- 
dicular directions is the same and is the square of the normal derivative. 


8. Show that (7 + yf,)/V1+ y? and (fy —f/)/V1+ y® are the deriva- 


tives of f along the curve y = ¢(z) and normal to the curve. 
9. If df/dn is defined by the work of Ex. 7 (a), prove (14) as a consequence. 


10. Apply the formulas for the change of variable to the following cases : 











(G2) R= WEE OP. Gb) = ei" ep Find i ode \ be )+ (= he 
xz on OY 1\OX/ cy/ 
(8B) =rcos¢, y=rsin¢. Find = = (2) + : (<). 
or 0 cr r= \e¢g, 
(y) ©=2r—884+7,y=—r+8s—9 Find “=424 2y if u=a2—y?. 
cr 
(5) fe = 2 COs a — y’ sin a, Show (")'s any" = (<<) + (5) 
L¥Y=wW sina+y cosa, ox ey / ox’ / oy’ 
Fy a 
(e) Prove ae au of = 0) it ft, esi (G— 7, y—s2). 
Cot «GY 
(¢) Let % = av’ + by’ + cz’, y = aa’ + by’ + ce’, 2 =a" + Oy’ + c”2’, where 


, / 


a, b,c, av’, bY, ce, w”’, b”, c’” are the direction cosines of new rectangular axes with 
respect to the old, This transformation is called an orthogonal transformation. Show 


Op / Chay ron \ Omens af\? Bis. ary 
En Cs = (hs (Es = 
On oy) 02, Ou’ / oy’, oz an) 
11. Define directional derivative in space; also normal derivative and estab- 
lish (14) for this case. Find the normal derivative of f= xyz at (1, 2, 3). 





12. Find the total differential and hence the partial derivatives in Exs. 1,3, and 


(@) log (x? + y? + 22), (8) y/e, (y) wyerv*, (5) xyz log xyz, 
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(e) v=o? — 72, @ =rcosst, y =ssin'rt. Find du/dr, du/ds, du/at. 
(f) v=y/e,t=recospsind, y=rsingsing. Find u,, Ug, Wa 





(n) w= em, 2 = log Vr? + s2, y = tan-1 (s/r). Find u,, uj. 





é é ) 0 
BY, lt ie J and i ON erow Ct ee og nee ne 
OL OY oy Ov or YT 0p r 0p or 
codrdinates and f, g are any two functions. 


if r, ¢ are polar 


14. If p(x, y,z, t) is the pressure in a fluid, or p(@, y, 2, t) is the density, depend- 
ing on the position in the fluid and on the time, and if u, v, w are the velocities of 
the particles of the fluid along the axes, 

dp ap ap ap op dp op ép op . op 
=u—+v—+4+w and =Uu—+v w . 
dt ox oy 0z ot dt Ox oy _ 0z Ri dt 


Explain the meaning of each derivative and prove the formula. 








15. If z= zy, interpret z as the area of a rectangle and mark d,z, A,z, Az on the 
figure. Consider likewise u = xyz as the volume of a rectangular parallelepiped. 


16. Small errors. If f(x, y) be a quantity aetermined by measurements on « 
and y, the error in f due to small errors dz, dy in and y may be estimated as 
df =f,dx + f,dy and the relative error may be taken as df+f=dlogf. Why 
is this ? 

(a) Suppose S = 3 absin C be the area of a triangle with a = 10, b = 20, OC = 30°. 
Find the error and the relative error if a is subject to an error of 0.1. Ans. 0.5, 1%. 

(8) In (a) suppose C were liable to an error of 10’ of arc. Ans. 0.27, 4%. 

(y) If a, b, C are liable to errors of 1%, the combined error in S may be 3.1%. 

(6) The radius r of a capillary tube is determined from 13.6 r?l = w by find- 
ing the weight w of a column of mercury of length 7. If w=1 gram with an error 
of 10-° er. and 1 =10 cm. with an error of 0.2 cm., determine the possible error 
and relative error in r. Ans. 1.05%, 5 x 10-4, mostly due to error in l. 

(e) The formula c? = a? + b? — 2abcos C is used to determine ec where a = 20, 
b = 20, C = 60° with possible errors of 0.1 in a and b and 30’ in C. Find the possible 
absolute and relative errors inc. Ans. 4, 14%. 

(¢) The possible percentage error of a product is the sum of the percentage 
errors of the factors. 

(7) The constant g of gravity is determined from g = 2 st-? by observing a body 
fall. If sis set at 4 ft. and ¢ determined at about 4 sec., show that the error in g 
is almost wholly due to the error in ¢, that is, that s can be set very much more 
accurately than t can be determined, For example, find the error in ¢ which would 
make the same error in g as an error of } inch in s. 

(9) The constant g is determined by gf? = wl with a pendulum of length J and 
period ¢. Suppose t is determined by taking the time 100 sec. of 100 beats of the 
pendulum with a stop watch that measures to + sec. and that | may be measured 
as 100 cm. accurate to 4 millimeter. Discuss the errors in g. 


17. Let the codrdinate « of a particle be = f(q,, g,) and depend on two inde- 
dovdent variables g,, q.. Show that the velocity and kinetic energy are 


v Sif dy, é dq, 


eset T= 1 mv? = 0,592 4 2 dy do + AnoG2 
age 17% at’ 2 dt + 42414 + Ag0d2, 
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where dots denote differentiation by t, and ,,, 1), dg, are functions of (q1, Yq). 
Show a = =, i= 1, 2, and similarly for any number of variables q. 
Ogi Oi 

18. The helix 2 = acost, y = asint,z = at tan a cuts the sphere 2? + y? + B= 
a* sec?B at sin—1(sin asin f). 

19. Apply the Theorem of the Mean to prove that f(x, y, z) is a constant if 
ie aay =f; =0 is true for all values of x, y, z. Compare Theorem 16 (§ 27) and 
make the statement accurate. 


2 
20. Transform = == B= (Es Z's (2) to (a) cylindrical and (8) polar 
(or4 


coordinates (§ 40). 


21. Find the angle of intersection of the helix s = 2cost, y= 2sint, z=t and 
the surface cyz = 1 at their first intersection, that is, with 0<t<j7. 








22. Let f, g, 2 be three functions of (x, y, z). In cylindrical codrdinates (§ 40) 
form the combinations F = fcos¢ + gsing, G=— fsing + gcos¢, H =h. Trans- 
form x = = 

Of  6Gn Ol ch og og 6 of 
a —+—4—, ao ¥y) === 
Nara ay ioe 8) 5 Oz Oe cy 
to cylindrical codrdinates and express in terms of F, G, H in simplest form. 

23. Given the functions y* and (z”)* and z#, Find the total differentials and 

hence obtain the derivatives of # and (z)* and 2@). 


50. Derivatives of higher order. If the first derivatives be again 
differentiated, there arise four derivatives f/., 72), Fis Sy, Of the second 
order, where the first subscript denotes the first differentiation. These 
may also be written 











f OF rz OF ¢” OF ¢” Of 
— aig i + 5 =z —— = == 5 
/ xx On? J xy Cyox of yx Oxo y J uy oy 


where the derivative of éf/éy with respect to x is written @f/éréy 
with the variables in the same order as required in DD, and opposite 
to the order of the subscripts in f/.. This matter of order is usually of 
no importance owing to the theorem: Jf the derivatives f., f, have 
derivatives fy, fy. which are continuous in (x, y) in the neighborhood 
and fy. 


yx 


of any point (x, y,), the derivatives fr. are equal, that is, 


xy 
ary (2p Y) = STya' (55 Yo): 
The theorem may be proved by repeated application of the Theorem of the 
Mean. For 
LP (+h, Yo + K)—F (oy Yo +k) —[F (@y + Ay Yo) —F (os Yo) =LP Yo + *)— Oo) ] 
=[P (Hq + hy Vo + K)—F (ty + hy Yo)I~[F os Yo + =F oy Yo) ]=[¥ Ho + 2)-—¥@p)] 
where #(y) stands for f(a) + h, y)—S (ep, y) and p(x) for f(x, yy +k) — f(a, Yo): 
Now 
(Yo +k) — (Yo) = KP’ (Yo + Ok) = KL Fy (ty + hy Yo + Ok) — Fy (oy Vo + OK)], 
W (@y + 1) — YP (@) = bY (ty + OK) = ALF. (Wy + Oy Vy HK) A~SLh (ly + OD, Yo)] 
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by applying the Theorem of the Mean to #(y) and w(c) regarded as functions of a 
single variable and then substituting, The results obtained are necessarily equal 
to each other ; but each of these is in form for another application of the theorem. 

KL fy (iy + hy Yo + OR) — Fy (oy Yo + OL) = MALL. (ay + hy Yo + Ok), 

AL fz (y+ WR, Yo +k) — Fy (@y + OA, Yo)] = Why, (ey + OK, Yo + 1b). 
Hence Fje(@o + thy Yo + Ok) = fy) (ty + OR, Yo + 1’). 
As the derivatives ie ee ups are supposed to exist and be continuous in the variables 
(x, y) at and in the neighborhood of (Xo, Yo), the limit of each side of the equation 
exists as h = 0, k = 0 and the equation is true in the limit. Hence 

Fy (®or Yo) = Sry (Bor Yo) 

The differentiation of the three derivatives f7,, f%, = f., fy, will give 
six derivatives of the third order. Consider fy, and f/". These may 
be written as (7;),/, and (f;),/, and are equal by the theorem just proved 
(provided the restrictions as to continuity and existence are satisfied). 
A similar conclusion holds for f/", and f//,; the number of distinct 
derivatives of the third order reduces from six to four, just as the 
number of the second order reduces from four to three. In like manner 
for derivatives of any order, the value of the derivative depends not on 
the order in which the individual differentiations with respect to « and 
y are performed, but only on the total number of differentiations with 
respect to each, and the result may be written with the differentiations 


collected as amine 


Ox C y n 





DED T= yey etc (22) 
Analogous results hold for functions of any number of variables. If 
several derivatives are to be found and added together, a symbolic 


form of writing is frequently advantageous. For example, 


<ohgee eet 
; , 6 ee A ae oe as 
(DID? + DF = gapaae + ay 

or (Dy + D,)°f = (D2 + 2D,D, + DAS=SE+ fy +e 


51. It is sometimes necessary to change the variable in higher deriv- 
atives, particularly in those of the second order. This is done by a 
repeated application of (18). Thus 7 would be found by differentiat- 
ing the first equation with respect to 7, and f, by differentiating the 
first by s or the second by 7, and so on. Compare p.12. The exercise 
below illustrates the method. It may be remarked that the use of higher 
differentials is often of advantage, although these differentials, like the 
higher differentials of functions of a single variable (Exs. 10, 16-19, 
p. 67), have the disadvantage that their form depends on what the 
independent variables are. This is also illustrated below. It should be 
particularly borne in mind that the great value of the first differential 
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lies in the facts that it may be treated like a finite quantity and that 
its form is independent of the variables. 


To change the variable in v7 + Uy, to polar coérdinates and show 

0?v J cy Ou Toor 1 070 f= 7 COS, y =rsin @¢, 

a2 dy? or? ror v2 Op? \r=vVart+y, ¢=tan-l(y/z). 
év__dvor , dv dd Cb eo Ge i a ee 
ax orate | open ay Oorey ap dy 











Then 


by applying (18) directly with x, y taking the place of r, s,--- and r, ¢ the place 
of @, y, Z,::+. These expressions may be reduced so that 
ov «Ov x GO — Ye Cte 
dn Or /ga 4 42 aoert+y orr a 
oy 000 a0v Or , 0 dv Oo 
aa? onde Orde ou Opodr Ox 
a1 [eer ono te Oe a ot ee 
a le r Re or or r orep Yr Og Or r? | r 
eve won, Cv—y, wda—yl|—y 
be (Pap a ip aici 6d ed 1? |= : 





Next 











The differentiations of z/r and — y/r? may be performed as indicated with respect to 

r, p, remembering that, as r, @ are independent, the derivative of r by gis0. Then 
CPOE eIO-D ce ov _ 9% fo gt ov my y 
aa? or | 78 Or rv? Gréd 1 Op r* dg? 





In like manner @?v/éy? may be found, and the sum of the two derivatives reduces 

to the desired expression. This method is long and tedious though straightforward. 
It is considerably shorter to start with the expression in polar codrdinates and 

transform by the same method to the one in rectangular codrdinates. Thus 


ov ov ow CUT ee 
ar éexor ay Or oe 


2 a2y a2 a2y oa 2 
2 (rE) = (Faomse + ssi. pa + (< cos @ + Sin e)y + © cose + Ssing, 
im y 





é ev 
oy + Maing = (Hea y), 




















or\ or, ou? eney 
Bye Brana Braga Be 
0p OXOP OY 0h Ou oy cy 
a (= sin @ a cos #) Yt+ (- = in AG es ) )a 
ee feos 8 = OS — 5 he s 
Yr Og? ou? ayou auey ? 4 


as COS es sind 
a ee ae 
of ov 
Then r 
=( =) ~ 
ov i av 10 (+ =) 4 1 = gO. LODE. nL Bee 
Cc 


(ele Seyi We Metal ore » r or bi r2 ap?” ae 














or 


The definitions d2f = f/" dx2, dydyf = fy, dedy, a? f = f/,dy* would naturally be 
given for partial differentials of the second order, each of which would vanish if f 
reduced to either of the independent variables 2, y or to any linear function of 
them. Thus the second differentials of the independent variables are zero. The 
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second total differential would be obtained by differentiating the first total differ- 
ential. 


af = aap = a( ae + ay )= az Sita ay + cP ae + au 

















2 2 22 
but (eS al dx alk dy, d oh a H da + af dy, 
oe ~~ ea2 oyou oy oe oy? 
and f= a aa da? + ee = eee nee al mee +8 @ Ae ae ge ee (24) 


The last two terms vanish and the total differential reduces to the first three terms 

if x and y are the independent variables ; and in this case the second derivatives, 

Sir Fay Fy ave the coefficients of dx, 2drdy, dy*, which enables those derivatives 

to be found by an extension of the method of finding the first derivatives (§ 49). 

The method is particularly useful when all the second derivatives are needed. 
The problem of the change of variable may now be treated. Let 


020 
d2y = — da? 
ou? as es an 
sos ov ov 
2 ard a 2 d? do, 
ae v2 4 rag gee ag? aa UES p 








where z, y are the independent variables and r, ¢ other variables dependent on 
them — in this case, defined by the relations for polar coérdinates. Then 
dx = cos ¢dr — rsin ¢d¢, dy = sin ¢dr + rcos ddd 
or dr = cos ¢dz + sin ddy, rd@ = — sin ¢dx + cos ¢dy. (25) 
Then dr = (— sin ¢dx + cos ddy) d¢ = rdod¢ = rd¢’, 
drdg + rd*¢ = — (cos ¢dzx + sin ¢ddy) dp? = — drd¢, 

where the differentials of dr and rd@ have been found subject to d?% = d?y = 0. 
Hence d?r = rd¢? and rd?@ = — 2drd¢. These may be substituted in d?v which 


becomes 
ov fora) 1 =) (= =) 
C= —— tre 2 | ard = ep Noh, 
or? of Ca Y Op bes 6p? ae or z. 


Next the values of dr?, drd¢, dg? may be substituted from (25) and 


° 
2 2 / @ in? 
CL) — : * Coste Ct S| cos psin d + (= 2 + ro] ss | dx? 
ér 




















ordm =r Op 0g? onja r2 
eo 2| coi ( ov i a sin’p  67v cos@sin lax pd 
or? ordp =r Op if 0g? jie 
070 00 ile av\ cos? | 
a —(—— —- OS ¢ Si dy? 
+/(5 sin? + “(oa ae p ino + (Tatrs =) melee 


a ut 


Thus finally the derivatives v7, U,), Uy, are ple thie brackets which are the 


coefficients of dx?, 2dxdy, dy?. The value of v,/ + Vy, , is as found before, 
52. The condition /,, = f,, which subsists in accordance with the 
fundamental theorem of § 50 gives the condition that 


0 0 
M(x, y)dx + N(a, y)dy = of fy - ly = df 
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be the total differential of some function f(x, y). In fact 
0 of _oM ON oe 


Oyoun Oy Ox Ox dy 


OM oN IM dN 
und oy = ae 0) Gale ar (26) 


The second form, where the variables which are constant during the 
differentiation are explicitly indicated as subscripts, is more common in 
works on thermodynamics. It will be proved later that conversely if 
this relation (26) holds, the expression Mdx + Ndy is the total differ- 
ential of some function, and the method of finding the function will 
also be given (§§ 92, 124). In case Mdx + Ndy is the differential of 
some function f(x, y) it is usually called an exact differential. 

The application of the condition for an exact differential may be 
made in connection with a problem in thermodynamics. Let S and U 
be the entropy and energy of a gas or vapor inclosed in a venweae of 
volume v and subjected to the pressure p at the temperature 7. The 
fundamental equation of thermodynamics, connecting the differentials 


of energy, entropy, and volume, is 
dp ee 
ata) 2A 


is the condition that dU be a total differential. Now, any two of the 
five quantities U, S,v, T, p may be taken as independent variables. In 
(27) the choice is S, v; if the equation were solved for dS, the choice 
would be U, v; and U, Sif solved for dv. In each case the cross differ- 
entiation to express the condition (26) would give rise to a relation 





dT 
dU = TdS—pdv; and (a) 
au 


between the derivatives. 


If p, T were desired as independent variables, the change of variable 


as ( 
Gia o2) Ga yar, y = ) (3 *) ar 
("a +(5 (ok —* iT . 
is a ds dt 
with du =| 7 ) be (: ) le | 2 (: ) = iT 
| ee port Adaya oo one (ar), 


should be made. The expression of the condition is then 


Jy8 d [2 (=) - ty () lj fd E = ‘dv hi 
os >= — —- —D : 
ale dp dp/T\) p dp eee p Acs pijJr 
dS as ay 2s  /dv e2y 
or (F) +7 —p a — yf hie ro (sp) ~Paee 
dp/ 7 oTép oTep apeT dT’ /, opel 
where the differentiation on the left is made with p constant and that on the right 
with T constant and where the subscripts have been dropped from the second 
derivatives and the usual notation adopted. Everything cancels except two terms 
which give 
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ads: “dv : 1 /Tds dv 
cal =— al or z( =— (3) : (28) 
dp/T dT /p NGC te dT /p 


The importance of the test for an exact differential lies not only in the relations 
obtained between the derivatives as above, but also in the fact that in applied 
mathematics a great many expressions are written as differentials which are not 
the total differentials of any functions and which must be distinguished from exact 
differentials. For instance if dH denote the infinitesimal portion of heat added 
to the gas or vapor above considered, the fundamental equation is expressed as 
dH = dU + pdv. That is to say, the amount of heat added is equal to the increase 
in the energy plus the work done by the gas in expanding. Now dH is not the dif- 
ferential of any function H(U, v); it is dS = dH/T which is the differential, and 
this is one reason for introducing the entropy S. Again if the forces_X, Y act ona 
particle, the work done during the displacement through the are ds = Vda? 4+ dy? 
is written dW = Xdx + Ydy. It may happen that this is the total differential of 
some function ; indeed, if 





: ": an av ov 
qdW=—dV(a,y), Xde+ Ydy=—dV, X=——, Y=— 
Ox ay” 





where the negative sign is introduced in accordance with custom, the function V is 
called the potential energy of the particle. In general, however, there is no poten- 
tial energy function V, and dW is not an exact differential ; this is always true 
when part of the work is due to forces of friction. A notation which should dis- 
tinguish between exact differentials and those which are not exact is much more 
needed than a notation to distinguish between partial and ordinary derivatives ; 
but there appears to be none. 

Many of the physical magnitudes of thermodynamics are expressed as deriva- 
tives and such relations as (26) establish relations between the magnitudes. Some 
definitions : 


: ds 
specific heat at constant volume is C,= (| i (= 7), 7 


specific heat at constant pressure is Cp =(] =), = L (= Ah , 





dH (Us 
latent heat of expansion is L,=(—-) =T\(—}) » 
dv /7T v/T 
ffici t of bi 10 is @ : (=) 
; of cubie expansion § = f 
coefficient of cubic expan STINGS) 
= : : 7 dp 
modulus of elasticity (isothermal) is Hy=—v Fal ee 


ane : : : . dp 
modulus of elasticity (adiabatic) is Hs = — v{— ie 


53. A polynomial is said to be homogeneous when each of its terms 
is of the same order when all the variables are considered. A. defini- 
tion of homogeneity which includes this case and is applicable to more 
general cases is: A function f(a, y, #,-+:) of any number of variables is 
called homogeneous if the function is multiplied by some power of when 
all the variables are multiplied by X; and the power of X which factors 
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out is called the order of homogeneity of the function. In symbols the 
condition for homogeneity of order 7 is 


a) NY, AZ, <>) = AF (A, Y, Ry «== Je (29) 
LI, 1 : 
Thus wet sie y, + tan-? Zz ’ care (29") 


are homogeneous functions of order 1, 0, —1 respectively. To test a 
function for homogeneity it is merely necessary to replace all the vari- 
ables by » times the variables and see if A factors out completely. The 
homogeneity may usually be seen without the test. 

If the identity (29) be differentiated with respect to A, with x'=dz, etc., 


0 0 oe : 
(« on MCLE ie ~ be! ++) Fe AY; AZ, +--+) =n f(A, ¥, Zo+*). 


A second differentiation with respect to A would give 


oe 7 C? o (ed 
(« "age t *Y 556, 'oy i Oe erat P+ (veg y'Cz! sagt gate 6y'0z! Dy'det “lf 


rs) oe 2 a n—-2 7 
a (a ga t= Beat : \ft--=m(n—Apr S(%) Ys %°**) 





2 a aa oul; 
or Papi tne Up igs 0 egy a Pm Penge ey “ST (@y Ys % >> +) 


Now if A be set equal to 1 in these equations, then #! =a and 











ie a A ay 
e*. aed) “y +2 om + +++ = nf (a, y, 2, --°), (30) 
Gig 550 apnea 
TE gt 2ay ay TY 8 2 xe aa +s = n(n —Il) f(a, y, 2 +-+)- 


In words, these at te state that the sum of the partial derivatives 
each multiplied by the variable with respect to which the differentia- 
tion is performed is n times the function if the function is homogeneous 
of order n; and that the sum of the second derivatives each multiplied 
by the variables involved and by 1 or 2, according as the variable is 
repeated or not, is »(m —1) times the function. The general formula 
obtained by differentiating any number of times with respect to A may 
be expressed symbolically in the convenient form 


(xD, + yD, + 2D, +-+:)*¥fa=n(n—1)---(am—-k+f. (31) 
This is known as Luler’s Formula on homogeneous functions. 


It is worth while noting that in a certain sense every equation which represents 
a geometric or physical relation is homogeneous. For instance, in geometry the 
magnitudes that arise may be lengths, areas, volumes, or angles. These magni- 
tudes are expressed as a number times a unit; thus, V2 ft., 8sq. yd., w cu. ft. 
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In adding and subtracting, the terms must be like quantities; lengths added to 
lengths, areas to areas, etc. The fundamental unit is taken as length. The units of 
area, volume, and angle are derived therefrom. Thus the area of a rectangle or 
the volume of a rectangular parallelepiped is 


A=aft. x bft. =abft.2=absqit, V=aft.xbft. x cft. = abc ft.8 = abe cu. ft., 


and the units sq. ft., cu. ft. are denoted as ft.?, ft.8 just as if the simple unit ft. 
had been treated as a literal quantity and included in the multiplication. An area 
or volume is therefore considered as a compound quantity consisting of a number 
which gives its magnitude and a unit which gives its quality or dimensions, If L 
denote length and [L] denote ‘tof the dimensions of length,’’ and if similar nota- 
tions be introduced for area and volume, the equations [4] = [LZ]? and [V] =[Z]}8 
state that the dimensions of area are squares of length, and of volumes, cubes of 
lengths. If it be recalled that for purposes of analysis an angle is measured by the 
ratio of the arc subtended to the radius of the circle, the dimensions of angle are 
seen to be nil, as the definition involves the ratio of like magnitudes and must 
therefore be a pure number. 

When geometric facts are represented analytically, either of two alternatives is 
open: 1°, the equations may be regarded as existing between mere numbers; or 
2°, as between actual magnitudes. Sometimes one method is preferable, sometimes 
the other. Thus the equation 2? + y? = r? of a circle may be interpreted as 1°, the 
sum of the squares of the codrdinates (numbers) is constant ; or 2°, the sum of the 
squares on the legs of a right triangle is equal to the square on the hypotenuse 
(Pythagorean Theorem). The second interpretation better sets forth the true 
inwardness of the equation. Consider in like manner the parabola y? = 4px. Gen- 
erally y and «x are regarded as mere numbers, but they may equally be looked 
upon as lengths and then the statement is that the square upon the ordinate equals 
the rectangle upon the abscissa and the constant length 4p; this may be inter- 
preted into an actual construction for the parabola, because a square equivalent 
to a rectangle may be constructed. 

In the last interpretation the constant p was assigned the dimensions of length 
so as to render the equation homogeneous in dimensions, with each term of the 
dimensions of area or [L]?. It will be recalled, however, that in the definition of 
the parabola, the quantity p actually has the dimensions of length, being half the 
distance from the fixed point to the fixed line (focus and directrix). This is merely 
another corroboration of the initial statement that the equations which actually 
arise in considering geometric problems are homogeneous in their dimensions, and 
must be so for the reason that in stating the first equation like magnitudes must 
be compared with like magnitudes. 

The question of dimensions may be carried along through such processes as 
differentiation and integration. For let y have the dimensions [y] and « the dimen- 
sions [a]. Then Ay, the difference of twe y’s, must still have the dimensions [7] 
and Az the dimensions [z]. The quotient Ay/Az then has the dimensions [y]/[«]. 
For example the relations for area and for volume of revolution, 


dA dV gel, dal [Ay ON ad Valli had 
—=y, ie fe give l= = Bes [L]?, 


and the dimensions of the left-hand side check with those of the right-hand side. 
As integration is the limit of a sum, the dimensions of an integral are the product 
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of the dimensions of the function to be integrated and of the differential dz 
Thus if 
ody 1 iy 
uel a = Sits | Sse 
0@+a a a 


were an integral arising in actual practice, the very fact that a? and x? are added 
would show that they must have the same dimensions. If the dimensions of « 


be [L], then Kida 
Lf eels © "I= ppl I=a5= ty]> 


and this checks with the dimensions on the right which are [L]—1, since angle has 
no dimensions. As a rule, the theory of dimensions is neglected in pure mathe- 
matics ; but it can nevertheless be made exceedingly useful and instructive. 

In mechanics the fundamental units are length, mass, and time ; and are denoted 
by [£], (4), [7]. The following table contains some derived units : 

















velocity Ley acceleration Ely force LEALEE. 

[T] [T}? [T}? 
2 \ 

areal velocity ae density ead iomentim Le 
[T] [Z]’ (T] 

a [A (L/P [a (LZ) 

angular velocity ——, moment ,»  energ a 
: cea [Tse sal aep 


With the aid of a table like this it is easy to convert magnitudes in one set of 
units as ft., lb., sec., to another system, say cm., gm., sec. All that is necessary is 
to substitute for each individual unit its value in the new system. Thus 











ft. : 
g=82—, 1ft.=8048em., g= 382} x 30.48— = 9803 ——. 
sec. sec.? ~ sec.? 





EXERCISES 
1. Obtain the derivatives f., £7), . fae J » Syy and verify fy, a Hee 
ae e+ y? 
(a) sin-2%, og +4, Wy) o(?) + ¥ (zy). 
‘ x 


2. Compute é?v/éy? in ae codrdinates by the straightforward method. 





3. Show that a? a vr = f(x + at) + o(«— at). 


4, Show that this equation is unchanged in form by the transformation : 


of of of 
+ 2ay? +2(y—y®)— +e2y2f=0; uw=2 Vad 
at ( ay y. Ys /y 
5. In polar codrdinates z = r cos@, « = rsind cos¢, y = rsing sin ¢ in space 
av  0?v 





a 1fa/,a 1 ay 1 O/ av 
Pa er rey =al> Spree) Packer prin ag Gece ae |. 
Ox oy? = az? r2 Lar or, sin? 6 0¢? sin @ 26 06] 
The work of transformation may be shortened by substituting successively 
Z=7,cos?, y=r,sing, and z=rcosé, r1=rsing. 


6. Let x, 7, z, t be four independent variables and x = r cos ¢, y = rsin ones 
the equations for transforming a, y, z to eylindrieal codrdinates. Let 
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2 a2 Ff a2 a2 a2 2 
ee ee ee pee au” OF 
Oxdz eyoz ox? Oy? oyat axel” 











16 7 
show z=, X cose + Yang == 2, Fsin ¢ — Geos g = =e 
ae ne - 


where r—!Q = af/ér. (Of importance for the Hertz oscillator.) Take @f/é¢ = 0. 


7. Apply the test for an exact differential to each of the following, and write 
by inspection the functions corresponding to the exact differentials : 


(a) 3adz + y?dy, (8) daydx + x dy, (vy) eydx + y?dy, 
adxz + ydy ade — ydy ydx — xd 
(5) Peay we: (e) a ’ ($) a 
w+ y? x? + y? 
(n) (43 + es + y”) dx + (v3 + 2ay + 8y°) dy, (A) xy? (dx + dy). 
8. Express the conditions that P(z, y, z)dx + Q(a, y, z)dy + R(a, y, z)dz be 
an exact differential dF'(x, y, z). Apply these conditions to the differentials : 
(a) 3a?y22zda + 2a8yzdy + wy?dz, (8B) (y + 2) da + (« + z)dy + (a + y) dz. 
9, Obtain (4) = (=) and (=) = (T) from (27) with proper variables. 
aD], dv/r dS /p dp 
10. If three functions (called thermodynamic potentials) be defined as 


y =U — TS, x =U + pv, (¢=U—TS + pv, 
show dy =— SdT—pdv, dy =TdS+vrdp, dg =— SAT + vdp, 


and express the conditions that dy, dy, df be exact. Compare with Ex. 9. 





11. State in words the definitions corresponding to the defining formulas, p. 107. 


12. If the sum (Mdz + Ndy) + (Pdx + Qdy) of two differentials is exact and one 
of the differentials is exact, the other is. Prove this. 


13. Apply Euler’s Formula (31), for the simple case k = 1, to the three func- 
tions (29’) and verify the formula. Apply it for k = 2 to the first function. 


14. Verify the homogeneity of these functions and determine their order : 


, omy” LYZ 
a) y?/x+2(logxz — log Ss ee eee 
(2) a*/2 + 2(loge— logy), (8) One Te 
(6) x P42 (ce) Vzcot-14% (f) Meme 
LYE € TE COU - => 2 
ee : @ Ver Va + Vy 


15. State the dimensions of moment of inertia and convert a unit of moment of 
inertia in ft.-lb. into its equivalent in cm.-gm. 


16. Discuss for dimensions Peirce’s formulas Nos. 98, 124-125, 220, 300. 


d ox Ov d oT OG Oe 
17. Continue Ex. 17, p. 101, to show —— =< and — =m“ 45. 
dt ogi eq: dt Ogi og: «= 0k 
Lois — wae in Ex. 17, p. 101, show without analysis that 27 = q,p, + qoD»o- 
Oi 
If T’ denote T’ = T, where T” is considered as a function of p,, p, while T is con- 
sidered as a function of ¢,, g, prove from 7” = 4, p, + Gop, — T that 
Ou re oT’ or 
= = Yis = Na F 
Cpi O”"i Ogi 
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19. If (z,, y,) and (@,, ¥,) are the codrdinates of two moving particles and 


CPN dy, Wx, XY Gp. y. 


a ae Lh ar Ao "ag 7 OG aed 
are the equations of motion, and if 2,, y,, 2, Y, are expressible as 
© =SF,(Qiy Gos Us)o V1 = GiGi» Va» Us)» We =Fo(Q1s Yar Is)> Yo = GoW Vos Is) 


in terms of three independent variables ¢,, d2, 73, Show that 
OY, OL Od: 








- Ox Oy, Ol, 
Oy SAG = 25 AE NG + X, Hay = - 
: 0g, : lr ‘a 0”; < oq, dtog, mM 
where T= 3 (m,v?2 + mvz) = T(Gys Yo» U3) Gs Go» Gg) and is homogeneous of the 
second degree in g,, Y, Y;. The work may be carried on as a generalization of 
Ex. 17, p. 101, and Ex. 17 above. It may be further extended to any number of 
particles whose positions in space depend on a number of variables g. 


20. In Ex. 19 if p; = =, generalize Ex. 18 to obtain 








Gi 
ee KO Gaal oT Q Cp ne 
— ’ = ) = — —-- 
epi 84: Odi * db” Oy 
The equations Q; = @ oe ane and Q; = a oe an are respectively the Lagran- 
dt oq; ogi dt Ogi 


gian and Hamiltonian equations of motion. 
21. If r” =k? and ¢ = ¢ andv'(r, ¢’) =v(r, ¢), show 
eh ee (S 1a 1 -) 
or? a dr r2 ap?” 2 Or? or ar r2 ag? 





Pa Mit ip 1 oy eat, WE Sa), Eats OMG Ee Gk hy — E v(r, ¢, 8), show that the 
. 


expression of Ex. 5 in the primed letters is kr?/r of its value for the unprimed 
letters. (Useful in § 198.) 


02z Oz > O% 


EI, Ihe 9(") + (4), show 2? — + 2ay 
6 2, Ox? 








4 


exey oye 
24. Make the indicated changes of variable : 
CNG eS eV eV 
a = le =€ —— 
(@) 0x2 = Oy? ee * dv? 


OP el ik ini y beep. vee en eee 
(8) At sage (a + =) (s-) +(2) } where 
of op af od 
C=f(u,v%), yoo, v), —=—, = —— 
we) ah’) ou ov av ou 








) if ¢ = e“cosv, y = et sin», 











25. For an orthogonal transformation (Ex. 10 (¢), p. 100) 


ev dy ay 2 


Cc 
ou? Oy? 8z2_ a2 By’2— z’2 





54. Taylor’s Formula and applications. The development of f(z, 7) 
is found, as was the Theorem of the Mean, from the relation (p. 95) 
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Af=@1)—(0) if @@=f(a+ th, b+ tk). 
If &(¢) be expanded by Maclaurin’s Formula to n terms, 


(po —] 
(n—1)! 
The expressions for oe and '(0) may be found as follows by (10): 

OH) =hf,+kfi, &'(0)=[Afi+ Thy Joma 
y= 
then ON) = hfe, +R) +h (hoG + ASS) 
= Nf, + 2 hkfg + fh, = (AD, + kD,)*f, 
BO) = (AD, + hD,)'f, BOO) = (AD, + kD, f ana: 
y=b 
And f(a oa h,b+k) —f(a, 6) =Af= (1) — (0) = (AD, + kD,) f(a, 6) 
1 
v3 ~ (hD, + kD,)?f (a, ’) +.» + =——— Gen ty) hPa + RDF (a, B) 


2 (1) — (0) = (0) + 5 “o"(0) doe H->(0) + = @(61), 


+ - (AD, + kD,)"f(a + 6h, b + Ok). (32) 


In this expansion, the increments 2 and k may be replaced, if de- 
sired, by x — a and y —/ and then f(a, y) will be expressed in terms 
of its value and the values of its derivatives at (a, 6) in a manner 
entirely analogous to the case of a single variable. In particular if the 
point (a, 6) about which the development takes place be (0, 0) the 
development becomes Maclaurin’s Formula for f(a, y). 


i 
FG, Y) =F(O, 0) + @Dz + yDy) FO, 9) + a (2D, + yD,’ f(0, 0) +> 


+e yy Det Dy)" FO, 0) + ~ (@D, +yD,)" f(x, Oy). (82") 


1 
(n—1)! 
Whether in Maclaurin’s or Taylor’s Se the successive terms are 

° e . 
homogeneous polynomials of the 1st, 2d, ---, (7 — 1)st order in 2, y or 
inz—a,y—b. The formulas are unique as in § 82. 

Suppose V1 — a? — y? is to be developed about (0, 0). The successive deriva- 

tives are 





, aa, 7 uy 

© Vi- ex ue Vi = a? — 

Le a ae G Z yy, aie tae 

ig SS 7 ee ie ere ere ty Ai 2S SS eee 

RY aa a (—a— yi Y (1—a2— yh 
fea 8 (1— y?)a f“= y? see nua ye 
awa la weylt 


and V1i—2—y?=1+ (024 Oy) + 4(—2 4 Oey—y?)4+ 3 ey le Si 
CE V1 — 2? — y2 =1—} (a? + y’) + terms of fourth order + - 


In this case the expansion may be found by treating x? + 7? as a single term and 
expanding by the binomial theorem. The result would be 
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(1-@+y)Jia1—f@ty)—4ett 2 t+y)—-we+y)yP—---. 


That the development thus obtained is identical with the Maclaurin development 
that might be had by the method above, follows from the uniqueness of the devel- 
opment. Some such short cut is usually available. 


55. The condition that a function z= f(z, y) have a minimum or 
maximum at (a, 6) is that Af > 0 or Af <0 for all values of 1 = Ax 
and k = Ay which are sufficiently small. From either geometrical or 
analytic considerations it is seen that if the surface z= f(a, y) has a 
minimum or maximum at (a, 6), the curves in which the planes y = / 
and « = a cut the surface have minima or maxima at «=a and y = / 
respectively. Hence the partial derivatives f; and f/ must both vanish 
at (a, b), provided, of course, that exceptions like those mentioned on 
page 7 be made. The two simultaneous equations 


In = 9) fy = 9, (33) 
corresponding to f'(x) = 0 in the case of a function of a single varia- 
ble, may then be solved to find the positions (a, y) of the minima 
and maxima. Frequently the geometric or physical interpretation of 
z= f(a, y) or some special device will then determine whether there 
is a maximum or a minimum or neither at each of these points. 


For example let it be required to find the maximum rectangular parallelepiped 
which has three faces in the codrdinate planes and one yertex in the plane 
t/a+u/b+z2/e=1. The volume is 


Varies — crer (1 et: ‘) : 
ae 


2° xy y2+cy=0 26 ez? +. 0 
SE oe ha ia cy = VU — = — 2-2ry — -2* ce = VU. 
Ox a b b / a 


The solution of these equations isa = 1a, y=41b. The corresponding z is 1¢ and 
the volume V is therefore abc/27 or % of the volume cut off from the first octant by 
the plane. It is evident that this solution isa maximum. There are other solutions 
of V; = V, = 0 which have been discarded because they give V = 0. 


The conditions ff = f/ = 0 may be established analytically. For 
Af = (fe + €,) Az + (fy + &) Ay. 


Now as @,, ¢, are infinitesimals, the signs of the parentheses are deter- 
mined by the signs of 7%, f/ unless these derivatives vanish; and hence 
unless f; = 0, the sign of Af for Ax sufficiently small and positive and 
Ay = 0 would be opposite to the sign of Af for Av sufficiently small and 
negative and Ay = 0. Therefore for a minimum or maximum y= 
and in like manner f=. Considerations like these will serve to 
establish a criterion for distinguishing between maxima and minima 
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analogous to the criterion furnished by /''(7) in the case of one vari- 
plle. Hor it 7, == 7, = 0, then 


Af = 4 UTca + 2h fry + UL jy )o= a+ on,y=d+ obs 


by Taylor’s Formula to two terms. Now if the second derivatives are 
continuous functions of (a, y) in the neighborhood of (a, 6), each deriv- 
ative at (a + 0h, b+ 0k) may be written as its value at (a, 6) plus an 
infinitesimal. Hence 


Af = 4M fee + 2 hifi, + Wf yan + ¥ WE, + 2 ARE + HG). 


Now the sign of Af for sufficiently small values of h, & must be the 
same as the sign of the first parenthesis provided that parenthesis does 
not vanish. Hence if the quantity 


> 0 for every (h, k), a minimum 


WEL A QPL 4 1p” 
Fee Jou Furdear < 0 for every (A, k), a maximum. 

As the derivatives are taken at the point (a, d), they have certain constant 
values, say 4, B, C. The question of distinguishing between minima and maxima 
therefore reduces to the discussion of the possible signs of a quadratic form 
Ah? + 2 Bhk + Ck? for different values of h and k. The examples 


Re+k?, —h?—kh®, l?—k?, +(h—k)? 


show that a quadratic form may be: either 1°, positive for every (h, k) except (0, 0); 
or 2°, negative for every (h, k) except (0, 0); or 3°, positive for some values (A, £) 
and negative for others and zero for others; or finally 4°, zero for values other than 
(0, 0), but either never negative or never positive. Moreover, the four possibilities 
here mentioned are the only cases conceivable except 5°, that A = B= C=0 and 
the form always is 0. In the first case the form is called a definite positive form, in 
the second a definite negative form, in the third an indefinite form, and in the fourth 
and fifth a singular form. The first case assures a minimum, the second a maxi- 
mum, the third neither a minimum nor a maximum (sometimes called a minimax) ; 
but the case of a singular form leaves the question entirely undecided just as the 
condition f” (x) = 0 did. 

The conditions which distinguish between the different possibilities may be ex- 
pressed in terms of the coefficients A, B, C. 


NO qyes, clei, SP ANG. ARTO Sate 8° andety aD” eA © = 
aero Cieitg, Te AME, “aly Ole ACTS Coe tai AL Che 


The conditions for distinguishing between maxima and minima are : 


a= 10) ee ool =) olDinwom 5 
ae (es Hers ip ips aN eare sy . (34) 
Leos Yee fy oO Maximum; 


ees 7 pif By a See 12 tl ptt 74 
ea Fee) Le aU ae yy) 


It may be noted that in applying these conditions to the case of a definite form it 
is sufficient to show that either f,/ or f/7, is positive or negative because they neces- 
sarily have the same sign, 
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EXERCISES 


1. Write at length, without symbolic shortening, the expansion of f(x, y) by 
Taylor’s Formula to and including the terms of the third order in «—a, y — b. 
Write the formula also with the terms of the third order as the remainder. 


2. Write by analogy the proper form of Taylor’s Formula for f(z, y, 2) and 
prove it. Indicate the result for any number of variables. 


3. Obtain the quadratic and lower terms in the development 
(a) of vy? + sinzy at (1,47) and (8) of tan—1(y/z) at (1, 1). 


4. A rectangular parallelepiped with one vertex at the origin and three faces 
in the codrdinate planes has the opposite vertex upon the ellipsoid 


x2 /a? + y?/b? 4+ 22/c? =1. 
Find the maximum volume. 


5. Find the point within a triangle such that the sum of the squares of its 
distances to the vertices shall be a minimum. Note that the point is the intersec- 
tion of the medians. Is it obvious that a minimum and not a maximum is present ? 


6. A floating anchorage is to be made with a cylindrical body and equal coni- 
cal ends. Find the dimensions that make the surface least for a given volume. 


7. A cylindrical tent has a conical roof. Find the best dimensions. 


8. Apply the test by second derivatives to the problem in the text and to any 
of Exs. 4-7. Discuss for maxima or minima the following functions : 


(a) ay + ay? — x, (8) +P — amyi— 3 +y'), 
(y) @+y+au+y, (5) ¢y° — ay? + wy — 2, 
(e) # + y® — Day + 27, (f) et + yt— 2274+ 4ry — 27". 
9. State the conditions on the first derivatives for a maximum or minimum of 
function of three or any number of variables. Prove in the case of three variables. 


10. A wall tent with rectangular body and gable roof is to be so constructed as 
to use the least amount of tenting for a given volume. Find the dimensions. 


11. Given any number of masses My, Mg, +++, My Situated at (T, Y1), (Toy Yo), °° *5 
(fn, Yn)» Show that the point about which their moment of inertia is least is their 
center of gravity. If the points were (x, y,, 2,),-:: in space, what point would 
make mr? a minimum ? 


12. A test for maximum or minimum analogous to that of Ex. 27, p. 10, may 
be given for a function f(z, y) of two variables, namely: If a function is positive 
all over a region and vanishes upon the contour of the region, it must have a max- 
imum within the region at the point for which HE =f, = 0. If a function is finite 
all over a region and becomes infinite over the contour of the region, it must have 
a minimum within the region at the point for which up =f, = 0. These tests are 
subject to the proviso that ff = f, = 0 has only a single solution. Comment on the 
test and apply it to exercises above. 


13. If a, b, c, r are the sides of a given triangle and the radius of the inscribed 
circle, the pyramid of altitude h constructed on the triangle as base will have its 
maximum surface when the surface is A(a+b+ec)Vr24+ hh. 


CHAPTER AY: 
PARTIAL DIFFERENTIATION ; IMPLICIT FUNCTIONS 


56. The simplest case; F(x, y)=0. The total differential 
dF = Fidx + Fi dy=d0=0 


indicates ay = — Fe 3 dex py ee uh (1) 
dx 10 dy FE. 


as the derivative of y by z, or of x by y, where y is defined as a function 
of x, or x as a function of y, by the relation F(x, y) = 0; and this method 
of obtaining a derivative of an implicit function without solving expli- 
citly for the function has probably been familiar long before the notion 
of a partial derivative was obtained. The relation F(z, 7) = 0 is pictured 
as a curve, and the function y= $(a), which would be obtained by solu- 
tion, is considered as multiple valued or as restricted to some definite 
portion or branch of the curve F(a, y)=0. If the results (1) are to 
be applied to find the derivative at some point 
(2) Y¥,) Of the curve F(x, y)=0, it is necessary 







that at that point the denominator F) or Fj should F(ax,y)=0 
not vanish. s 
These pictorial and somewhat vague notions (Bova Ag 


may be stated precisely as a theorem susceptible 
of proof, namely: Let z, be any real value of « 
such that 1°, the equation F’(,, v) = 0 has a real solution y,; and 2°, the 
function F(x, y) regarded as a function of two independent variables 
(x, y) is continuous and has continuous first partial derivatives F;, // in 
the neighborhood of (a,, y,); and 3°, the derivative F/(x,, y,) #0 does 
not vanish for (x,, y,); then F(x, y)=0 may be solved (theoretically) 
as y= (a) in the vicinity of «=, and in such a manner that 
Y,= $>(«,), that ¢ (x) is continuous in a, and that ¢(«) has a derivative 
¢'(«) = — F{/F/; and the solution is unique. This is the fundamental 
theorem on implicit functions for the simple case, and the proof follows. 





O x 


By the conditions on F;, Le the Theorem of the Mean is applicable. Hence 
F(a, y) — F(£o, %) =F, y) = (AF; a kF)) xy + Oh, uo + Ok (2, 


Furthermore, in any square |h|<6, |k|<6 surrounding (a, yo) and sufficiently 
small, the continuity of F% insures | F/|< Mand the continuity of Fy taken with 
IG 
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the fact that FP’ (Loy Yo) # 9 insures [F, |>m. Consider the range of 7 as further 
restricted to values such that |z — a)|<mé/M if m<M. Now consider the value 
of F(a, y) for any x in the permissible interval 
and for y=y,+6ory=y)— 4. As |kF)|>méd 
but |(@ — 29) FZ|<mé, it follows from (2) that 
F(a, Yo + 5) has the sign of 67) and F(x, yy) — 6) 
has the sign of — oF, ; and as the sign of a, does 
not change, F(x, yy + 6) and F(x, yy — 5) have 
opposite signs. Hence by Ex. 10, p. 45, there is 
one and only one value of y between y, — 6 and 
Yo + 6 such that F(x, y) = 0. Thus for each z in 
the interval there is one and only one y such 
that F(x, y) = 0. The equation F(x, y) = 0 has a 
unique solution near (#», Yo). Let y= (x) denote the solution. The solution is 
continuous at « = @) because |y — y)|<6. If (a, y) are restricted to values y = ¢ (zr) 
such that F(x, y) = 0, equation (2) gives at once 








kk ¥ — Yo __ Ay = _F; (a + Oh, y + Ok) dy Fp, Yo) 
(1 aed ISS Fi(a+6h,y+6k) de  — F(x, yp) 








As Fj, F, are continuous and F) 4 0, the fraction k/h approaches a limit and the 
derivative ¢’(x) exists and is given by (1). The same reasoning would apply to 
any point z in the interval. The theorem is completely proved. It may be added 
that the expression for ¢’(z) is such as to show that ¢’(x) itself is continuous. 


The values of higher derivatives of implicit functions are obtainable 
by successive total differentiation as 


Fe+ FB; y =U 
Fret 2 Fay + Fy + Fy" = 0, (3) 


ete. It is noteworthy that these successive equations may be solved for 
the derivative of highest order by dividing by F) which has been assumed 
not to vanish. The question of whether the function y = $(«) defined 
implicitly by F(x, y) = 0 has derivatives of order higher than the first 
may be seen by these equations to depend on whether F(a, y) has 
higher partial derivatives which are continuous in (2, y). 

57. To find the maxima and minima of y = ¢ (x), that is, to find the 
points where the tangent to F(x, y) = 0 is parallel to the x-axis, observe 
that at such points y'= 0, Equations (3) give 


Peas 0, Fn + Fy" = 0. (4) 
Hence always under the assumption that F/ + 0, there are maxima at 
the intersections of F = 0 and F.= 0 if Fr and F have the same sign, 


and minima at the intersections for which F and F, have oppos.se signs ; 
the case FY, = 0 still remains undecided. 
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For example if F(x, y) = «a? + y® — 8 aay = 0, the derivatives are 


3 (a? — ay) + 3(y? —az)y’ = 0, se ee 








da y? — ax 
’ Py 2 abaxy 
6a — bay 4+ b6Byy? + 3(y2— ax)y” =0 Soe x, 
YY (y yy dx? (y? — ax)? 


To find the maxima or minima of y as a function of x, solve 
Fi=0=2?-ay, F=0=a5+y8—Sasy, F,#0. 


The real solutions of F, = 0 and F=0 are (0, 0) and ( V2 a, V4 a) of which the 
first must be discarded because F, (sO), vals (V2, V4a) the derivatives 
F) and FY, are positive; and the point is a maximum. The curve F = 0 is the 
folium of Descartes. 


The réle of the variables « and y may be interchanged if F/ # 0 and 
the equation F(a, y) = 0 may be solved for « = (y), the functions ¢ 
and yw being inverse. In this way the vertical tangents to the curve 
F = 0 may be discussed. For the points of F = 0 at which both Fi = 0 
and FY = 0, the equation cannot be solved in the sense here defined. 
Such points are called singular points of the curve. The questions of 
the singular points of F = 0 and of maxima, minima, or minimax (§ 55) 
of the surface z = F(a, y) are related. For if Fj = F) = 0, the surface 
has a tangent plane parallel to z = 0, and if the condition z = F = 0 is 
also satisfied, the surface is tangent to the vy-plane. Nowif 2 = F(a, y) 
has a maximum or minimum at its point of tangency with z = 0, the 
surface les entirely on one side of the plane and the point of tangency 
is an isolated point of F(x, y) = 0; whereas if the surface has a mini- 
max it cuts through the plane z = 0 and the point of tangency is not 
an isolated point of F(a, y) = 0. The shape of the curve F = 0 in the 
neighborhood of a singular point is discussed by developing F(a, y) 
about that point by Taylor’s Formula. 


For example, consider the curve F(a, y) = # + y® — wy? — }(a? + y?) = 0 and 
the surface z= F(x, y). The common real solutions of 


Fi=32?—2ey?—-2=0, Fi=8y—2Qey—-y=0, F(a, y)=0 


are the singular points. The real solutions of F,=0, F/=0 are (0, 0), (1, 1), 
(4, 4) and of these the first two satisfy F(x, y) = 0 but the last does not. The 
singular points of the curve are therefore (0, 0) and (1,1). The test (84) of § 55 
shows that (0, 0) isa maximum for z= F(a, y) and hence an isolated point of 
F(z, y)=0. The test also shows that (1, 1) is a minimax. To discuss the curve 
F («, y) = 0 near (1, 1) apply Taylor’s Formula. 
0= F(a, vy) =4 (8? —8hk +3 k?) + 4 (613 — 12 h?k — 12 hk? + 6k) + remainder 
= 1(3 cos? ¢ — 8 sing cos¢ + 3 sin? P) 
+ 7 (cos? @ — 2 cos? f sin p — 2 cos ¢ sin? + sind) + ++-, 
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if polar codrdinates h = r cos, k = rsing be introduced at (1, 1) and r? be can- 
celed. Now for very small values of r, the equation can be satisfied only when 
the first parenthesis is very small. Hence the solutions of 


8 — 4sin2¢=0, sn2¢6=]8, or p= 24° 11F, Ob 4277 
and @ +7, are the directions of the tangents to F(z, y)=0. The equation F=0 is 
0 = (14 — 2sin2 ¢) + r(cos d + sin ¢) (1 — 14 sin2 ¢) 


if only the first two terms are kept, and this will serve to sketch F(z, y) = 0 for 
very small values of r, that is, for ¢ very near to the tangent directions. 


58. It is important to obtain conditions for the maximum or minimum 
of a function z = f(#, y) where the variables x, y are connected by a 
relation F(x, y) = 0 so that z really becomes a function of x alone or v 
alone. For it is not always possible, and frequently it is inconvenient, 
to solve F(x, y) = 0 for either variable and thus eliminate that variable 
from z = f(x, y) by substitution. When the variables x, yin z = f(a, y) 
are thus connected, the minimum or maximum is called a constrained 
minimum or maximum ; when there is no equation F(x, y) = 0 between 
them the minimum or maximum is called free if any designation is 
needed.* The conditions are obtained by differentiating z = f(z, y) 
and F(a, y) = 0 totally with respect to 2. Thus 


de) Of, OF Age 0 ad) OF . oF dy _ 











da 0% tyda dx On Oy dz? 
Of OF oOfoF _ dz at 
and Bigtyh Si te ae 0, dg = 0, ei 0. (5) 


where the first equation arises from the two above by eliminating dy/dx 
and the second is added to insure a minimum or maximum, are the con- 
ditions desired: Note that all singular points of F(a, y) = 0 satisfy the 
first condition identically, but that the process by means of which it 
was obtained excludes such points, and that the rule cannot be expected 
to apply to them. 

Another method of treating the problem of constrained maxima and 
minima is to introduce a multiplier and form the function 


z= O(a, y) = f(a, y) +AF (a, y), » a multiplier. (6) 
Now if this function z is to have a free maximum or minimum, then 
oo f, Ar = 0, =f, +AF, =0. (7) 


These two equations taken with F = 0 constitute a set of three from 
which the three values a, y, A may be obtained by solution. Note that 
* The adjective ‘‘ relative” issometimes used for constrained, and ‘tabsolute” for 


free; but the term “‘absolute’’ is best kept for the greatest of the maxima or least of 
the minima, and the term “‘relative’’ for the other maxima and minima. 
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A cannot be obtained from (7) if both F{ and F/ vanish; and hence this 
method also rejects the singular points. That this method really deter- 
mines the constrained maxima and minima of f(a, y) subject to the 
constraint F(a, vy) = 0 is seen from the fact that if 4 be eliminated from 
(7) the condition f; F; — f, F, = 0 of (5) is obtained. The new method 
is therefore identical with the former, and its introduction is more a 
matter of convenience than necessity. It is possible to show directly 
that the new method gives the constrained maxima and minima. For 
the conditions (7) are those of a free extreme for the function (a, 7) 
which depends on two independent variables (a, 7). Now if the equa- 
tions (7) be solved for (a, v), it appears that the position of the maximum 
or minimum will be expressed in terms of A as a parameter and that 
consequently the point (@(A), y(A)) cannot in general lie on the curve 
F(x, y) =0; but if X be so determined that the point shall lie on this 
curve, the function ®(a, y) has a free extreme at a point for which 
F = 0 and hence in particular must have a constrained extreme for the 
particular values for which F(a, vy) = 0. In speaking of (7) as the con- 
ditions for an extreme, the conditions which should be imposed on 
the second derivative have been disregarded. 


For example, suppose the maximum radius vector from the origin to the folium 
of Descartes were desired. The problem is to render f(z, y) = a? + y? maximum 
subject to the condition F(x, y) = «* + y? — 8axzy=0. Hence 


2x2 + 3X (x? — ay) = 90, 2y + 8XrX(y? — az) = 0, w+ ¥3 — 38ary = 0 
or 2x-3(y? — ax) —2y-38(x? —ay)=9, x? + y® — Z3ary = 0 


are the conditions in the two cases. These equations may be solved for (0, 0), 
(1a, 13a), and some imaginary values. The value (0, 0) is singular and ) cannot 
be determined, but the point is evidently a minimum of x? + y? by inspection. The 
point (1d a, 14a) gives} =— 11a. That the point is a (relative constrained) maxi- 
mum of 2? + y?"is also seen by inspection. There is no need to examine d?f. In 
most practical problems the examination of the conditions of the second order 
may be waived. This example is one which may be treated in polar coérdinates 
by the ordinary methods ; but it is noteworthy that if it could not be treated that 
way, the method of solution by eliminating one of the variables by solving the 
cubic F(z, y) = 0 would be unavailable and the methods of constrained maxima 
would be required. 


EXERCISES 


1. By total differentiation and division obtain dy/dx in these cases. Do not 
substitute in (1), but use the method by which it was derived, 
(a) ax? 4+ 2bey+cy2—-1=0, (8) e+yt=4arxy, (7) (cosx)”— (siny)* = 0, 
(8) (a2 + y?)? = a? (a? — y?), (e) & +e = 2ay, (f) 2-2-2 = tan-lay. 

2. Obtain the second derivative d®y/dx? in Ex. 1 (a), (8), (6), (¢) by differen- 
tiating the value of dy/dx obtained above. Compare with use of (8). 
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3. Prove pa =— eniama te cake HB = alg 
y 
4. Find the radius of curvature of these curves : 
(a) a + y3=a3,R=3(ary)t, (8) ah +yb=al, R=2VE4 7, 
(y) ba? + a?y? = a70?, (6) ay? = a? (a—2), (e) (ax)? + (by) 3 iil 
5. Find 7’, y”, y’” in case #? + y? — 38ary = 0. 
6. Extend equations (8) to obtain y’” and reduce by Ex. 3. 
7. Find tangents parallel to the «-axis for (x? + y?)? = 2 a? (x? — y’”). 
8. Find tangents parallel to the y-axis for (x? + y? + ax)? = a? (x? + y?). 


9. If b? <ac in az? + 2bry + cy? + fe + gy +h=O0, circumscribe about the 
curve a rectangle parallel to the axes. Check algebraically. 


10. Sketch x? + y? = xy? + 1 (ax? + y?) near the singular point (1, 1). 
11. Find the singular points and discuss the curves near them: 


(a) +? = 8azy, (8) (@? + y?)? = 20? (2? — y”), 
(y) et + y* = 2(@— y)?, (5) y+ 2ay? = 2? + y'. 


12. Make these functions maxima or minima subject to the given conditions. 
Discuss the work both with and without a multiplier: 











(a) 2 » atanz+bdtany=c. Ans, —* 2*. 
UcosxZ vcosy siny v 
(8B) w+ y?, ax? + 2bry + cy? =f. Find axes of conic. 


(vy) Find the shortest distance from a point to a line (in a plane). 


13. Write the second and third total differentials of F(x, y) = 0 and compare 
with (3) and Ex. 5. Try this method of calculating in Ex. 2. 


14. Show that Fide + Fydy =0 does and should give the tangent line to 
F(a, y) = 90 at the points (a, y) if de =t—a@ and dy =7—y, where &, y are the 
coordinates of points other than (x, y) on the tangent line. Why is the equation 
inapplicable at singular points of the curve ? 


59. More general cases of implicit functions. The problem of 
implicit functions may be generalized in two ways. In the first place 
a greater number of variables may occur in the function, as 


F(a, Y; #) = 0, F(x, Yr >> w) io 0; 


and the question may be to solve the equation for one of the variables 
in terms of the others and to determine the partial derivatives of the 
chosen dependent variable. In the second place there may be several 
equations connecting the variables and it may be required to solve the 
equations for some of the variables in terms of the others and to 
determine the partial derivatives of the chosen dependent variables 
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with respect to the independent variables. In both cases the formal 
differentiation and attempted formal solution of the equations for the 
derivatives will indicate the results and the theorem under which the 
solution is proper. 

Consider the case F(a, y, z) = 0 and form the differential. 


dF (x, y, 2) = Fidx + Fidy + Fjdz = 0. (8) 


If z is to be the dependent variable, the partial derivative of by « is 
found by setting dy = 0 so that y is constant. Thus 


oz dz Vise oz dz 1 

ae eae om 
are obtained by ordinary division after setting dy = 0 and dx = 0 re- 
spectively. If this division is to be legitimate, F/ must not vanish at 
the point considered. The immediate suggestion is the theorem: If, 
when real values (a,, y,) are chosen and a real value z, is obtained 
from F(z, #,, y,) = 9 by solution, the function F(a, y, z) regarded as 
a function of three independent variables (a, y, ~) is continuous at 
and near (x, y,, #,) and has continuous first partial derivatives and 
Fi (®) Yor %) #0, then F(a, y, 2) =0 may be solved uniquely for 
z= (x, y) and (a, y) will be continuous and have partial derivatives 
(9) for values of (a, y) sufficiently near to (a,, y,). 


The theorem is again proved by the Law of the Mean, and in a similar manner. 
F(x, y, 2) — F(&o, Yo, %) = F(@,Y, 2) = (AF, ar ky aE UF) + 02, 40 + Ok, 29 + Ol- 


As F,, F), Fj are continuous and F{(x, Yo, %) #0, it is possible to take 6 so 
small that, when |h|<6, |k| <6, |J| <4, the derivative | F/|>m and|F/|<y,|Fy|<u. 
Now it is desired so to restrict h, k that + 6F/-shall determine the sign of the 
parenthesis. Let 


|x — £)|<4 m/z, ly—Yol<kmé/u, then [AF +kF/|<mé 


and the signs of the parenthesis for (x, y, Z + 6) and (x, ¥, % — 6) will be opposite 
since | F{|>m. Hence if (x, y) be held fixed, there is one and only one value of z 
for which the parenthesis vanishes between z) + 6 and z) — 6. Thus z is defined asa 
single valued function of (x, y) for sufficiently small values of h =a —ay,k=y—Y. 


l oe EF, (Xo ote Gh, Yo + 6k, zo + Gl) l a Fy (- . ‘) 


Also =— ; i 
h F¥ (@y + Oh, Yo + Ok, % + Al) ke Fy (---) 





when k and h respectively are assigned the values 0. The limits exist when h = 0 or 
k = 0. But in the first case 1 = Az = A,z is the increment of z when « alone varies, 
and in the second case 1 = Az =A,z. The limits are therefore the desired partial 
derivatives of zg by « and y. The proof for any number of variables would be 
similar. 
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If none of the derivatives F;, F,, F/ vanish, the equation F(a, y,#) = 0 
may be solved for any one of the variables, and formulas like (9) will 
express the partial derivatives. It then appears that 








dz\ (da eee ae ea: (10) 
dij,\dz), 0602  F, Fy 
dz\ [da\ (dy Oz Ox Oy 
ps a8 Agta ‘Ad 
ane. (Ge ap Nea Ox Oy Oz i 7. 


in like manner. The first equation is in this case identical with (4) 
of § 2 because if y is constant the relation F(x, y, #) = 0 reduces to 
G(x, z)=0. The second equation is new. By virtue of (10) and simi- 
lar relations, the derivatives in (11) may be inverted and transformed 
to the right side of the equation. As it is assumed in thermodynamics 
that the pressure, volume, and temperature of a given simple substance 
are connected by an equation F(p, v, T) = 0, called the characteristic 
equation of the substance, a relation between different thermodynamic 
magnitudes is furnished by (11). 
60. In the next place suppose there are two equations 


FXG Y, 0) 20; G(a,'y, %, Vy—9 (12) 
between four variables. Let each equation be differentiated. 

dF = 0= Fidx + Fijdy + Fidu + Fidv, 

dG = 0 = Gidx + Gidy + Gidu + Gidv. (13) 


If it be desired to consider w, v as the dependent variables and a, y as 
independent, it would be natural to solve these equations for the differ- 
entials dw and dv in terms of dx and dy; for example, 


_ (EG, — FG, dz + GG, — FG) dy 
i, Ge pa De 


du = 





(13') 


The differential dv would have a different numerator but the same de- 
nominator. The solution requires F/G; — F,G, = 0. This suggests the 
desired theorem: If (w,, v,) are solutions of F = 0, G = 0 corresponding 
to (x, y,) and if FG, — FG, does not vanish for the values (,, 7,5 Us U»)s 
the equations F = 0, G = 0 may be solved for wu = $(a, y), v = (a, y) 
and the solution is unique and valid for (a, y) sufficiently near (5: Yo) 
— it being assumed that F and @ regarded as functions in four variables 
are continuous and have continuous first partial derivatives at and near 
(@oy Yor Ug» Uy) } Moreover, the total differentials du, dv are given by (13') 
and a similar equation. 


PARTIAL DIFFERENTIATION ; IMPLICIT 125 


The proof of this theorem may be deferred (§ 64). Some observations 
should be made. The equations (13) may be solved for any two vari- 
ables in terms of the other two. The partial derivatives 

Ou (a, y) Ou (a, v) Ox (u, v) Ox (u, Y) 

oc Ge” au ou ) 
of w by # or of # by w will naturally depend on whether the solution 
for w is in terms of (x, y) or of (#, v), and the solution for » is in (a, v) 
or (w, y). Moreover, it must not be assumed that 0w/éx and dx/du are 
reciprocals no matter which meaning is attached to each. In obtaining 
relations between the derivatives analogous to (10), (11), the values of 
the derivatives in terms of the derivatives of F and G may be found or 
the equations (12) may first be considered as solved. 





Thus if u= (a, y), du = $,da + $,dy, 
= Wi (). dv = dx + y,dy. 
du — o/dv — p,du + ,do 
Then a Cae dy = eee 
gaVy 3 pyVx oaVy 7 gyn 
and a= ee ee) Bie ee ety 
ou oaVy i bya ov baby a bya 
Ou Ox , Ov OL 
H st ee on 15 
ae ox OU 0% OV we) 


as may be seen by direct substitution. Here u, v are expressed in terms of a, y for 
the derivatives u/, vi; and x, y are considered as expressed in terms of wu, v for the 


bap etree) 
, 


: . ve 
derivatives x, Z,,. 


61. The questions of free or constrained maxima and minima, at any 
rate in so far as the determination of the conditions of the first order is 
concerned, may now be treated. If F(x, y, z) = 0 is given and the max- 
ima and minitha of z as a function of (a, y) are wanted, 

Pe, ye) ==), Ei@ay, 2) = 9, F(@, y, 2)=0 (16) 
are three equations which may be solved for a, y, z. If for any of these 
solutions the derivative F{ does not vanish, the surface z = ¢(a, y) has 
at that point a tangent plane parallel to = 0 and there is a maximum, 
minimum, or minimax. To distinguish between the possibilities further 
investigation must be made if necessary ; the details of such an investi- 
gation will not be outlined for the reason that special methods are 
usually available. The conditions for an extreme of w as a function of 
(x, y) defined implicitly by the equations (13') are seen to be 

FG@—FGl=0, FG—F,G,=0, F=0, G=0. (17) 


The four equations may be solved for #, y, wu, v or merely for a, y. 
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Suppose that the maxima, minima, and minimax of uw = f(a, y, #) sub- 
ject either to one equation F(a, y, #) = 0 or two equations F(x, y, z) = 9, 
G(x, y, 2) = 0 of constraint are desired. Note that if only one equation 
of constraint is imposed, the function w = f(a, y, x) becomes a function 
of two variables ; whereas if two equations are imposed, the function ~ 
really contains only one variable and the question of a minimax does 
not arise. The method of multipliers is again employed. Consider 


O(a, y,2)=f+AF or ®=f+AF+yuG (18) 
as the case may be. The conditions for a free extreme of ® are 
or 0; o) =.0, Pp = 0. (19) 


These three equations may be solved for the codrdinates x, y, # which 
will then be expressed as functions of A or of A and pw according to the 
case. If then A or A and mw be determined so that (a, y, z) satisfy F = 0 
or F= 0 and G = 0, the constrained extremes of w =f (x, y, 2) will be 
found except for the examination of the conditions of higher order. 


As a problem in constrained maxima and minima let the axes of the section of 
an ellipsoid by a plane through the origin be determined. Form the function 


A ” ri g2  y2 22 
@=74+y7+ 274% ie Gs we + u(le + my + nz) 

by adding to x? + y? + z?, which is to be made extreme, the equations of the ellipsoid 
and plane, which are the equations of constraint. Then apply (19). Hence 


e+ +51=0, y+r>5+"m=0, 2+r+—+5n= 


taken with the equations of ellipsoid and plane will determine a, y, z, A, uw. If the 
equations are multiplied by x, y, z and reduced by the equations of plane and 
ellipsoid, the solution for \ is \X=— 1? =— (a? + y? + 2%). The three equations 
then become 














1 pla? 1 pmb? 1 unc? 
23 , y=- ~; £==- - with le +m mz = 0. 
277 — a? 272 — 0? 272 — ¢2’ oe 
Pa? mb? noe 
Hence ~ + -=Q determines 7. (20) 


72 — q2 | 72— G2 ° 72— ¢2 


The two roots for r are the major and minor axes of the ellipse in which the plane 
cuts the ellipsoid. The substitution of x, y, z above in the ellipsoid determines 


p 2 ” : F 
be al \2 bm ) Chie \ tae a) 

le =H (pee a ; Sate oe ee tees ae 2 
fi (5 = =) a (; =O + (5 = =) since © + ro + 2 ile (21) 


Now when (20) is solved for any particular root r and the value of « is found by 
(21), the actual codrdinates x, y, 2 of the extremities of the axes may be found, 
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EXERCISES 


1. Obtain the partial derivatives of z by z and y directly from (8) and not by 
substitution in (9). Where does the solution fail ? 


(ee eg )etyt+ez= : 
ity Gee 5 (8 Yoo C= oye 
(vy) (+ y? + 27)? = aPx? 4 b2y?2 + ¢222, (6) ay2 =. 
2. Find the second derivatives in Ex. 1 (a), (8), (5) by repeated differentiation. 
3. State and prove the theorem on the solution of F (@, Y, 2, u) = 0. 


4. Show that the product a, 7 of the coefficient of expansion by the modulus 
of elasticity (§ 52) is equal to the rate of rise of pressure with the temperature if 
the volume is constant. 


5. Establish the proportion Es: Er = C,: Cy (see § 52). 


Ou Ox OY OZ _ | GECe 


6. If F(a, y, z, u) = 0, show = = 
ee) t dx Oy Oz Gu” + ow ou 





7. Write the equations of tangent plane and normal line to F(z, y, z) = 0 and 
find the tangent planes and normal lines to Ex. 1(@), (6) atw=1,y=1. 


8. Find, by using (13), the indicated derivatives on the assumption that either 
Z, y or u, v are dependent and the other pair independent : 
(2) pete —3y=0, weet y+3r=0, uy, Uy, Unys Ure 
(8) e+y+utv=a, e+yt+w+e=bs, Win ay Uys ay 
(y) Find dy in both cases if x, v are independent variables. 
Cu 6 6v OG ‘ 
9. Prove pee + ae (ie IG, WhO) SO, CH Wh, Wig D) = Oe 
on Ou Ox Ov 


ee) 
yo Uz, in case 


10. Find du and the derivatives u;, u 
’+y+2=u, ry =u? + vw + vw, ryz = uvw. 


11. If F(a, y, z) =0, G (a, y, 2) = 0 define a curve, show that 





. %—% rs Y¥—Yo A Z— Zp 
(F,G, = HG), (EEG, aa FG 2)o (Ce, ay FG, 0 


is the tangent line to the curve at (x, Y%, Z)- Write the normal plane. 
12. Formulate the problem of implicit functions occurring in Ex. 11. 
13. Find the perpendicular distance from a point to a plane. 


14. The sum of three positive numbers is x + y+ z= N, where N is given. 
Determine «, y, 2 so that the product #ry7z" shall be maximum if p, q, r are given. 
TA Sea HY eee ee Qasr) (Dit) 1") \s 


15. The sum of three positive numbers and the sum of their squares are both 
given. Make the product a maximum or minimum. 


16. The surface (22+ y?+2*)?=axr? + by? + cz? is cut by the plane lx +my+nz=0. 





2 
Find the maximum or minimum radius of the section. Ans. > ~ = 


128 DIFFERENTIAL CALCULUS 
17. In case F(z, y, u, v) = 0, G(x, y, u, v) = 0 consider the differentials 


ov ov On ou oy oy 
w= — de di dx = — du + — dv dy = — du + db. 

au * eg ye ou nes : lee av 
Substitute in the first from the last two and obtain relations like (15) and Ex. 9. 

18. If f(z, y, z) is to be maximum or minimum subject to the constraint 

F(a, y, 2) = 0, show that the conditions are that dz: dy :dz = 0:0:0 are indeter- 
minate when their solution is attempted from 

Sida + fidy + fidz=0 and Fidx+ Fidy + Fidz=0. 
From what geometrical considerations should this be obyious ? Discuss in connec- 
tion with the problem of inscribing the maximum rectangular parallelepiped in 
the ellipsoid. These equations, 

dgdy dem fk — ft — IEG dehy dole HO Ok, 


may sometimes be used to advantage for such problems. 


19. Given the curve F(z, y, z)=0, G(x, y, 2) =0. Discuss the conditions for 
the highest or lowest points, or more generally the points where the tangent is 
parallel to z= 0, by treating u=/f(z, y, z) =z as a maximum or minimum sub- 
ject to the two constraining equations F=0,G=0. Show that the condition 
FG, = FG, which is thus obtained is equivalent to setting dz = 0 in 


Fide + Fydy+ Fidz=0 and Gide+ Gidy + Gjdz=0. 
20. Find the highest and lowest points of these curves : 
y? 
iD 
21. Show that Fidx + Fidy + Fidz=0, with dx =é— 2, dy=n—y, dz={—z, 
is the tangent plane to the surface F(a, y, z) = 0 at (2, y, z).. Apply to Ex. 1. 


2 2 
(a) @+y2=241, e+ y¥+4+2z2=0, (8) oe: +5=1, e+ my + n2z=0. 


22. Given F(a, y, u, v) = 0, G(x, y, u, v) = 0. Obtain the equations 
oF oF du oF ov _ 9 oF oF du oF _ 6 














ae @udw dvoe ”’ dy =u ey = avey =” 
aG , aGodu , dG dv _ 0 eG eG eu nt eG ov _ 
oe tude van’ ey duey aay ”’ 


and explain their significance as a sort of partial-total differentiation of F = 0 
and G = 0. Find wu, from them and compare with (13’). Write similar equations 
where 2, y are considered as functions of (wu, v). Hence prove, and compare with 
(15) and Ex. 9, 





ou dy vey 4 Gu Gx 00 o% _ 
dyou dydv * adydu ayav 
23. Show that the differentiation with respect to « and y of the four equations 
under Ex, 22 leads to eight equations from which the eight derivatives 
eu o7u Ou au raat a2 
? ’ ——9 - eee 
du?” away’ = aya’??? oy? 








may be obtained, Show thus that formally u/’ = uw” 


PARTIAL DIFFERENTIATION; IMPLICIT 129 


62. Functional determinants or Jacobians. Let two functions 


u= $(%, y), v= ¥@, 9) (22) 
of two independent variables be given. The continuity of the functions 
and of their first derivatives is assumed throughout this discussion 


and will not be mentioned again. Suppose that there were a relation 
F(u, v) = 0 or F(¢, w) = 0 between the functions. Then 


F¢6,H)=9, Fidit Fie =0, Fibs + Foy =0. (23) 


The last two equations arise on differentiating the first with respect to 
«and y. The elimination of F/ and F/ from these gives 


KM et carved bad (24) 
py Wy O(a, Y) x, 4 

The determinant is merely another way of writing the first expression ; 
the next form is the customary short way of writing the determinant 
and denotes that the elements of the determinant are the first deriva- 
tives of w and v with respect to wand y. This determinant is called the 
Sunetional determinant or Jacobian of the functions wu, v or ¢, y with 
respect to the variables x, y and is denoted by J. It is seen that: Jf 
there is a functional relation F(d, y)=0 between two functions, the 
Jacobian of the functions vanishes identically, that is, vanishes for all 
values of the variables (x, y) under consideration. 





OM, — O14, = 








Conversely, if the Jacobian vanishes identically over a two-dimensional 
region for (x, y), the functions are connected by a functional relation. 
For, the functions w, v may be assumed not to reduce to mere constants 
and hence there may be assumed to be points for which at least one of 
the partial derivatives $/, $,, WZ, w, does not vanish. Let $; be the 
derivative which does not vanish at some particular point of the region. 
Then uv = $(z, y) may be solved as # = x(u, y) in the vicinity of that 
point and the result may be substituted in v. 











= : Ov , OX Se , Ox are 
Y= (x; Y)> oy = wW, By Wy, = vy, yy YW, 
On Ou Ox Ov 1 ; 
Bde By et 24! 
But By By Du and He WES (hiv, — Wehy) (24") 


by (11) and substitution. Thus év/dy=J/¢,; and if J=0, then 
du/dy = 0. This relation holds at least throughout the region for which 
¢, # 0, and for points in this region év /¢y vanishes identically. Hence 
v does not depend on y but becomes a function of w alone, This es- 
tablishes the fact that v and uw are functionally connected. 
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These considerations may be extended to other cases. Let 


w= (a, Y; %) v=, W &); w= x(a, y; #)- (25) 


If there is a functional relation F(u, v, w) = 0, differentiate it. 


Figs + Fevs + Foxe = 9; bz We Xe 
Frid, + Fly + Foxy = 9  |by Yy Xy|= % (26) 
Eps + Fly + Pex, = 0, od: te xX 


o(, w, X) on (u; v, Ww) oy 

O(x, y, 2) 8, Y, 2) ; 

The result is obtained by eliminating F/, F;, F/, from the three equations. 
The assumption is made, here as above, that F/, Fy, F/, do not all vanish ; 
for if they did, the three equations would not imply J=0. On the 
other hand their vanishing would imply that F did not contain wu, v, w, 
—as it must if there is really a relation between them. And now con- 
versely it may be shown that if J vanishes identically, there is a func- 
tional relation between w, v, w. Hence again the necessary and sufficient 
conditions that the three functions (25) be functionally connected is that 
their Jacobian vanish. 


or 


The proof of the converse part is about as before. It may be assumed that at 
least one of the derivatives of u, v, w or ¢, ¥, x by x, y, z does not vanish. Let 
¢, #0 be that derivative. Then w= (x, y, Z) may be solved as r=w(u, y, 2) 
and the result may be substituted in v and w as 


v= (zr, Y, 2) = (», ¥, 2), w=x(X, ¥, Z)=x(, ¥, 2). 


Next the Jacobian of v and w relative to y and z may be written as 




















ov Ow Ow ; 7 O& ; 
: ; Yo x ar Vy, Xa = ats Xy 
CUmNCy am oy cy 
oo Owil” | ,ex Fo OR P 
az az Vo az ae V2 Xa a, + Xz 
Y, ee a ¥| by / Px a | x wa Vy a y/o» 
Y. z “|= b./b, ie “ v: —s, ¢./¢, 
= ake pig er baad hoes cee 9 I 
Px Ye Xe Ne 8s a Py 

















As J vanishes identically, the Jacobian of v and w expressed as functions of y, z, 
also vanishes. Hence by the case previously discussed there is a functional rela- 
tion F(v, w) = 0 independent of y, z; and as v, w now contain u, this relation may 
be considered as a functional relation between u, v, w. 


ee ae : : 

63. If in (22) the variables uw, v be assigned constant values, the 
equations define two curves, and if w, v be assigned a series of such 
values, the equations (22) define a network of curves in some part of the 
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vy-plane. If there is a functional relation w= F(v), that is, if the 
Jacobian vanishes identically, a constant value of v implies a constant 
value of w and hence the locus for which v is constant is also a locus 
for which wu is constant; the set of v-curves coincides with the set of 
u-curves and no true network is formed. This 
case is uninteresting. Let it be assumed that 
the Jacobian does not vanish identically and 
even that it does not vanish for any point (a, y) 
of a certain region of the zy-plane. The indi- 
cations of § 60 are that the equations (22) may 
then be solved for a, y in terms of w, v at any 
point of the region and that there is a pair of 
the curves through each point. It is then proper to consider (w, v) as 
the codrdinates of the points in the region. To any point there corre- 
spond not only the rectangular codrdinates (2, y) but also the eurvi- 
linear codrdinates (u, v). 





The equations connecting the rectangular and curvilinear codrdinates 
may be taken in either of the two forms 


=p (ty),  eU=a(f,Y) OF B= fu, v), ~ yog (u,v), (22!) 


each of which are the solutions of the other. The Jacobians 


J(2*).7(24) =1 (27) 
x, Y U, U 


- ' y (a+dyx, ¥+dyY) 
are reciprocal each to each ; and this rela- (u, v+dv) 
(w+dx, y+dy) 


tion may be regarded as the analogy of (u+du, v+dv) 
the relation (4) of § 2 for the case of Lee 
(yy) (w+dyx, y+ du y) 


the function y= ¢() and the solution 








a = f(y) = $y) in the case of a single ea edu ey 
variable. The differential of arc is O x 
ds? = dx? + dy? = Edu® + 2 Fdudv + Gdv’, (28) 





da\? foy\? z Ox Ox a Oy Cy G@ Ox Uh. oy\? 
ie = aoe ‘= —-— = = r=—(— EN 
ou - Ou) * Gudv  OCudv’ Cu ov 
The differential of area included between two neighboring w-curves and 
two neighboring v-curves may be written in the form 


dA=J & A dudv = dudv + les, 





(29) 


U,V 


< 
See 


These statements will now be proved in detail. 
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To prove (27) write out the Jacobians at length and reduce the result. 
ou av ox OY 
r(2) 7(m2) = ex on) | ou ou 
X,Y U, v ou Ov| |on oy 
dy oy\ |ev ov 
Cuce  ovax oduscy . ovoy 10 
_|erou Oven OLCu GE Ov\ _ me 
~ | dude , Gvdu Ouoy , voy - okt re 
oy ou dydv Cyou oyaDv 

















where the rule for multiplying determinants has been applied and the reduction 
has been made by (15), Ex. 9 above, and similar formulas. If the rule for multi- 
plying determinants is unfamiliar, the Jacobians may be written and multiplied 
without that notation and the reduction may be made by the same formulas as 
before. 

To establish the formula for the differential of arc it is only necessary to write 
the total differentials of dx and dy, to square and add, and then collect. To obtain 
the differential area between four adjacent curves consider the triangle determined 
by (u, v), (u + du, v), (u, v + dv), which is half that area, and double the result. 
The determinantal form of the area of a triangle is the best to use. 


| at ay om ay = dh =e 

dA =2-5 = ts 3 2 % s dudv. 
ade dy — dv oF 50 ee 
ov ov ov ov 


The subscripts on the differentials indicate which variable changes; thus d,«, dy 
are the coérdinates of (wu + du, v) relative to (u, v). This method is easily extended 
to determine the analogous quantities in three dimensions or more. It may be 
noticed that the triangle does not look as if it were half the area (except for infin- 
itesimals of higher order) in the figure ; but see Ex. 12 below. 


It should be remarked that as the differential of area dA is usually 
considered positive when du and dv are positive, it is usually better to 
replace J in (29) by its absolute value. Instead of regarding (u, v) as 
curvilinear coérdinates in the ay-plane, it is possible to plot them in 
their own wv-plane and thus to establish by (22') a transformation of 
the wy-plane over onto the w-plane. A small area in the ay-plane then 
becomes a small area in the we-plane. If J > 0, the transformation is 
called direct; but if J < 0, the transformation is called perverted. The 
significance of the distinction can be made clear only when the ques- 
tion of the signs of areas has been treated. The transformation is called 
conformal when elements of are in the neighborhood of a point in the 
vy-plane are proportional to the elements of are in the neighborhood of 
the corresponding point in the wv-plane, that is, when 


ds? = dx + dy? = k (du? + dv") = kdo*. (80) 
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For in this case any little triangle will be transformed into a little tri- 
angle similar to it, and hence angles will be unchanged by the transfor- 
mation. That the transformation be conformal requires that F = 0 and 
E=G. It is not necessary that E = G =k be constants; the ratio of 
similitude may be different for different points. 

64. There remains outstanding the proof that equations may be solved 
in the neighborhood of a point at which the Jacobian does not vanish. 
The fact was indicated in § 60 and used in § 63. 

THEOREM. Let p equations in n + p variables be given, say, 


Fi (@,) Gy -**; %4,)=0, F,= 0,5 k= 0. (31) 


Let the p functions be soluble for «,, a, ---, x,, when a particular set 
Lop +t) °**» Lntp) Of the other n variables are given. Let the functions 
and their first derivatives be continuous in all the » + p variables in the 
neighborhood of (a,,, #,,, +++, % m+ »),). Let the Jacobian of the functions 
with respect to x,, #,,---, a 


Pp 











en, Om, 
Ox Ox 
ee a 1 1 
y(t) =| 2 2) #0, (82) 
sal Roda OF, we OF, 
OX» 0x, yp" '» Xin + po 


fail to vanish for the particular set mentioned. Then the p equations 
may be solved for the p variables w,, 7,,---, #,, and the solutions will be 
continuous, unique, and differentiable with continuous first partial 
derivatives for all values of ,,,, ---, 4, Sufficiently near to the 
values. 25419 °°°> Lindo" 

TuHeorEM. The necessary and sufficient condition that a functional 
relation exist between p functions of p variables is that the Jacobian 
of the functions with respect to the variables shall vanish identically, 


that is, for all values of the variables. 


The proofs of these theorems will naturally be given by mathematical induction. 
Each of the theorems has been proved in the simplest cases and it remains only to 
show that the theorems are true for p functions in case they are for p — 1. Expand 
the determinant J. 


oF oF oF. ; 
J=a2J,—4J3,—14+-:-+d,— Jy, 2%>, Jp, minors. 
* Oz, pes On, ? Op ie 
For the first theorem J ~ 0 and hence at least one of the minors J,, +--+, Jp must 
fail to vanish. Let that one be J,, which is the Jacobian of F,, ---, #, with respect 


tO @, +++, fp. By the assumption that the theorem holds for the case p — 1, these 
p — 1 equations may be solved for z,, +++, Zp in terms of the n + 1 variables @,, 
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Lp 41, °*'; Ln4+p, and the results may be substituted in F,. It remains to show tha- 
F, = 0 is soluble for z,. Now 


OB yee Oly Oy Oa es pee ay yee (32’) 
Gz, Of, Oi, On; OLp OX, 


For the derivatives of x, +--+, £» with respect to z, are obtained from the equations 
_ OF, , Oy 20, |, Oy at |g Oly, Oly Oy, , OF tty 


0 a 
0%, Ok, OL, Oly OL, OL, Oh, OX, Oly CL, 





resulting from the differentiation of 7, =0,---., F, =0 with respect to z,. The 
derivative éx;/éx, is therefore merely J;/J,, and hence dF,/dz, = J/J, and does 
not vanish. The equation therefore may be solved for z, in terms of %+41,---, 
In +p, and this result may be substituted in the solutions above found for £,, ---, Zp. 
Hence the equations have been solved for z,, 7, ---, Zp) in terms of 211, -++-, In+p 
and the theorem is proved. 

For the second theorem the procedure is analogous to that previously followed. 
If there is a relation F(u,, --, up) = 0 between the p functions 


U, = $,(%,,°°°; Lp), °° Up = dp (1, ---; Lp), 
differentiation with respect to 2,,--+-, Z» gives p equations from which the deriva- 


Ur, see, Up 


tives of F by u,, +--+, Up may be eliminated and at ) = 0 becomes the con- 


ry Di ue a 
ise wae 
dition desired. If conversely this Jacobian vanishes identically and it be assumed 
that one of the derivatives of u; by 2;, say 0u,/éx,, does not vanish, then the solution 
©, = w(U,, %,-++, L) may be effected and the result may be substituted in uy, 
+; Up. The Jacobian of u,, +--+, Up with respect to %,,---, x, will then turn out 
to be J + du,/ox, and will vanish because J vanishes. Now, however, only p— 1 
functions are involved, and hence if the theorem is true for p — 1 functions it must 
be true for p functions. 
EXERCISES 
1. If w=ax+by+ec and v=avxe+4+dy+c’ are functionally dependent, the 
lines w= 0 and v = 0 are parallel ; and conversely. 
2. Provex + y+ 2, vy + yz + 2u, 2? + y? + 2 functionally dependent. 
3. u=artby+et+d, vaedetbyteztd, w=det+oyteztd’ 
are functionally dependent, the pianes u = 0, v = 0, w = 0 are parallel to a line. 
ov ae . dF oF, E 
4. In what senses are a and y,, of (24’) and —+ and — of (82’) partial or total 


dx bx 
l 1 
derivatives ? Are not the two sets completely analogous ? 








eee 
5. Given (25), suppose |" 4 “") 40. Solve v=y and w = x for y and z, substi- 
z Xz we é 
tute in wu = ¢, and prove du/dx = J + . Xy : 
& Xz 








6. Ifu=u(z, y), v= v(2, y), andz=2(é, n),y =y(é, 7), prove 


a(“ ‘) (2 ”) z a(2 ‘). (27/) 
x,y) \& m Bn 


State the extension to any number of variables. How may (27’) be used to prove 
(27)? Again state the extension to any number of variables. 
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7. Prove dV =J (2%) dudvdw = dudvdw + J (22) is the element of 
U, Vv, W ant) ae 


volume in space with curvilinear codrdinates u, v, w = consts. 


8. In what parts of the plane can u =a? + y2, v= «ay not be used as curvi- 
linear codrdinates ? Express ds? for these codrdinates. 


9. Prove that 2u = x? — y?, v = zy is a conformal transformation. 


U O «4 : 
10. Prove that « = — 9 = - is a conformal transformation. 
Us + wu? + v 





11. Define conformal transformation in space. If the transformation 
“2=au + bv + cw, y= Wu+ bv+ cw, 2= Wut vv + cw 
is conformal, is it orthogonal ? See Ex. 10 (£), p. 100. 
12. Show that the areas of the triangles whose vertices are 
(u, v), (w+ du, v), (Uu,v+ dv) and (u+ du, v+ dv), (u+ du, v), (u, v + dv) 
are infinitesimals of the same order, as suggested in § 63. 


13. Would the condition F = 0 in (28) mean that the set of curves u = const. 
were perpendicular to the set v = const. ? 


14. Express H, F, G in (28) in terms of the derivatives of u, v by a, y. 


15. lf z= ¢(s, t), y=V(s, ), z=x/(s, t) are the parametric equations of a 
surface (from which s, t could be eliminated to obtain the equation between 


L, Y, 2), show 
Lee (® t) : r(@ “4 and find ce 
Ox 8, t 8, t oy 





b) 


65. Envelopes of curves and surfaces. Let the equation F(a, y,@)=0 
be considered as representing a family of curves where the different 
curves of the family are obtained by assigning different values to the 
parameter a. Such families are illustrated by 


~@—a@ay’+y=1 and az+y/e=1, (33) 


which are circles of unit radius centered on the z-axis and lines which 
cut off the area }. a? from the first quadrant. As @ changes, the circles 
remain always tangent to the two lines y = + 1 and 

the point of tangency traces those lines. Again, as VY 
a changes, the lines (33) remain tangent to the hyper- 
bola ay = k, owing to the property of the hyperbola 
that a tangent forms a triangle of constant area with 
the asymptotes. The lines y= +1 are called the 
envelope of the system of circles and the hyperbola 
xy =k the envelope of the set of lines. In general, ifthere is a curve 
to which the curves of a family F(a, y, @) = 0 are tangent and if the 
point of tangency describes that curve as « varies, the curve ts called 








Ol 
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the envelope (or part of the envelope if there are several such curves) 
of the family F(x, y, @)= 0. Thus any curve may be regarded as the 
envelope of its tangents or as the envelope of its circles of curvature. 

To find the equations of the envelope note that by definition the 
enveloping curves of the family I(x, y, a) = 0 are tangent to the envelope 
and that the point of tangency moves along the envelope as @ varies. 
The equation of the envelope may therefore be written 


a=$(2), y=vy(e) with F(d,y,e)=0, (34) 
where the first equations express the dependence of the points on the 
envelope upon the parameter @ and the last equation states that each 
point of the envelope lies also on some curve of the family F(a, y, a) = 0. 
Differentiate (34) with respect to a. Then 


Fip'(@) + Fiap'(a) + Fz = 0. (35) 
Now if the point of contact of the envelope with the curve F = 0 is an 
ordinary point of that curve, the tangent to the curve is 


Fia@—a,)+Fj(y—y)=90; and F,¢'+ Fy’ =0, 
since the tangent direction dy: dx =y': ¢' along the envelope is by 
definition identical with that along the enveloping curve; and if the 
point of contact is a singular point for the enveloping curve, F; = F) = 0. 
Hence in either case F; = 0. 
Thus for points on the envelope the two equations 


F(a, y, @) = 0, F(a, y, @) = 0 (36) 


are satisfied and the equation of the envelope of the family F = 0 may 
be found by solving (386) to find the parametric equations x = $(a), 
y= (a) of the envelope or by eliminating @ between (36) to find the 
equation of the envelope in the form ®(x, vy) = 0. It should be remarked 
that the locus found by this process may contain other curves than the 
envelope. For instance if the curves of the family F = 0 have singular 
points and if «= ¢(@), y= w(a@) be the locus of the singular points 
as @ varies, equations (34), (85) still hold and hence (36) also. The 
rule for finding the envelope therefore finds also the locus of singular 
points. Other extraneous factors may also be introduced in performing 
the elimination. It is therefore important to test graphically or analyt- 
ically the solution obtained by applying the rule. 
As a first example let the envelope of (« — a)? + y2 = 1 be found. 
F(a, y, @) =(*— a)? + y2—-1=0, FL =—2(2—a)=0. 

The elimination of @ from these equations gives y2—1=0 and the solution 
for a givest =a, y=+1. The loci indicated as envelopes are y =+ 1. It is 
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geometrically evident that these are reaily envelopes and not extraneous factors, 
But as a second example consider at + y/a=1. Here 

TGS YO) = Obey ca 0 eet — 7 / a2 = 0; 


The solution is y = a@/2, x = 1/2a, which gives xy =1. Thisis the envelope; it could 
not be a locus of singular points of F = 0 as‘there are none. Suppose the elimina- 
tion of @ be made by Sylvester’s method as 


—y/e +0/a +24+0ae=0 == 08 Fe 0 
Na —y/e +0+2a=—0 at 0O-y Om 20: 
y/a@ —1/e@ +24+0a=0 y —1 ae 0) 
O/a? +y/a —1+ae=0 0 y-l1«e 


the reduction of the determinant gives ry (4ay — 1) = 0 as the eliminant, and con- 
tains not only the envelope 4zy =1, but the factors x =0 and y =0 which are 
obviously extraneous. 
As a third problem find the envelope of a line of which the length intercepted 
between the axes is constant. The necessary equations are 
ee ate i Ke ga ag 0, ada + ade 20. 
a B a B? 
Two parameters a, 8 connected by a relation have been introduced; both equations 
have been differentiated totally with respect to the parameters ; and the problem 
is to eliminate a, 8, da, dg from the equations. In this case it is simpler to carry 
both parameters than to introduce the radicals which would be required if only 
one parameter were used. The elimination of da, dg from the last two equations 
gives ©: y = a®: 68 or Ve: Vy =a:f. From this and the first equation, 


1 1 1 il 
= Fae) Sanya, CRS 
a gi@i+yi) B yt(ai + yf) 





colte 
. 


and hence 2 + ys SiG 


66. Consider two neighboring curves of F(a, y,@)= 0. Let (@,, y,) 
be an ordinary point of a = a, and (x, + ax, y, + dy) of a, + da. Then 


F(x, + dx, y+ dy, & + da) — F(x, Yo, %) 
. = Fidx + Fidy + Fada =0 (37) 


holds except for infinitesimals of higher order. The distance from the 
point on a, + da to the tangent to a, at (7, Y) is 


Fda + Fydy ae ae Fida Ean (38) 
tV/P24 FA / PP? 4 Ri 

except for infinitesimals of higher order. This,distance is of the first 
order with da, and the normal derivative da/dn of § 48 is finite except 
when F,=0. The distance is of higher order than da, and da/dn is 
infinite or dn/da is zero when F,;=0. It appears therefore that the 
envelope is the locus of points at which the distance between two neigh- 
boring curves is of higher order than dw. This is also apparent geomet- 
rically from the fact that the distance from a point on a curve to the 
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tangent to the curve at a neighboring point is of higher order (§ 36). 
Singular points have been ruled out because (38) becomes indetermi- 
nate. In general the locus of singular points is not tangent to the 
curves of the family and is not an envelope but an extraneous factor ; 
in exceptional cases this locus is an envelope. 

If two neighboring curves F(x, y, @) = 0, F(x, y, @ + Aw) = 0 inter- 
sect, their point of intersection satisfies both of the equations, and hence 
also the equation 


= [F(x, y,@+ Aa) —F (a, y, @)J=Fi(a, y, « + 0Aa) = 0. 


If the limit be taken for Aw = 0, the limiting position of the intersec- 
tion satisfies F{ = 0 and hence may lie on the envelope, and will le on 
the envelope if the common point of intersection is remote from singular 
points of the curves F(x, y, «@)=90. This idea of an envelope as the 
limit of points in which neighboring curves of the family intersect is 
valuable. It is sometimes taken as the definition of the envelope. But, 
unless imaginary points of intersection are considered, it is an inade- 
quate definition; for otherwise y = (# — @)® would have no envelope 
according to the definition (whereas 7 = 0 is obviously an envelope) and 
a curve could not be regarded as the envelope of its osculating circles. 


Care must be used in applying the rule for finding an envelope. Otherwise not 
only may extraneous solutions be mistaken for the envelope, but the envelope may 
be missed entirely. Consider 


y—sinaz=0 or a—zxz-isin-ly=0, (39) 


where the second form is obtained by solution and contains a multiple valued 
function. These two families of curves are identical, and it is geometrically clear 
that they have an envelope, namely y=+ 1. This is precisely what would be 
found on applying the rule to the first of (39); but if the rule be applied to the 
second of (39), it is seen that I”, = 1, which does not vanish and hence indicates no 
envelope. The whole matter should be examined carefully in the light of implicit 
functions. 

Hence let F(x, y, vw) = 0 be a continuous single valued function of the three 
variables (x, y, a) and let its derivatives F), F), Fy exist and be continuous. Con- 
sider the behavior of the curves of the family near a point (), y») of the curve for 
@= a, provided that (v9, yy) is an ordinary (nonsingular) point of the curve and 
that the derivative Fy (x); Yo, @) does not vanish. As Fy 4 0 and either F’% + 0 
or I) # 0 for (#9, Y¥, &), it is possible to surround (ay, y)) with a region so small 
that F(x, y, @) = 0 may be solved for a = f(x, y) which will be single valued and 
differentiable; and the region may further be taken so small that For th remains 
different from 0 throughout the region. Then through every point of the region 
there is one and only one curve & = f(x, y) and the curves have no singular points 
within the region. In particular no two curves of the family can be tangent to 
each other within the region, 
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Furthermore, in such a region there is no envelope. For let any curve which 
traverses the region be x= ¢(l), y= y(t). Then 


aH=S(OO,¥O), CO=LdO+LYO- 


Along any curve a=f(z, y) the equation ie da + if dy = 0 holds, and if « = ¢(d), 
y =y(t) be tangent to this curve, dy = dx =: ¢' and a a(t) i= OR Orwar—= const: 
Hence the only curve which has at each point the direction of the curve of the 
family through that point is a curve which coincides throughout with some curve 
of the family and is tangent to no other member of the family. Hence there is no 
envelope. The result is that an envelope can be present only when F/ = 0 or when 
1 a = 0, and this latter case has been seen to be included in rhe condition 
ie =0. If F (x, y, &) were not single valued but the branches were separable, the 
same conclusion would hold. Hence in case F(a, y, a) is not single valued the loci 
over which two or more values become inseparable must be added to those over 
which F = 0 in order to insure that all the loci which may be envelopes are taken 
into account. 


67. The preceding considerations apply with so little change to other 
cases of envelopes that the facts will merely be stated without proof. 
Consider a family of surfaces F(a, y, 2, @, 8) = 0 depending on two 
parameters. The envelope may be defined by the property of tangency 
as In § 65; and the conditions for an envelope would be 


Gh y,.2,.a, 8) =O, FF == 0, F, = 0. (40) 


These three equations may be solved to express the envelope as 


Cab (a, 2), y¥=wW(@, B), z= x(@, 8) 


parametrically in terms of a, 8; or the two parameters may be elimi- 
nated and the envelope may be found as ®(a, y, #)=0. In any case 
extraneous loci may be introduced and the results of the work should 
therefore be tested, which generally may be done at sight. 

It is also possible to determine the distance from the tangent plane 
of one surface to the neighboring surfaces as 


Fide + Fidy+Fidz Fida+ F,dB 
Ie TO et ie 








= dn, (41) 


and to define the envelope as the locus of points such that this distance 
is of higher order than |da|+|d8|. The equations (40) would then also 
follow. This definition would apply only to ordinary points of the sur- 
faces of the family, that is, to points for which not all the derivatives 
Fi, F,, F; vanish. But as the elimination of a, 8 from (40) would give 
an equation which included the loci of these singular points, there 
would be no danger of losing such loci in the rare instances where they, 


too, happened to be tangent to the surfaces of the family. 
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The application of implicit functions as in § 66 could also be made in this case 
and would show that no envelope could exist in regions where no singular points 
occurred and where either Fy or Fy failed to vanish. This work could be based 
either on the first definition involving tangency directly or on the second definition 
which involves tangency indirectly in the statements concerning infinitesimals of 
higher order. It may be added that if F(z, y, z, x, 8) = 0 were not single valued, 
the surfaces over which two values of the function become inseparable should be 
added as possible envelopes. 


A family of surfaces F'(a, y, 2, @) = 0 depending on a single param- 
eter may have an envelope, and the envelope is found from 


Ea, y, a) = 9, FL, Y, #, #) = (42) 


by the elimination of the single parameter. The details of the deduction 
of the rule will be omitted. If two neighboring surfaces intersect, the 
limiting position of the curve of intersection lies on the envelope and 
the envelope is the surface generated by this curve as @ varies. The 
surfaces of the family touch the envelope not at a point merely but 
along these curves. The curves are called characteristics of the family. 
In the case where consecutive surfaces of the family do not intersect 
in a real curve it is necessary to fall back on the conception of imagi- 
naries or on the definition of an envelope in terms of tangency or 
infinitesimals; the characteristic curves are still the curves along 
which the surfaces of the family are in contact with the envelope and 
along which two consecutive surfaces of the family are distant from 
each other by an infinitesimal of higher order than da. 

A particular case of importance is the envelope of a plane which 
depends on one parameter. The equations (42) are then 


Ax + By+ Cz+D=0, Ale + Bly+Ce+D'=0, (48) 


where A, B, C, D are functions of the parameter and differentiation 
with respect to it is denoted by accents. The case where the plane 
moves parallel to itself or turns about a line may be excluded as trivial. 
As the intersection of two planes is a line, the characteristics of the 
system are straight lines, the envelope is a ruled surface, and a plane 
tangent to the surface at one point of the lines is tangent to the surface 
throughout the whole extent of the line. Cones and cylinders are exam- 
ples of this sort of surface. Another example is the surface enveloped 
by the osculating planes of a curve in space; for the osculating plane 
depends on only one parameter. As the osculating plane (§ 41) may be 
regarded as passing through three consecutive points of the curve, two 
consecutive osculating planes may be considered as having two consecu- 
tive points of the curve in common and hence the characteristics are 
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the tangent lines to the curve. Surfaces which are the envelopes of a 
plane which depends on a single parameter are called developable surfaces. 
A family of curves dependent on two parameters as 


A (4, ett) a=", GAG Une, G6) =) 0 (44) 
is called a congruence of curves. The curves may have an envelope, that 
is, there may be a surface to which the curves are tangent and which 
may be regarded as the locus of their points of tangency. The envelope 
is obtained by eliminating a, B from the equations 

P= 0); Gz 0); F,G, — F,G, = 9. (45) 
To see this, suppose that the third condition is not fulfilled. The equa- 
tions (44) may then be solved as a = f(a, y, 2), B= (a, y, 2). Reason- 
ing like that of § 66 now shows that there cannot possibly be an 
envelope in the region for which the solution is valid. It may therefore 
be inferred that the only possibilities for an envelope are contained in 
the equations (45). As various extraneous loci might be introduced in 
the elimination of @ 8 from (45) and as the solutions should therefore 
be tested individually, it is hardly necessary to examine the general 
question further. The envelope of a congruence of curves is called the 
focal surface of the congruence and the points of contact of the curves 
with the envelope are called the focal points on the curves. 


EXERCISES 
1. Find the envelopes of these families of curves. In each case test the answer 
or its individual factors and check the results by a sketch: 
(a) y=2an4+at, (6) P=a@—a), () y=ar+k/a, 
(s)aytar=a2, (2) y=aw@ta), (% ~=ae— a)’. 
2. Find the envelope of the ellipses #2/a? + y?/b? =1 under the condition that 
(a) the sum of the axes is constant or (8) the area is constant. 


3. Find the envelope of the circles whose center is on a given parabola aid 
which pass through the vertex of the parabola. 


4. Circles pass through the origin and have their centers on 2? — y? = c?. Find 
their envelope. Ans. A lemniscate. 


5, Find the envelopes in these cases : 
(a) &©+ vya =sin-lay, (8) e+ a@=vers-ly+V2y—y’, 
(vy) y+ @=V1—-1/2. 


6. Find the envelopes in these cases : 


Zz 
(a) Sar aie a (8) ae Comer 
(y 


= 1 with apy =. 
7, Find the envelopes in Ex. 6 wi (6) if w@=forifa=—f8. 
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8. Prove that the envelope of F(z, y, z, «) = 0 is tangent to the surface along 
the whole characteristic by showing that the normal to F(a, y, z, a) = 0 and to the 
eliminant of F = 0, F, = 0 are the same, namely 


0a 0a 
TRE TAY os Te dG RG LR ==. RO ees 
n yY z an ry © on pity * oy ects ® oz 


where a(x, y, Z) is the function obtained by solving F,=0. Consider the problem 
also from the point of view of infinitesimals and the normal derivative. 


9. If there is a curve t= ¢(a), y= (a), 2= x(a) tangent to the curves of 
the family defined by F(z, y, z, a) = 0, G(x, y, 2, a) = 0 in space, then that curve 
is called the envelope of the family. Show, by the same reasoning as in § 65 for 
the case of the plane, that the four conditions F = 0, G = 0, F, = 0, Gg = 0 must 
be satisfied for an envelope ; and hence infer that ordinarily a family of curves in 
space dependent on a single parameter has no envelope. 





10. Show that the family F(a, y, z, ~) =0, Fi (a, y, z, «) = 0 of curves which 
are the characteristics of a family of surfaces has in general an envelope given by 
the three equations F¥= 0, Fz = 0, Fy, = 0. 


11. Derive the condition (45) for the envelope of a two-parametered family of 
curves from the idea of tangency, as in the case of one a 


12. Find the envelope of the normals to a plane curve y = f(x) and show that 
the envelope is the locus of the center of curvature. 


13. The locus of Ex. 12 is called the evolute of the curve y = f(x). In these cases 
find the evolute as an envelope : 
(Q) y= 2 (6) eesla sini cost, (vy) 2zy = a?, 
(6) y? = 2ma, (e) e=a(9—sin#), y=a(1— cos), (f) y = cosha. 


14, Given a surface z = f(x, y). Construct the family of normal lines and find 
their envelope. 


15. If rays of light issuing from a point in a plane are reflected from a curve in 
the plane, the angle of reflection being equal to the angle of incidence, the envelope 
of the reflected rays is called the caustic of the curve with respect to the point. 
Show that the caustic of a circle with respect to a point on its circumference is a 
cardioid. 


16. The curve which is the envelope of the characteristic lines, that is, of the 
rulings, on the developable surface (43) is called the cuspidal edge of the surface. 
Show that the equations of this curve may be found parametrically in terms of the 
parameter of (43) by solving simultaneously 


Ag + By + Cz+D=0, A’w+ By + C'%+ D’ =0, A”a + B’y + C’z + DY =0 


for x, y, z. Consider the exceptional cases of cones and cylinders. 


17. The term ‘developable ” signifies that a developable surface may be developed 
or mapped on a plane in such a way that lengths of ares on the surface become equal 
lengths in the plane, that is, the map may be made without distortion of size or 
shape. In the case of cones or cylinders this map may be made by slitting the cone 
or cylinder along an element and rolling it out upon a plane. What is the analytic 
statement in this case? In the case of any developable surface with a cuspidal 
edge, the developable surface being the locus of all tangents to the cuspidal edge, 


PARTIAL DIFFERENTIATION; IMPLICIT 143 


the length of arc upon the surface may be written as do? = (dt + ds)? 4 t2ds?/R2, 
where s denotes arc measured along the cuspidal edge and ¢ denotes distance along 
the tangent line. This form of do? may be obtained geometrically by infinitesimal 
analysis or analytically from the equations 


r=f()+'(), Y=g)tt9s), 2=h(s) +H (s) 

of the developable surface of which « =f (8), y = (8), 2 = h(s) is the euspidal edge. 
It is thus seen that do? is the same at corresponding points of all developable sur- 
faces for which the radius of curvature R of the cuspidal edge is the same function 
of s without regard to the torsion ; in particular the torsion may be zero and the 
developable may reduce to a plane. 


18. Let the line « = az +b, y =cz +d depend on one parameter so as to gen- 
erate a ruled surface. By identifying this form of the line with (48) obtain by 
substitution the conditions 


Aa+ Be+C=0, A’at+ Beo+C=0 _ Aa’ + Be =0 Oe 








Ab + Bl+D=0, AD+Bd4+D'=0 ™ Ab’ + B=0 vy ai-° 
as the condition that the line generates a developable surface. 
68. More differential geometry. The representation 
EGE G2) — Oye Of Ge f(a, a) (46) 


or a= p(u, v), y=wWu, Vv), z= xu, v) 
of a surface may be taken in the unsolved, the solved, or the parametric 
form. The parametric form is equivalent to the solved form provided 
u, v be taken as a, y. The notation 
Oz Gz Oz Oz Oz 
ae exay: Ret sin Duty O95: 
is adopted for the derivatives of z with respect to and y. The applica- 
tion of Taylor’s Formula to the solved form gives 
Az = ph + qk + 4(rh? + 2 shk + th’) +--- (47) 
with 4 = Av, & = Ay. The linear terms ph + gk constitute the differ- 
ential dz and represent that part of the increment of 2 which would be 
obtained by replacing the surface by its tangent plane. Apart from 
infinitesimals of the third order, the distance from the tangent plane up 
or down to the surface along a parallel to the z-axis is given by the 
quadratic terms } (7)? + 2 shk + th’). 

Hence if the quadratic terms at any point are a positive definite form 
(§ 55), the surface lies above its tangent plane and is concave up; but 
if the form is negative definite, the surface lies below its tangent plane 
and is concave down or convex up. If the form is indefinite but not 
singular, the surface lies partly above and partly below its tangent 
plane and may be called concavo-convex, that is, it is saddle-shaped. If 
the form is singular nothing can be definitely stated. These statements 
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are merely generalizations of those of § 55 made for the case where the 
tangent plane is parallel to the zy-plane. It will be assumed in the 
further work of these articles that at least one of the derivatives 7, s, ¢ 
is not 0. 

To examine more closely the behavior of a surface in the vicinity of 
a particular point upon it, let the xy-plane be taken in coincidence with 
the tangent plane at the point and let the point be taken as origin. 
Then Maclaurin’s Formula is available. 


2=4(ra? + 2 sry + ty’) + terms of higher order 


48 
= 4’(r cos? 9 + 2s sin 6 cos 6 + ¢tsin* 6) + higher terms, — 


where (p, 8) are polar codrdinates in the xy-plane. Then 





1 5 Ve oe) dz\*|t 

R =7rcos?§-+ 2ssin@cos 6+ ¢sin?@= det + E + ei | (49) 
is the curvature of a normal section of the surface. The sum of the 
curvatures in two normal sections which are in perpendicular planes 
may be obtained by giving @ the values 6 and 6+137. This sum 
reduces to 7 + ¢ and is therefore independent of 6. 

As the sum of the curvatures in two perpendicular normal planes is 
constant, the maximum and minimum values of the curvature will be 
found in perpendicular planes. These values of the curvature are called 
the principal values and their reciprocals are the principal radii of 
curvature and the sections in which they lie are the principal sections. 
If s = 0, the principal sections are 6 = 0 and 6 = 477; and conversely 
if the axes of # and y had been chosen in the tangent plane so as to be 
tangent to the principal sections, the derivative s would have vanished 
The equation of the surface would then have taken the simple form 

2 =}(rex + ty’) + higher terms. (50) 
The principal curvatures would be merely 7 and ¢, and the curvature 
in any normal section would have had the form 
1. cos?@  sin?é 


= =—7e 32 # sin? 6. 
R rR, se i ? cos’ 6 + t sin? 6 








If the two principal curvatures have opposite signs, that is, if the 
signs of v and ¢ in (50) are opposite, the surface is saddle-shaped. 
There are then two directions for which the curvature of a normal sec- 
tion vanishes, namely the directions of the lines 


6 =+ tan! V— K,/k, or |rja = + Vit] y. 


These are called the asymptotic directions. Along these directions the 
surface departs from its tangent plane by infinitesimals of the third 
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order, or higher order. If a curve is drawn on a surface so that at each 
point of the curve the tangent to the curve is along one of the asymp- 
totic directions, the curve is called an asymptotic curve or line of the 
surface. As the surface departs from its tangent plane by infinitesimals 
of higher order than the second along‘an asymptotic line, the tangent 
plane to a surface at any point of an asymptotic line must be the oscu- 
lating plane of the asymptotic line. 

The character of a point upon a surface is indicated by the Dupin 
indicatrix of the point. The indicatrix is the conic 


2 
x 


ye 
R, “fe e wis ef. 2 = }(ra* + ty’), (51) 
which has the principal directions as the directions of its axes and the 
square roots of the absolute values of the principal radii of curvature 
as the magnitudes of its axes. The conic may be regarded as similar to 
the conic in which a plane infinitely near the tangent plane cuts the 
surface when infinitesimals of order higher than the second are neg- 
lected. In case the surface is concavo-convex the indicatrix is a hyper- 
bola and should be considered as either or both of the two conjugate 
hyperbolas that would arise from giving z positive or negative values 
in (51). The point on the surface is called elliptic, hyperbolic, or 
parabolic according as the indicatrix is an ellipse, a hyperbola, or a pair 
of lines, as happens when one of the principal curvatures vanishes. 
These classes of points correspond to the distinctions definite, indefinite, 
and singular applied to the quadratic form rh? + 2 shk + tk?. 

Two further results are noteworthy. Any curve drawn on the surface 
differs from the section of its osculating plane with the surface by 
infinitesimals of higher order than the second. For as the osculating 
plane passes through three consecutive points of the curve, its inter- 
section with the surface passes through the same three consecutive 
points and the two curves have contact of the second order. It follows 
that the radius of curvature of any curve on the surface is identical 
with that of the curve in which its osculating plane cuts the surface. 
The other result is Meusnier’s Theorem: The radius of curvature of an 
oblique section of the surface at any point is the projection upon the 
plane of that section of the radius of curvature of the normal section 
which passes through the same tangent line. In other words, if the 
radius of curvature of a normal section is known, that of the oblique 
sections through the same tangent line may be obtained by multiplying 
it by the cosine of the angle between the plane normal to the surface 
and the plane of the oblique section. 
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The proof of Meusnier’s Theorem may be given by reference to (48). Let the 
z-axis in the tangent plane be taken along the intersection with the oblique plane. 
Neglect infinitesimals of higher order than the second. Then 


y=o(e)=hae?, 2=h (ra? + 2sry 4+ ty?) = 12? (48’) 


will be the equations of the curve. The plane of the section is az — ry = 0, as may 
be seen by inspection. The radius of curvature of the curve in this plane may be 
found at once. For if wu denote distance in the plane and perpendicular to the 
g-axis and if » be the angle between the normal plane and the oblique plane 
az — ry = 0, 
U=zZ8ecv=ycscv=4rsecy-t =Lacser- x. 

The form u = 4rsecy- 2? gives the curvature as rsecv. But the curvature in the 
normal section is r by (48’). As the curvature in the oblique section is sec y times 
that in the normal section, the radius of curvature in the oblique section is cosy 
times that of the normal section. Meusnier’s Theorem is thus proved. 

69, These investigations with a special choice of axes give geometric proper- 
ties of the surface, but do not express those properties in a convenient analytic 
form ; for if a surface z= f(z, y) is given, the transformation to the special axes 
is difficult. The idea of the indicatrix or its similar conic as the section of the 
surface by a plane near the tangent plane and parallel to it will, however, deter- 
mine the general conditions readily. If in the expansion 


Az — dz = } (rh? + 2 shk + tk?) = const. (52) 


the quadratic terms be set equal to a constant, the conic obtained is the projection 
of the indicatrix on the zy-plane, or if (52) be regarded as a cylinder upon the 
xy-plane, the indicatrix (or similar conic) is the intersection of the cylinder with 
the tangent plane. As the character of the conic is unchanged by the projection, 
the point on the surface is elliptic if s* < rt, hyperbolic if s? > rt, and parabolic if 
s? = rt. Moreover if the indicatrix is hyperbolic, its asymptotes must project into the 
asymptotes of the conic (52), and hence if dx and dy replace h and k, the equation 


rdx? + 2sdady + tdy? = 0 (53) 


may be regarded as the differential equation of the projection of the asymptotic lines 
on the ay-plane. If r,s, t be expressed as functions f, ff of (, y) and (53) be 
factored, the integration of the two equations M(x, y)dx + N(x, y) dy thus found 
will give the finite equations of the projections of the asymptotic lines and, taken 
with the equation z = f(x, y), will give the curves on the surface. 

To find the lines of curvature is not quite so simple ; for it is necessary to deter- 
mine the directions which are the projections of the axes of the indicatrix, and 
these are not the axes of the projected conic. Any radius of the indicatrix may 
be regarded as the intersection of the tangent plane and a plane perpendicular to 
the zy-plane through the radius of the projected conic. Hence 


Z—* =P CG—%®)+q(y—Y%), (c—X)k=(y—y)h 


are the two planes which intersect in the radius that projects along the direction 
determined by h, k. The direction cosines 








h:k:h 
MRO t+ gk — and A:k:90 (54) 
V2 + K+ (ph + gk)? 
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are therefore those of the radius in the indicatrix and of its projection and they 
determine the cosine of the angle ¢ between the radius and its projection. The 
square of the radius in (52) is 


W2+h?, and (h2 + k?) sec? @ = h® + k? + (ph + gk)? 


is therefore the square of the corresponding radius in the indicatrix. To deter- 
mine the axes of the indicatrix, this radius is to be made a maximum or minimwn 
subject to (52). With a multiplier \, 


h+ ph + qk + (rh + sk) = 0, k + ph + qk + X(sh + tk) = 0 
are the conditions required, and the elimination of \ gives 
h?{s(1+ p®) — par] + hk[t(1 + py?) —r(14+ @)]—@ Et + @) — pat] =0 
as the equation that determines the projection of the axes. Or 


(1 + p?)dx + pady — pqdx + (1 + q?) dy 
rdxz + sdy sdx + tdy 





(55) 


is the differential equation of the projected lines of curvature. 

In addition to the asymptotic lines and lines of curvature the geodesic or shortest 
lines on the surface are important. These, however, are better left for the methods 
of the calculus of variations (§ 159). The attention may therefore be turned to 
finding the value of the radius of curvature in any normal section of the surface. 

A reference to (48) and (49) shows that the curvature is 


1 22 rh? +2shk + th? — rh? + 2shk + th? 
iP p> a p? < h2 + 2 





in the special case. But in the general case the normal distance to the surface is 
(Az — dz) cos y, with sec y = V1+ p? + @?, instead of the 2z of the special case, and 
the radius p? of the special case becomes p? sec? ¢ = h? + k? + (ph + gk)? in the 
tangent plane. Hence 
1 2(Az—dz)cosy _ rl? 4+ 2slm + tm? 
R wW+e+(pht+ qh? Vigpet@ 








(56) 





where the direction cosines 1, m of a radius in the tangent plane have been intro- 
duced from (54), is the general expression for the curvature of a normal section. 


The form . 
il rh? + 2 shk + tk? 1 é 


“= : 7 (56’) 
Ro WW+h? + (ph+ gk)? V14 p24 





where the direction h, k of the projected radius remains, is frequently more con- 
venient than (56) which contains the direction cosines /, m of the original direction 
in the tangent plane. Meusnier’s Theorem may now be written in the form 
cosy rl? + 2slm + tm 
= eee, 
BR Vit p+ @ 
where » is the angle between an oblique section and the tangent plane and where 
1, m are the direction cosines of the intersection of the planes. 

The work here given has depended for its relative simplicity of statement upon 
the assumption of the surface (46) in solved form. It is merely a problem in 
implicit partial differentiation to pass from p, q, 7, 8, t to their equivalents in terms 
of Fj, F,, Fz or the derivatives of ¢, ¥, x by a, B. 





(57) 
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EXERCISES 


1. In (49) show < =! : s + — : cos 26+ ssin26 and find the directions of 


maximum and minimum &. If k, and Rk, are the maximum and minimum values 
of R, show 





il il Lo ul 
eS ee a —— i 
ee ui i Ee, 


Half of the sum of the curvatures is called the mean curvature; the product of the 


curvatures is called the total curvature. 

2. Find the mean curvature, the total curvature, and therefrom (by construct- 
ing and solving a quadratic equation) the principal radii of curvature at the origin : 
(Quy, (8) z=a@+ayty’, (y) z=a(e+y). 

3. In the surfaces (a) z= ay and (8) z= 2a? + y? find at (0, 0) the radius of 
curvature in the sections made by the planes 
(a)et+y=0, (8) e+y+4+2=0, (y) t+ y+2z=0, 
(6) c—2y=0, (ec) e—2y+z=0, (fF) ©+2y+42=0. 
The oblique sections are to be treated by applying Meusnier’s Theorem. 
4, Find the asymptotic directions at (0, 0) in Exs. 2 and 3. 


5. Show that a developable surface is everywhere parabolic, that is, that rt — s? = 0 
at every point ; and conversely. To do this consider the surface as the envelope of 
its tangent plane z — pot — qo¥ = 2% — Poo — AVo: WHETE Do, Ips Los Yos Zp are func- 
tions of a single parameter a. Hence show 





(Fords to) =0=(rt—s?), and vee af ‘ste = Yq (8? — re),- 
Lo. Vo Tor Yo 


The first result proves the statement ; the second, its converse. 


6. Find the differential equations of the asymptotic lines and lines of curvature 
on these surfaces : 


(2) 2AM, (8) 2=tan—(y/2), (vy) 2+ y? = cosha, (6) aye = 1. 
7. Show that the mean curvature and total curvature are 

ie i p) = EAE Ee, 1 we rt — $* : 

2 2(1+ p24 q@)2 R,R, (1+ p?+ @)? 








Re it, 
8. Find the principal radii of curvature at (1, 1) in Ex. 6. 


9. An umbilic is a point of a surface at which the principal radii of curvature 
(and hence all radii of curvature for normal sections) are equal. Show that the 
8 





conditions are - = — = ——— for an umbilic, and determine the umbilics of 
1+p7 pq 14+¢ 


the ellipsoid with semiaxes a, b, ¢c. 


CHAPTER VI 
COMPLEX NUMBERS AND VECTORS 


70. Operators and operations. If an entity w is changed into an 
entity v by some law, the change may be regarded as an operation per- 
formed upon w, the operand, to convert it into v; and if f be introduced 
as the symbol of the operation, the result may be written as v = fu. 
For brevity the symbol 7 is often called an operator. Various sorts 
of operand, operator, and result are familiar. Thus if w is a positive 
number 7, the application of the operator 4/ gives the square root; if w 
represents a range of values of a variable x, the expression f(x) or fx 
denotes a function of #; if w be a function of «, the operation of dif- 
ferentiation may be symbolized by D and the result Dw is the deriva- 


b 
tive; the symbol of definite integration if (*)d* converts a function 


u(x) into a number; and so on in great variety. 

The reason for making a short study of operators is that a consider- 
able number of the concepts and rules of arithmetic and algebra may 
be so defined for operators themselves as to lead to a calculus of opera- 
tions which is of frequent use in mathematics ; the single application to 
the integration of certain differential equations (§ 95) is in itself highly 
valuable. The fundamental concept is that of a product: If u is oper- 
ated upon by f to give fu=v and if v is operated upon by g to give gv =, 
MEY 7 bie =ahags gv = 9fu=w, fb = Ww, (A) 
then the operation indicated as gf which converts u directly into w is 
called the product of f by g. If the functional symbols sin and log be 
regarded as operators, the symbol log sin could be regarded as the 
product. The transformations of turning the wy-plane over on the 
x-axis, so that «' =a, y'=— y, and over the y-axis, so that a’! = — a, 
y' = y, may be regarded as operations ; the combination of these opera- 
tions gives the transformation #’ = — a, y' = — y, which is equivalent 
to rotating the plane through 180° about the origin. 

The products of arithmetic and algebra satisfy the commutative law 
gf = fg, that is, the products of g by fand of f by g are equal. This 
is not true of operators in general, as may be seen from the fact that 
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log sin x and sin log z are different. Whenever the order of the factors 
is immaterial, as in the case of the transformations just considered, the 
operators are said to be commutative. Another law of arithmetic and 
algebra is that when there are three or more factors in a product, the 
factors may be grouped at pleasure without altering the result, that is, 


hgh) = (hg) f= haf. (2) 

This is known as the associative law and operators which obey it are 

called associative. Only associative operators are considered in the 

work here given. 
For the repetition of an operator several times 


H=f, IL=F, LP =f" (3) 
the usual notation of powers is used. The law of indices clearly holds ; 
for f™*" means that f is appled m-+ 2 times successively, whereas 
ff” means that it is apphed times and then m times more. Not 
applying the operator f at all would naturally be denoted by 7°, so that 
fou = u and the operator f° would be equivalent to multiplication by 1; 
the notation f° = 1 is adopted. 

If for a given operation f there can be found an operation g such 
that the product fy = f° =1 is equivalent to no operation, then g is 
called the inverse of f and notations such as 


: ; 1 
SGA FEI Ea NII We aa (4) 


are regularly borrowed from arithmetic and algebra. Thus the inverse 
of the square is the square root, the inverse of sin is sin~1, the inverse 


of the logarithm is the exponential, the inverse of Dis |. Some oper- 


ations have no inverse; multiplication by 0 is a case, and so is the 
square when applied to a negative number if only real numbers are 
considered. Other operations have more than one inyerse; integra- 
tion, the inverse of D, involves an arbitrary additive constant, and the 
inverse sine is a multiple valued function. It is therefore not always 
true that f-*f = 1, but it is customary to mean by f-! that particular 
inverse of f for which f-'f= ff-'=1. Higher negative powers are 
defined by the equation f~" = (f-*)", and it readily follows that 
f°f-"=1, as may be seen by the example 


Rie AP ARCO tm ibe ter AER at tat pon 8 i he © 
The law of indices f"f" = f"*" also holds for negative indices, except 


in so far as f-'f may not be equal to 1 and may be Reiatse (cas 
reduction of ff" to 7™+", 
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If wu, v, and w + v are operands for the operator f and if 


utr) = fu t+ fr, (5) 
so that the operator applied to the sum gives the same result as the 
sum of the results of operating on each operand, then the operator 
f is called linear or distributive. If Jf denotes a function such that 
S@+y)=f(«) + f(y), it has been seen (Ex. 9, p. 45) that f must be 
equivalent to multiplication by a constant and fx =Czr. For a less 
specialized interpretation this is not so; for 


D(w+v)=Du+Dv and fo Stall?) = fu + fo 


are two of the fundamental formulas of calculus and show operators 
which are distributive and not equivalent to multiplication by a constant. 
Nevertheless it does follow by the same reasoning as used before (Ex. 9, 
p. 45), that fnu = nfu if f is distributive and if » is a rational number. 

Some operators have also the property of addition. Suppose that aw 
is an operand and f, g are operators such that fw and gu are things that 
may be added together as fu + gu, then the swm of the operators, f + g, 
is defined by the equation (f+ g)u=fu-+ gu. If furthermore the 
operators jf, g, / are distributive, then 


h(f+g=hfthg and (f+g)h=fh+ gh, o 


and the multiplication of the operators becomes itself distributive. To 
prove this fact, it is merely necessary to consider that 


AL(f+ guj] =h( fut gu) = hfu + hgu 
and (f+ 9) (hu) = fhu + ghu. 


Operators which are associative, commutative, distributive, and which 
admit addition may be treated algebraically, in so far as polynomials are 
concerned, by the ordinary algorisms of algebra; for it is by means 
of the associative, commutative, and distributive laws, and the law of 
indices that ordinary algebraic polynomials are rearranged, multiplied 
out, and factored. Now the operations of multiplication by constants 
and of differentiation or partial differentiation as apphed to a function 
of one or more variables z, v, z, --- do satisfy these laws. For instance 


c(Du) = D(cu), D,D,jw = D,D,u, (Dz, + D,) Du = DD + DD. (7) 


(ofa Cea) 

Hence, for example, if y be a function of #, the expression 
Dy ci aD" ty rye ie aie at, Dy + Ay), 

where the coefficients « are constants, may be written as 


(D" + a.D®-14+--++a,_,D+ 4,)y (8) 
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and may then be factored into the form 


[(D — %)(D — a) --- (D — &_1)(D — &)]Y, (8') 
where @,, @,, ---, a, are the roots of the algebraic polynomial 


x" + a,e"-14.--+4,_ 04+, = 9. 


EXERCISES 


1. Show that (fgh)-1 = h-1g-1f-1, that is, that the reciprocal of a product of 
operations is the product of the reciprocals in inverse order. 


2. By definition the operator gfg—1 is called the transform of f by g. Show 
that (a) the transform of a product is the product of the transforms of the factors 
taken in the same order, and (8) the transform of the inverse is the inverse of the 
transform. 


3. If s 41 but s? = 1, the operator s is by definition said to be involutory. Show 
that (@) an involutory operator is equal to its own inverse; and conversely (8) if 
an operator and its inverse are equal, the operator is involutory ; and (y) if the 
product of two involutory operators is commutative, the product is itself involu- 
tory ; and conversely (6) if the product of two involutory operators is involutory, 
the operators are commutative. 


4. If f and g are both distributive, so are the products fg and gf. 
5. If f is distributive and n rational, show fnu = nfu. 


6. Expand the following operators first by ordinary formal multiplication and 
second by applying the operators successively as indicated, and show the results 
are identical by translating both into familiar forms. 


d?y dy 
a) (D— 1) (Di 2\y.) Anse 8 
(2) (D=1)(D—-2)y, Ans, “43 


(8) (D—1)D(D+1)y, — (v) D(D—2)(D +1) (D+ 8)y. 


+ 2y, 


7. Show that (D— a) [espe “Xa | = X, where X is a function of z, and 
hence infer that ew [ e= ax(x) dx is the inverse of the operator (D— a) (x). 
8. Show that D(ey) = e**(D + a)y and hence generalize to show that if 
P(D) denote any polynomial in D with constant coefficients, then 
P (D) » ety = eP (D+ a)y. 
Apply this to the following and check the results, 
(a) (D*?—3D + 2) ety = (D2 4+ D)y = on (TY ah z): 
(B) (D? — 3D — 2) ety, (y) (D8 — 3D + 2) ey. : 


9, If y is a function of 2 and w = et show that 





Day = e~ ‘Diy, D2y = e~3*D,(Di— 1) y, +++, DPy = e-?*De(Di— 1) +++ (De— pp $1) v. 


10. Is the expression (AD, + kDy)", Which oceurs in Taylor’s Formula (§ 54), 
the nth power of the operator AD; + kD, or is it merely a conventional symbol ? 
The same question relative to (7D + yD,)* occurring in Euler’s Formula (§ 53) ? 
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71. Complex numbers. In the formal solution of the equation 
ax? + bx + ¢ = 0, where J? < 4ac, numbers of the form m +n -V—1, 
where m and m are real, arise. Such numbers are called complex or 
imaginary ; the part m is called the real part and nV—1 the pure 
imaginary part of the number. It is customary to write Voi =iand 
to treat ¢ as a literal quantity subject to the relation 7 = —1. The defini- 
tions for the equality, addition, and multiplication of complex num- 


bers are ; A aa 3 
atbv=c+di ifandonlyif a=c,b=d, 


[a+ dt] +[e+di]=@+e)+64 qi, (9) 
[a + bt] [e + di] = (ae — bd) + (ad + bc) i. 


It readily follows that the commutative, associative, and distributive 
laws hold in the domain of complex numbers, namely, 


a@+BP=B+a, (@+p)+y=a+(8+y), 
ap = Ba, (#8) y = @ (By), (10) 
a(B+y)=aB+ ay, (@+ B)y=ay + By, 


where Greek letters have been used to denote complex numbers. 
Division is accomplished by the method of rationalization. 


a+ bi atbe—di_ (ac+ bd) + (be —ad)i (11) 


etd etdie=—di Gade GF 








This is always possible except when c? + a = 0, that is, when both ¢ 
and d are 0. A complex number is defined as 0 when and only when 
its real and pure imaginary parts are both zero. With this definition 0 
has the ordinary properties that « + 0 = @ and #0 = 0 and that w/0 is 
impossible. Furthermore if a product aB vanishes, either a or B vanishes. 
For suppose 


[@ + bi] [e + di] = (ae — bd) + (ad + be) i=. 
Then ac—bd=0 and ad+be=0, (12) 


from which it follows that either a=b=0 orc=d=0. From the 
fact that a product cannot vanish unless one of its factors vanishes 
follow the ordinary laws of cancellation. In brief, adi the elementary 
laws of real algebra hold also for the algebra of complex numbers. 

By assuming a set of Cartesian codrdinates in the xy-plane and asso- 
ciating the number a + bi to the point (a, 6), a graphical representation 
is obtained which is the counterpart of the number scale for real num- 
bers. The point (a, 4) alone or the directed line from the origin to the 
point (a, 6) may be considered as representing the number a + Oi. 
Tf OP and OQ are two directed lines representing the two numbers 
« +-bi and c+ di, a reference to the figure shows that the line which 
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represents the sum of the numbers is OR, the diagonal of the parallelo- 
gram of which OP and OQ are sides. Thus the geometric law for adding 
complex numbers is the same as the law for compounding forces and is 
known as the parallelogram law. A segment AB of a line possesses 
magnitude, the length 4B, and direction, the 
direction of the line AB from A to B. A 
quantity which has magnitude and direction is 
called a vector ; and the parallelogram law is 
called the law of vector addition. Complex num- 
bers may therefore be regarded as vectors. 
From the figure it also appears that OQ and PR have the same mag- 
nitude and direction, so that as vectors they are equal although they 
start from different points. As OP + PR will be regarded as equal to 
OP + OQ, the definition of addition may be given as the triangle law 
instead of as the parallelogram law; namely, from the terminal end P 
of the first vector lay off the second vector PR and close the triangle 
by joining the initial end O of the first vector to the terminal end R of 
the second. The absolute value of a complex number a+ Ji is the 
magnitude of its vector OP and is equal to Va" + 7, the square root of 
the suin of the squares of its real part and of the coefficient of its pure 





imaginary part. The absolute value is denoted by |# + 7) as in the case 
of reals. If wand B are two complex numbers, the rule |a|+|8| = |e + B) 
is a consequence of the fact that one side of a triangle is less than the 
sum of the other two. If the absolute value is given and the initial end 


of the vector is fixed, the terminal end is thereby constrained to lie 





upon a circle concentric with the initial end. 
72. When the complex numbers are laid off from the origin, polar 
coordinates may be used in place of Cartesian. Then 


r=aVe+o, obestansb/a*, a=ercod b6=nrsind 13 
and a+ ib=r(cos d+ isin ¢). oy 
The absolute value 7 is often called the modulus or magnitude of the 
complex number; the angle ¢@ is called the angle or argument of the 
number and suffers a certain indetermination in that 27, where n is 
a positive or negative integer, may be added to ¢ without affecting the 
number. This polar representation is particularly useful in discussing 
products and quotients. For if 


a =r,(cos d, + ¢sin 4,), B=r,(cos ¢, + 7¢sin 4,), 
then aB = r,r,[cos (f, + $,) + isin (>, + $,)]; 


* As both cos # and sin are known, the quadrant of this angle is determined. 


(14) 
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as may be seen by multiplication according to the rule. Hence the 
magnitude of a product is the product of the magnitudes of the factors, 
and the angle of a product is the sum of the angles of the factors; the 
general rule being proved by induction. 

The interpretation of multiplication.by a complex number as an oper- 
ation is illuminating. Let 8 be the multiplicand and @ the multiplier. 
As the product @B has a magnitude equal to the product of the magni- 
tudes and an angle equal to the sum of the angles, the factor @ used as 
a multiplier may be interpreted as effecting the rotation of 8 through 
the angle of @ and the stretching of 8 in the ratio |a|:1. From the 
geometric viewpoint, therefore, multiplication by a complex number is 
an operation of rotation and stretching in the plane. In the case of 
a=cosp?+ising with 7 =1, the operation is only of rotation and 
hence the factor cos @¢ + isin ¢ is often called a cyclic factor or versor. 
In particular the number i = -V—1 will effect a rotation through 90° 
when used as a multiplier and is known as a quadrantal versor. The 
series of powers i, ? = —1, ®?= — i, tt =1 give rotations through 90°, 
180°, 270°, 360°. This fact is often given as the reason for laying off 
pure imaginary numbers 07 along an axis at right angles to the axis 
of reals. 

As a particular product, the nth power of a complex number is 


a” = (a -+ 0)" =[r(cos 6 +7sin d) |" = 7" (cosnd+isinnd); (15) 
and (cos @ + isin $)” = cos nf + isin nd, (15') 


which is a special case, is known as De Moivre’s Theorem and is of use 
in evaluating the functions of n@; for the binomial theorem may be 
applied and the real and imaginary parts of the expansion may be 
equated to cos n@ and sinnd. Hence 
° 

n(n — 1) 

2! 

n(n —1)\(n — 2)(n — 8) 
1 ( : repe sk co 


COs nh = COs"h — cos"~* sin*h 





s"—4h sinth — +: (16) 
n(n —1)(n — 2) 


3! 


cos"~° sin’d + ---. 





sin nd = n cos"—' sin d 


As the nth root Va of a must be a number which when raised to the 
nth power gives a, the nth root may be written as 

n n ° . 

Va = V7 (cos p/n +isin p/n). ale, 
The angle ¢, however, may have any of the set of values 


d; o+2n, p+ 47, aw) p+ 2(n—1)7, 
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and the nth parts of these give the n different angles 


ER Aes As 8a $,20—D7 as) 


n n ” n 


Hence there may be found just » different mth roots of any given com- 
plex number (including, of course, the reals). 


The roots of unity deserve mention, The equation «” = 1 has in the real domain 
one or two roots according as n is odd or even. But if 1 be regarded as a complex 
number of which the pure imaginary part is zero, it may be represented by a point 
at a unit distance from the origin upon the axis of reals; the magnitude of 1 is 1 
and the angle of 1 is 0, 27, +--+, 2(n—1)7. The nth roots of 1 will therefore have 
the magnitude 1 and one of the angles 0, 27/n,---, 2(n—1)7/n. The n nth roots 
are therefore 





Pip ei cen Vite 
1, a@=cos— + isin—, a= 
n n 


bie IES, isin? @— DT, 
nN nN 


a»-1= cos 


and may be evaluated with a table of natural functions. Now 2" — 1 =0 is factor- 
able as (w — 1)(a"-1+4 a-—-24.--.4a+1)=0, and it therefore follows that the 
nth roots other than 1 must all satisfy the equation formed by setting the second 
factor equal to 0. As q@ in particular satisfies this equation and the other roots are 
a?,.--, a®—1, it follows that the sum of the n nth roots of unity is zero. 


EXERCISES 


1. Prove the distributive law of multiplication for complex numbers. 


2. By definition the pair of imaginaries a + bi and a— bi are called conjugate 
imaginaries. Prove that (a) the sum and the product of two conjugate imaginaries 
are real ; and conversely (8) if the sum and the product of two imaginaries are both 
real, the imaginaries are conjugate. 


3. Show that if P(x, y) is a symmetric polynomial in z and y with real coeffi- 
cients so that P(x, y) = P(y, x), then if conjugate imaginaries be substituted for x 
and y, the value of the polynomial will be real. 


4. Show that if a+ bi is a root of an algebraic equation P(x) = 0 with real 
coefficients, then a — bi is also a root of the equation. 


5. Carry out the indicated operations algebraically and make a graphical repre. 
sentation for every number concerned and for the answer : 


(z)(1+%, (6) 14+ V8i)(1—%, = (vy) @ +V—2) 4+ V—5), 











1 1 5 
gt, wit xsl tH Sen, 
Lente V2—iv3 
eae Be me ena Ge) 
rere is Teena (+) 2 


6. Plot and find the modulus and angle in the following cases: 


(a) — 2, (8) —2V—1, (vy) 3+ 4%, () ¢-JV—8 
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7. Show that the modulus of a quotient of two numbers is the quotient of the moduli 
and that the angle is the angle of the numerator less that of the denominator. 


8. Carry out the indicated operations trigonometrically and plot: 
(2) The examples of Ex. 5, (2) Visivi-i, () V—242V384, 
ae ed = —— 8 
(8) C/T 4 t$ V1 = 43, (QV Va EV 22 (y/o 8-84, 


(7) V16 (cos 200° + isin200°), (4) Y—1, («) VBE. 


9. Find the equations of analytic geometry which represent the transforma- 
tion equivalent to multiplication by a= —1+ Vie 8. 


10. Show that |z— @|=1r, where z is a variable and @ a fixed complex number, 
is the-equation of the circle (w — a)? + (y — b)2? = r?. 


11. Find cos5z and cos8~ in terms of cosa, and sin6« and sin7« in terms of 
sin 2. 


12. Obtain to four decimal places the five roots V1. 


13. If z=a2+4 iy and & =2’ + iy’, show that 2’ = (cos¢ — ising)z— a is the 
formula for shifting the axes through the vector distance a=a-+ ib to the new 
origin (a, 6) and turning them through the angle ¢. Deduce the ordinary equa- 
tions of transformation. 


14. Show that |z— a|=k|z— 8], where £ is real, is the equation of a circle ; 
specify the position of the circle carefully. Use the theorem: The locus of points 
whose distances to two fixed points are in a constant ratio is a circle the diameter 
of which is divided internally and externally in the same ratio by the fixed points. 





15. The transformation z’ = an Y » where a, b, c, d are complex and ad — be 4 0, 
Cz 
is called the general linear transformation of z into z’. Show that 
ca+d 





|z—a@’|=k|z’—p’| becomes |z—a|=k 


‘|2—Bl. 








cB+d 
Hence infer that the transformation carries circles into circles, and points which 
divide a diameter internally and externally in the same ratio into points which 
divide some diameter of the new circle similarly, but generally with a different ratio. 


73. Functions of a complex variable. Let z =x + iy be a complex 
variable representable geometrically as a variable point in the xy-plane, 
which may be called the complex plane. As 2 determines the two real 
numbers z and y, any function F(x, y) which is the sum of two single 
valued real functions in the form 

F(a, y) =X (a, y) + iY (a, y) = RF (cos 6 + ¢8in ©) (19) 
will be completely determined in value if z is given. Such a function 
is called a complex function (and not a function of the complex variable, 


for reasons that will appear later). The magnitude and angle of the 
function are determined by 


ne a, 
Ra=VXi + V7, cosd= >, sin®==. (20) 


Se 
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The function F is continuous by definition when and only when both 
X and Y are continuous functions of (#, y); Rk is then continuous in 
(x, y) and F can vanish only when k = 0; the angle ® regarded as a 
function of (x, y) is also continuous and determinate (except for the 
additive 2 7) unless R = 0, in which case X and Y also vanish and the 
expression for involves an indeterminate form in two variables and 
is generally neither determinate nor continuous (§ 44). 

If the derivative of F with respect to z were sought for the value 
2z=a-+ ib, the procedure would be entirely analogous to that in the 
case of a real function of a real variable. The increment Az = Ax + iAy 
would be assumed for z and AF would be computed and the quotient 
AF/Az would be formed. Thus by the Theorem of the Mean (§ 46), 


AF AX+%AY_ (Xji+iV/) Aw + (Xj + iV) Ay HE 


Az Agv+ iAy =~ Az + iAy 








where the derivatives are formed for (a, )) and where ¢ is an infinitesi- 
mal complex number. When Az approaches 0, both Av and Ay must 
approach 0 without any implied relation between them. In general the 
limit of AF’/Az is a double limit (§ 44) and may therefore depend on 
the way in which Az and Ay approach their limit 0. 

Now if first Ay = 0 and then subsequently Ax = 0, the value of the 
limit of AF /Az is X;+7Y; taken at the point (a, >); whereas if first 
Aw + 0 and then Ay = 0, the value is — 1X; + Y). Hence if the limit 
of AF/Az is to be independent of the way in which Az approaches 0, it 
is surely necessary that 


ax, oY __,ox , ov 
0x : on ; Cy ey 5 





e ax_oy 4 aX_ OY r 
Ox Oy i Oy ss — 


And evnversely if these relations are satisfied, then 


AF OX ay feng Ox 
RS =(5 tig) tt=(q, -i) +6 





and the limit is X;+ ¢Y; = Y; — 7X; taken at the point (a, 0), and is 
independent of the way in which Az approaches zero. The desirability 
of having at least the ordinary functions differentiable suggests the 
definition: A complex function F(a, y) =X (a, y) + iY (a, y) is con- 
sidered as a function of the complea variable z= «+ iy when and only 
when X and Y are in general differentiable and satisfy the relations (22), 
In this case the derivative ts 
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dF 0x OO ox 
I Ae ere cae ee oO = Ewe : 
RO dA Ox ae Ox Oy ; oy 





(28) 


These conditions may also be expressed in polar codrdinates (Ex. 2). 


A few words about the function @(x, y). ‘This is a multiple valued function of 
the variables (x, y), and the difference between two neighboring branches is the con- 
stant 27. The application of the discussion of § 45 to this case shows at once that, 
in any simply connected region of the complex plane which contains no point (a, b) 
such that R (a, b) = 0, the different branches of (a, y) may be entirely separated 
so that the value of @ must return to its initial value when any closed curve is de- 
scribed by the point (x, y). If, however, the region is multiply connected or contains 
points for which Rk = 0 (which makes the region multiply connected because these 
points must be cut out), it may happen that there will be circuits for which ®, 
although changing continuously, will not return to its initial value. Indeed if it can 
be shown that ® does not return to its initial value when changing continuously as 
(x, y) describes the boundary of a region simply connected except for the excised 
points, it may be inferred that there must be points in the region for which R = 0. 

An application of these results may be made to give a very simple demonstration 
of the fundamental theorem of algebra that every equation of the nth degree has at least 
one root. Consider the function 


F(Z) = 2% + aml ++ + Gh 12 + G& = X (a, y) + iY (@, 9), 


where X and Y are found by writing z as x + iy and expanding and rearranging. 
The functions Y and Y will be polynomials in (a, y) and will therefore be every- 
where finite and continuous in (a, y). Consider the angle of F. Then 
Gn —I Un 

a5 <2) = ang. of z"-+ ang. of (1+---). 


gn—-l gn 





® = ang. of F = ang. of (1 aed f..- 4 
z 


Next draw about the origin a circle of radius r so large that 


An —1 An 


gu 





Vy Wnet| 


|n| 
ip (us ie 


a <e. 


gn—-l 











| 
Zz 








Then for all points z upon the circumference the angle of F is 
© —ang. of F = n(ang. of z) + ang. of (1+ 7), |n|<e. 


Now let the point (x, y) describe the circumference. The angle of z will change by 
2a for the complete circuit. Hence must change by 2 nz and does not return to 
its initial value. Hence there is within the circle at least one point (a, b) for which 
R (a, b) = 0 and consequently for which X (a, b) = 0 and Y (a, b) = O and F(a, b)=0. 
Thus if ~=a-+ ib, then F(a) =0 and the equation F(z) = 0 is seen to have at 
least the one root a. It follows that z— @ is a factor of F(z) ; and hence by induc- 
tion it may be seen that /'(z) = 0 has just n roots. 


74. The discussion of the algebra of complex numbers showed how 
the sum, difference, product, quotient, real powers, and real roots of 
such numbers could be found, and hence made it possible to compute 
the value of any given algebraic expression or function of 2 for a given 
value of z. It remains to show that any algebraic expression in % 1s 
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really a function of z in the sense that it has a derivative with respect 
to z, and to find the derivative. Now the differentiation of an algebraic 
function of the variable x was made to depend upon the formulas of dif- 
ferentiation, (6) and (7) of § 2. A glance at the methods of derivation 
of these formulas shows that they were proved by ordinary algebraic 
manipulations such as have been seen to be equally possible with imagi- 
naries as with reals. It therefore may be concluded that an algebraic 
expression in z has a derivative with respect to z and that derivative 
nay be found just as if z were a real variable. 

The case of the elementary functions ¢, log z, sinz, cos 2, --- other 
than algebraic is different; for these functions have not been defined 
for complex variables. Now in seeking to define these functions when z 
is complex, an effort should be made to define in such a way that: 1° 
when 2 is real, the new and the old definitions become identical; and 
2° the rules of operation with the function shall be as nearly as possi- 
ble the same for the complex domain as for the real. Thus it would be 
desirable that De* = e* and e+” = e*e”, when 2 and w are complex. 
With these ideas in mind one may proceed to define the elementary 
functions for complex arguments. Let 


e = R(a, y)[cos ®(a, y)+ isin &(a, y)}. (24) 
The derivative of this function is, by the first rule of (23), 


0 0 
De? = — (Ros ©) +i = (RK sin® 
0x ( Fa ox ( ) 
= (R; cos 6 — RF sin®- ®/) + i (Risin ®+ R cos ®- @)), 
and if this is to be identical with e* above, the equations 
R, cos ® — R&, sind = Reos ® oh 
‘ or 
Risin ® + R&/ cos 6 = R sin & 6, =0 
must hold, where the second pair is obtained by solving the first. If 
the second form of the derivative in (23) had been used, the results 
would have been Rk; =0, @/=1. It therefore appears that if the 
derivative of e*, however computed, is to be e*, then 
R,=R, R/=0, &=0, oH =1 
are four conditions imposed upon R and &. These conditions will be 
satisfied if R = ce? and ® = y.* Hence define 
e = e+ = e* (cosy + isin y). (25) 


* The use of the more general solutions R = Ge*, = y + C would lead to expressions 
which would not reduce to ev when y = 0 and z= x or would not satisfy ez + v = ezer, 
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With this definition De* is surely ¢*, and it is readily shown that tha 
exponential law e*+” = e*e” holds. 


For the special values } mi, mi, 2 ai of z the value of e* is 


la . . ° 
Oe dy edie a es em 1, 


Hence it appears that if 2 nmi be added to z, e* is unchanged; 
Gye ea period. arm. (26) 
Thus in the complex domain e* has the period 277i, just as cos x and 
sin have the real period 27. This relation is inherent; for 
e—=cosy+isiny, e”“=cosy—isiny, 
ev + ev ev — e-¥# 


9 Ae fain Yo eng pa 0 (27) 


The trigonometric functions of a real variable y may be expressed in 
terms of the exponentials of yi and — yi. As the exponential has been 
defined for all complex values of z, it is natural to use (27) to define 
the trigonometric functions for complex values as 


and cos y = 


ext se en . ex te! e7* 
COs 2 = iO saa s1n 2 = oe (27') 
With these definitions the ordinary formulas for cos (2 + w), D sing, --- 
may be obtained and be seen to hold for complex arguments, just as the 
corresponding formulas were derived for the hyperbolic functions (§ 5). 
As in the case of reals, the logarithm log z will be defined for com- 


plex numbers as the inverse of the exponential. Thus 
if e=w, then logw=2+2nmi, (28) 


where the periodicity of the function e* shows that the logarithm is not 
uniquely determined but admits the addition of 2nmi to any one of its 
values, just as tan~'z admits the addition of nw. If w is written as a 
complex number w + iw with modulus 7 = Vw? + v? and with the angle 
#, it follows that 


w=u+tw=r(cosd +isin p) =re™ = cert; (29) 
and log w = logr + di = log Vw + v*? + 7 tan (v/v) 


is the expression for the logarithm of w in terms of the modulus and 
angle of w; the 2 n7ri may be added if desired. 

To this point the expression of a power a’, where the exponent 0 is 
imaginary, has had no definition. The definition may now be given in 
terms of exponentials and logarithms. Let 


aes or log a= bloga. 
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In this way the problem of computing a’ is reduced to one already 
solved. From the very definition it is seen that the logarithm of a 
power is the product of the exponent by the logarithm of the base, as 
in the case of reals. To indicate the path that has been followed in 
defining functions, a sort of family tree may be made. 


real numbers, x real angles, x 
| I ; 
real powers and real trigonometric functions, 
roots of reals, x” cos®, sing, tan—1a, --- 
| 
exponentials, logarithms real powers and roots 
of reals, e*, log x of imaginaries, 2” 





| 
exponentials of imaginaries, e* 
| 
logarithms of imaginaries, log z trigonometric functions 


; : of imaginaries 
imaginary powers, 2% 


EXERCISES 


1. Show that the following complex functions satisfy the conditions (22) and 
are therefore functions of the complex variable z. Find F’(z): 
(a) a2 — y? + 2iny, (6) x8 — 8 (xy? + a? — y?) + i8ry — y® — bay), 
x 5 Y [2 2 . =F) y 
(y) 4 yt wey (6) log aL + Yy + iztan me 
(e) ercosy + ie*sin y, (¢) sinw sinh y + icosz cosh y. 
2. Show that in polar cobrdinates the conditions for the existence of F'’(z) are 


pemeah pgmere. x aX .aY 
GAs NON we ee ee PG) =(S 41 
or Y 0p or Y 0p er or 











(cos ¢ — isin ¢). 


3. Use the conditions of Ex. 2 to show from Dlogz = 2-1 that loez = logr + ¢i. 
4. From the definitions given above prove the formulas 


(a) sin(@ + iy) = sinew cosh y + icosz sinh y, 
(B) cos(« + iy) = cosx cosh y — isin sinh y, 


(y) tan(e + #y) = sin2a + isinh2 y 





cos2xv + cosh2 y 
5. Find to three decimals the complex numbers which express the values of : 


1a; . 1 Oy pea: . 
(a) C4 na (8) e, (y) e2 3 4 (8) ek rs 
(e) sin 4 zi, (¢) cost, (m) sin@G@+4v—8), (6) tan(—1—9, 
(¢) log(—1), (x) logi, ~— (A) log @+4V—3),  (w) log(—1— 3). 
6. Owing to the fact that log a is multiple valued, a? is multiple valued in such 
a manner that any one value may be multiplied by e2”7%*, Find one value of each 
of the following and several values of one of them: 
1 


iy i pics 
(2) 2, (#6) Vi, 8) V2, =) G4RV—3)" 
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7. Show that Da? = a#loga when a and z are complex. 


8. Show that (a°)¢ = a’; and fill in such other steps as may be suggested by 
the work in the text, which for the most part has merely been sketched in a broad 
way. 


9. Show that if f(z) and g(z) are two-functions of a complex variable, then 
J(2) + 9(2), f(z) with a a complex constant, f(z) 9(z), £(2)/g(z) are also func- 
tions of z. 


10. Obtain logarithmic expressions for the inverse trigonometric functions. 
Find sin-1i. 


75. Vector sums and products. As stated in § 71, a vector is a quan- 
tity which has magnitude and direction. If the magnitudes of two 
vectors are equal and the directions of the two vectors are the same, 
the vectors are said to be equal irrespective of the 
position which they occupy in space. The vector 
—« is by definition a vector which has the same 
magnitude as @ but the opposite direction. The 
vector ma@ is a vector which has the same direction 
as a (or the opposite) and is m (or —m) times as 
long. The law of vector or geometric addition is 
the parallelogram or triangle law (§ 71) and is still 
appheable when the vectors do not lie in a plane 
but have any directions in space; for any two vec- 
tors brought end to end determine a plane in which the construction 
may be carried out. Vectors will be designated by Greek small letters 
or by letters in heavy type. The relations of equality or similarity 
between triangles establish the rules 





a+B=B+a,a+(B+y)=(@+h)+y, m(@+fp)=ma+mB (80) 


as true for vectors as well as for numbers whether real or complex. A 
vector is said to be zero when its magnitude is zero, and it is writ- 
ten 0. From the definition of addition it follows that 


a+0=a. In fact as far as addition, subtraction, and "y 
multiplication by numbers are concerned, vectors obey 
the same formal laws as numbers. P 


A vector p may be resolved into components par- 
allel to any three given vectors a, 8, y which are not 
parallel to any one plane. For let a parallelepiped 
be constructed with its edges parallel to the three 
given vectors and with its diagonal equal to the vector whose compo- 





yB 


A 
a 


nents are desired. The edges of the parallelepiped are then certain 
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multiples xa, yB, zy of a, B, y; and these are the desired components 
of p. The vector p may be written as 

p= xa + yB + zy.™ (31) 
It is clear that two equal vectors would necessarily have the same 
components along three given directions and that the components of a 
zero vector would all be zero. Just as the equality of two complex 
numbers involved the two equalities of the respective real and imagi- 
nary parts, so the equality of two vectors as 


p=rwat+yB+ey=2'a+y'B+e'y=p' (31') 
involves the three equations «= a',y=y',z=2'. 


As a problem in the use of vectors let there be given the three vectors a, B, 
from an assumed origin O to three vertices of a parallelogram ; required the vector 
to the other vertex, the vector expressions for the sides and diagonals of the paral- 
lelogram, and the proof of the fact that the diagonals bisect 
each other. Consider the figure. The side AB is, by the 
triangle law, that vector which when added to OA=@ 
gives OB =8, and hence it must be that AB=B—a. 
In like manner AC = y— a. Now OD is the sum of OC 
and CD,and CD = AB; henceOD=y-+ B— a. The diag- 
onal AD is the difference of the vectors OD and OA, and 
is therefore y+ @—2a. The diagonal BC is y — 8. Now the vector from O to the 
middle point of BC may be found by adding to OB one half of BC. Hence this 
vector is 8 + 4(y— B) or 4(8 + y). In like manner the vector to the middle point of 
AD isseen to be a+ 4(y + B— 2a) or4 (y+ 8), which is identical with the former. 
The two middle points therefore coincide and the diagonals bisect each other. 





Let @ and £ be any two vectors, |@| and || their respective lengths, 
and Z (a, 8) the angle between them. For convenience the vectors may 
be considered to be laid off from the same origin. The product of the 
lengths of the vectors by the cosine of the angle between the vectors 
is called the scalar product, 





scalar product = a8 =|a||B 





cos Z (a, B), (32) 


of the two vectors and is denoted by placing a dot between the letters. 
This combination, called the scalar product, is a number, not a vector. 
As |B|cos Z (a, B) is the projection of B upon the direction of a, the 
scalar product may be stated to be equal to the product of the length 
of either vector by the length of the projection of the other upon it. 
In particular if either vector were of unit length, the scalar product 
would be the projection of the other upon it, with proper regard for 

* The numbers x, y, z are the oblique codrdinates of the terminal end of p (if the 


initial end be at the origin) referred to a set of axes which are parallel to a, 8, y and 
upon which the unit lengths are taken as the lengths of @, 8, y respectively. 
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the sign; and if both vectors are unit vectors, the product is the cosine 
of the angle between them. 

The scalar product, from its definition, is commutative so that @-B=Bea. 
Moreover (ma)+8 = @+(mB) = m (a8), thus allowing a numerical factor 
m to be combined with either factor of the product. Furthermore the 
distributive law : 


a(B+y)=a-B+ ary or (a+ Boy = ary + Boy (33) 
is satisfied as in the case of numbers. For if a be written as the product 
aa, of its length a by a vector @, of unit length in the direction of a, 
the first equation becomes 

aa(B+ y) = aa,+B + aaey or @9(B + y) = @ 9B + ary. 
And now @,+(8 + y) is the projection of the sum £8 + y upon the direc- 
tion of @, and a8 + a@,ey is the sum of the projections of B and y upon 
this direction; by the law of projections these are equal and hence the 
distributive law is proved. 

The associative law does not hold for scalar products; for (a) y 
means that the vector y is multiplied by the number a-8, whereas 
a (Bey) means that @ is multiplied by (@-y), a very different matter. 
The laws of cancellation cannot hold; for if 


a8=0, then |[a||8|cos Z (a, 8) = 0, (34) 
and the vanishing of the scalar product a8 implies either that one of 
the factors is 0 or that the two vectors are perpendicular. In fact 


a8 = 0 is called the condition of perpendicularity. It should be noted, 
however, that if a vector p satisfies 


pex = 0, p-B = 0, pry = 9, (35) 
three conditions of perpendicularity with three vectors a, B, y not 


parallel to the same plane, the inference is that p = 0. 
76. Another product of two vectors is the vector product, 


yector product = axB = v|a||f| sin Z (a, 8), (36) 


where v represents a vector of unit length normal to the plane of @ 
and B upon that side on which rotation from @ to 

B through an angle of less than 180° appears posi- axf 

tive or counterclockwise. Thus the vector product , 

is itself a vector of which the direction is perpen- B 

dicular to each factor, and of which the magni- a 

tude is the product of the magnitudes into the 

sine of the included angle. The magnitude is therefore equal to the 
area of the parallelogram of which the vectors a and 8 are the sides. 
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The vector product will be represented by a cross inserted between the 
letters. 

As rotation from f to @ is the opposite of that from @ to 8, it follows 
from the definition of the vector product that 


Bxa = —axB, not axB = Bxa, (37) 


and the product is not commutative, the order of the factors must be 
carefully observed. Furthermore the equation 


axB =v\a||8|sin Z (a, B) = 0 (38) 


implies either that one of the factors vanishes or that the vectors a and 
B are parallel. Indeed the condition axB = 0 is called the condition of 
parallelism. The laws of cancellation do not hold. The associative law 
also does not hold; for (ax®)xy is a vector perpendicular to ax and y, 
and since ax is perpendicular to the plane of w and £, the vector (axB)xy 
perpendicular to it must le in the plane of @ and B; whereas the vee- 
tor ax(Bxy), by similar reasoning, must lie in the plane of 8 and y; and 
hence the two vectors cannot be equal except im the very special case 
where each was parallel to 8 which is common to the two planes. 

But the operation (ma)xB = ax(mB) = m(axB), which consists in 
allowing the transference of a numerical factor to any position in the 
product, does hold; and so does the distributive law 


ax(B+y)=axB+axy and (@+ B)xy = axy + Bxy, (39) 


the proof of which will be given below. In expanding according to 
the distributive law care must be exercised to keep the order of the 
factors in each vector product the same on both sides of the equation, 
owing to the failure of the commutative law; an interchange of the 
order of the factors changes the sign. It might seem as if any algebraic 
operations where so many of the laws of elementary algebra fail as in 
the case of vector products would be too restricted to be very useful ; 
that this is not so is due to the astonishingly great number of problems 
in which the analysis can be carried on with only the laws of addition 
and the distributive law of multiplication combined with the possibility 
of transferring a numerical factor from one position to another in a 
product; in addition to these laws, the scalar product @8 is commuta- 
tive and the vector product ax is commutative except for change of sign. 

In addition to segments of lines, plane areas may be regarded as 
vector quantities ; for a plane area has magnitude (the amount of the 
area) and direction (the direction of the normal to its plane). To specify 
on which side of the plane the normal lies, some convention must be 
made. If the area is part of a surface inclosing a portion of space, the 
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normal is taken as the exterior normal. If the area lies in an isolated 
plane, its positive side is determined only in connection with some 
assigned direction of description of its bounding curve; the rule is: If 
a person is assumed to walk along the boundary of an area in an 
assigned direction and upon that side of the plane which 

causes the inclosed area to lie upon ‘his left, he is said 4 

to be upon the positive side (for the assigned direction 

of description of the boundary), and the vector which 

represents the area is the normal to that side. It has 

been mentioned that the vector product represented 

an area. 

That the projection of a plane area upon a given plane gives an area 
which is the original area multiplied by the cosine of the angle between 
the two planes is a fundamental fact of projection, following from the 
simple fact that lines parallel to the intersection of the two planes are 
unchanged in length whereas lines perpendicular to the intersection 
are multiphed by the cosine of the angle between the planes. As the 
angle between the normals is the same as that between the planes, the 
projection of an area upon a plane and the projection of the vector rep- 
resenting the area upon the normal to the plane are equivalent. The 
projection of a closed area upon a plane is zero; for the area in the 
projection is covered twice (or an even number of times) with opposite 
signs and the total algebraic sum is therefore 0. 

To prove the law ax(B + y) = axB + axy and illustrate the use of 
the vector interpretation of areas, construct a triangular prism with the 
triangle on B, y, and B+ y as base and @ as lateral edge. The total 
vector expression for the surface of this prism is 


Bxa + yxa + ax(B + y) + 5(Bxy) — 3 Bxy = 9, 


and vanishess because the surface is closed. A cancel- 
lation of the equal and opposite terms (the two 
bases) and a simple transposition combined with the 





rule Bxa = — ax gives the result 


ax(B + y) =— Bxa — yxa = axB + axy. 

A system of vectors of reference which is particularly useful consists 

of three vectors i, j, k of unit length directed along the axes X, Y, Z 

drawn so that rotation from X to Y appears positive from the side of 

the wy-plane upon which Z lies. The components of any vector r drawn 
from the origin to the point (#, y, #) are 





vi, yj, 2K, and = avi + yj + gk. 


* 
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The products of i, j, k into each other are, from the definitions, 
fie jis se 
ij =jicjk —k-j=ki=i-k =0, 
ixi= jxj = kxk = 0; 
ixj = — jxi=k, jxk = — kxj =i, Kel == — ixk = j. 


(40) 


By means of these products and the distributive laws for scalar and 
vector products, any given products may be expanded. Thus if 


a=ai+tajt+ak and B= bi + 6,j + 6,k, 
then aeB = a,b, + 4), + a5, (41) 
axB = (a,0, — a,0,)1 + (a,b, — 4,0,) j+ (@,), — «,),)k, 
by direct multiplication. In this way a passage may be made from 
vector formulas to Cartesian formulas whenever desired. 


EXERCISES 
1. Prove geometrically that a+ (8+ y)=(«+8)+ 7 and m(a+ s)=ma+m8. 


2. If aw and B are the vectors from an assumed origin to A and B and if C 
divides AB in the ratio m:n, show that the vector to C is y = (na + mB)/(m + n). 


3. In the parallelogram ABCD show that the line BE connecting the vertex to 
the middle point of the opposite side CD is trisected by the diagonal AD and 
trisects it. 


4. Show that the medians of a triangle meet in a point and are trisected. 


5. If m, and m, are two masses situated at P, and P,, the center of gravity or 
center of mass of m, and m, is defined as that point G on the line P,P, which 
divides P,P, inversely as the masses. Moreover if G, is the center of mass of a 
number of masses of which the total mass is M, and if G, is the center of mass of 
a number of other masses whose total mass is M,, the same rule applied to M, and 
M, and G, and G, gives the center of gravity G of the total number of masses. 


Show that 
= M4, + Mg + ++ + MT, mr 
i722 and Foa— 22 =, 
My +f. Mz M1 + My +++++ My =m 
where r denotes the vector to the center of gravity. Resolve into components to 


show 





Dmx . my 2 Dmez 
’ ary z 


=m E =m =m 


Cics 





6. If @ and £ are two fixed vectors and p a variable vector, all being laid off 
from the same origin, show that (p — 8)-~ = 0 is the equation of a plane through 
the end of 8 perpendicular to a. 


7. Let a, B, y be the vectors to the vertices A, B, C of a triangle. Write the 
three equations of the planes through the vertices perpendicular to the opposite 
sides. Show that the third of these can be derived as a combination of the other 
two; and hence infer that the three planes have a line in common and that the 
perpendiculars from the vertices of a triangle meet in a point. 
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8. Solve the problem analogous to Ex. 7 for the perpendicular bisectors of the 
sides. 


9. Note that the length of a vector is Vaa. If a, B, and y = 8— a are the 
three sides of a triangle, expand y-y = (8 — @)-(8 — a) to obtain the law of cosines. 


10. Show that the sum of the squares of the diagonals of a parallelogram equals 
the sum of the squares of the sides. What does the difference of the squares of the 
diagonals equal ? 


11. Show that 28 ¢ and esas are the components of 6 parallel and perpen- 
eaved feared 


dicular to @ by showing 1° that these vectors have the right direction, and 2° that 
they have the right magnitude. 





12. If a, B, y are the three edges of a parallelepiped which start from the same 
vertex, show that (@x)+y is the volume of the parallelepiped, the volume being 
eonsidered positive if y lies on the same side of the plane of @ and 6 with the 
vector a@xB. 


13. Show by Ex. 12 that (axf)-y = a-(Bxy) and (axf)+y = (Bxy)ew; and hence 
infer that in a product of three vectors with cross and dot, the position of the cross 
and dot may be interchanged and the order of the factors may be permuted cyc- 
lically without altering the value. Show that the vanishing of (axf).y or any of 
its equivalent expressions denotes that a, 8, y are parallel to the same plane; the 
condition axB-y = 0 is called the condition of complanarity. 


14. Assuming a =a,i+ a,j +a,k, B= },i+}),j + bk, y =c,i + cj + c,k, 
expand ay, a8, and ax(8xy) in terms of the coefficients to show 
ax(Bxy) = (ay) B —(a@-B)y; and hence (axf)xy = (ay) B — (vB) a. 

15. The formulas of Ex. 14 for expanding a product with two crosses and the 
rule of Ex. 13 that a dot and a cross may be interchanged may be applied to expand 
(ax) x (7x8) = (xe77xd) B — (Boyxd) & = (axP«d)-¥ — (axBe7) 3 

and (ax) (yx5) = (+7) (B06) — (Bey) (ad). 
16. If a and f are two unit vectors in the zy-plane inclined at angles # and ¢ 
to the z-axis, slow that 
a=icosé+jsiné, B=icos¢?+jsing; 


and from the fact that a8 = cos(¢ — @) and axB = ksin(¢ — @) obtain by multi- 
plication the trigonometric formulas for sin(¢ — @) and cos(p — @). 


17. If 1, m, n are direction cosines, the vector li + mj + nk is a vector of unit 
length in the direction for which 1, m, n are direction cosines, Show that the 
condition for perpendicularity of two directions (1, m, n) and (l’, m’, n’) is 
tv + mm’ + nv’ = 0. 

18. With the same notations as in Ex. 14 show that 

| ae A, dy As 
aa=aztaz+az and axp=|a, a, a,| and axpy=|b, b, bg |: 


1 b, Ds Cy Cy Cs 
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19. Compute the scalar and vector products of these pairs of vectors : 


6i+ 0.3j—5k i+2j+3k jek 
CR eur Rare pias CURE 


20. Find the areas of the parallelograms defined by the pairs of vectors in 
Ex. 19. Find also the sine and cosine of the angles between the vectors. 


21. Prove ax[Bx(yxd)] = (a-yx6d) B — a-B xd = Bd axy — Boy axd. 


22. What is the area of the triangle (1, 1, 1), (0, 2, 3), (0, 0, —1)? 


77. Vector differentiation. As the fundamental rules of differentia- 
tion depend on the laws of subtraction, multiplication by a number, 
the distributive law, and the rules permitting rearrangement, it follows 
that the rules must be applicable to expressions containing vectors 
without any changes except those implied by the fact that axB + Bxa. 
As an illustration consider the application of the definition of differen- 
tiation to the vector product uxv of two vectors which are supposed 
to be functions of a numerical variable, say x. Then 


A (uxv) = (u + Au)x(v + Av) — uxv 

= uxAv + Auxv + AuxAy, 
A (uxv) Av , Au AuxAv 
ee oe a x 








Nae Ax + Aa Ma Ax : 
d(uxv) ECU) dy du 
M+ = lu == {1 3 

dz en at Ax i dx dz SY. 


Here the ordinary rule for a product is seen to hold, except that 
the order of the factors must not be interchanged. 

The interpretation of the derivative is important. Let the variable 
vector r be regarded as a function of some variable, say 2, and suppose 
r is laid off from an assumed origin so that, as x varies, 
the terminal point of r describes a curve. The inere- 
ment Ar of r corresponding to Ax is a vector quantity 
and in fact is the chord of the curve as indicated. 
The deriwative 

as = lim on sa = hm a t (42) 
x 


dx. Kw ds s 


is therefore a vector tangent to the curve; in particular if 





the variable a were the are s, the derivative would have 
the magnitude unity and would be a unit vector tangent to the curve. 

The derivative or differential of a veetor of constant length is per- 
pendicular to the vector, This follows from the fact that the vector 
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then describes a circle concentric with the origin. It may also be seen 
analytically from the equation 


d(rer) = drer + redr = 2r-dr = d const. = 0. (43) 


If the vector of constant length is of length unity, the increment Ar is 
the chord in a unit circle and, apart from infinitesimals of higher 
order, it is equal in magnitude to the angle subtended at the center. 
Consider then the derivative of the unit tangent t to a curve with 
respect to the arc s. The magnitude of dt is the angle the tangent turns 
through and the direction of dt is normal to t and hence to the curve. 
The vector quantity, 


ane Gas 
curvature C= Fi eee (44) 


therefore has the magnitude of the curvature (by the definition in § 42) 
and the direction of the interior normal to the curve. 


This work holds equally for plane or space curves. In the case of a space curve 
the plane which contains the tangent t and the curvature C is called the osculating 
plane (§ 41). By definition (§ 42) the torsion of a space curve is the rate of turning 
of the osculating plane with the arc, that is, d¥/ds. To find the torsion by vector 
methods let ¢ be a unit vector C/VC-C along C. Then ast and c are perpendicular, 
n = txc is a unit vector perpendicular to the osculating plane and dn will equal dy 
in magnitude. Hence as a vector quantity the torsion is 








bailed eR LAS ae Pa (45) 
ds ds ds ds ds 
where (since dt/ds = C, and c is parallel to C) the first term e 


drops out. Next note that dn is perpendicular to n because it 

is the differential of a unit vector, and is perpendicular to t 

because dn = d(txc) =txde and t-(txdc) =0 since t, t, de are 

necessarily complanar (Ex. 12, p. 169). Hence T is parallel t 
to c. It is convenient to consider the torsion as positive when 

the osculating plane seems to turn in the positive direction when 

viewed from the side of the normal plane upon which t lies. An inspection of the 
figure shows that in this case dn has the direction — cand not +c. Ascis a unit 
vector, the numerical value of the torsion is therefore — c-T. Then 











T=" — Ce Pi Gees =— ea ieee 
ds ds »/C.C 
3 8 
se ee eae ee es eee (45’) 
dé /c.c 48 -/C.C ds* /C-C 


CHGer eich er 2 
. x- = 
C-C ds? tor 


where differentiation with respect to s is denoted by accents. 





78. Another sort of relation between vectors and differentiation 
comes to light in connection with the normal and directional deriva- 
tives (§ 48). If F(a, y, ) is a function which has a definite value at 
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each point of space and if the two neighboring surfaces F = C and 
F=C4+dC are considered, the normal derivative of F is the rate of 
change of F along the normal to the surfaces and 
is written dF/dn. The rate of change of F along 
the normal to the surface F = C is more rapid than 
along any other direction; for the change in F be- 
tween the two surfaces is df = dC and is constant, 
whereas the distance dn between the two surfaces is 
least (apart from infinitesimals of higher order) along the normal. In 
fact if dr denote the distance along any other direction, the relations 
shown by the figure are 





1 1B 
dr = sec @dn and ae 


= — , 46 
dy dn Be ( ) 


If now n denote a vector of unit length normal to the surface, the 
product ndF'/dn will be a vector quantity which has both the magnitude 
and the direction of most rapid increase of F. Let 


1 = VF = grad F (47) 
be the symbolic expressions for this vector, where VF is read as “del F” 
and grad F is read as “the gradient of F.” If dr be the vector of which 
dr is the length, the scalar product nedr is precisely cos 6d, and hence 
it follows that a 
dr-VF =dF and iV = ae ? (48) 
where r, is a unit vector in the direction dr. The second of the equa- 
tions shows that the directional derivative in any direction is the com- 
ponent or projection of the gradient in that direction. 

From this fact the expression of the gradient may be found in terms 
of its components along the axes. For the derivatives of F along the 
axes are OF /dx, 0F /0y, 0F/éz, and as these are the components of VF 
along the directions i, j, k, the result is 








VE = prada i ae 
Ox cy 0z 49 
Hence Vaio eee os 
Op Jay Oz 


may be regarded as a symbolic vector-differentiating operator which 
when appled to F gives the gradient of F. The product 





riled acct n ee 
areV il = («es Ox ao dy by + dz = eit (50) 
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is immediately seen to give the ordinary expression for dF. From this 
form of grad F it does not appear that the gradient of a function is 
independent of the choice of axes, but from the manner of derivation 
of VF first given it does appear that grad F is a definite vector quan- 
tity independent of the choice of axes. 

In the case of any given function ’F the gradient may be found by 
the application of the formula (49); but in many instances it may also 
be found by means of the important relation dr-VF = dF of (48). For 
instance to prove the formula V (FG) = FVG + GVF, the relation may 
be applied as follows: 


dreV (FG) 


d(FG) = FdG + GdF 
= Fdr-VG + Gdr.VF = dr-(FVG + GVF). 


Now as these equations hold for any direction dr, the dr may be can- 
celed by (85), p. 165, and the desired result is obtained. 


The use of vector notations for treating assigned practical problems involving 
computation is not great, but for handling the general theory of such parts of 
physics as are essentially concerned with direct quantities, mechanics, hydro- 
mechanics, electromagnetic theories, etc., the actual use of the vector algorisms 
considerably shortens the formulas and has the added advantage of operating 
directly upon the magnitudes involved. At this point some of the elements of 
mechanics will be developed. 


79. According to Newton’s Second Law, when a force acts upon a 
particle of mass m, the rate of change of momentum is equal to the 
force acting, and takes place in the direction of the force. It therefore 
appears that the rate of change of momentum and momentum itself 
are to be regarded as vector or directed magnitudes in the application 
of the Second Law. Now if the vector r, laid off from a fixed origin 
to the point at which the moving mass m is situated at any instant of 
time ¢, be differentiated with respect to the time ¢, the derivative dr/dt 
is a vector, tangent to the curve in which the particle is moving and of 
magnitude equal to ds/dt or v, the velocity of motion. As vectors*, 
then, the velocity v and the momentum and the force may be written as 





_ a do 
Say? mY, = ey HF (61) 
dv i bs _adv_ ar 
Hence F=m we maa = ita te — i= oe 


From the equations it appears that the force F is the product of the 
mass m by a vector f which is the rate of change of the velocity regarded 


* In applications, it is usual to denote vectors by heavy type and to denote the magni- 
tudes of those vectors by corresponding italic letters, 
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as a vector. The vector f is called the acceleration; it must not be con- 
fused with the rate of change dv/d¢t or d’s/d¢? of the speed or magnitude 
of the velocity. The components f,, f,, f, of the acceleration along the 
axes are the projections of f along the directions i, j, k and may be 
written as f.i, f.j, f-k. Then by the laws of differentiation it follows 
that 








__ dv, d(vei) du, 
a ee ee 
at. @(tei) && 





or inet de dB? 
dx. dy dz 
Hence Ja = Gp? Sy= de a dp 


and it is seen that the components of the acceleration are the acceler- 
ations of the components. If X, Y, Z are the components of the force, 
the equations of motion in rectangular coordinates are 


oe Py fe 


™ 3 = is, Ma = es (52) 


Instead of resolving the acceleration, force, and displacement along 
the axes, it may be convenient to resolve them along the tangent and 
normal to the curve. The velocity v may be written as vt, where v is 
the magnitude of the velocity and t is a unit vector tangent to the 
curve. Then 





re dv __d(vt) dv at 
Thies Puts ae ” alt 
dt dtds v 
if SSS SS ee 
Eu ies Gude te ee (63) 


where R is the radius of curvature and n is a unit normal. Hence 





mes vw _ @s poorer. ck 
tide Ree oe eee Sod 


It therefore is seen that the component of the acceleration along the 
tangent is d’s/d?, or the rate of change of the velocity regarded as a 
number, and the component normal to the curve is v?/R. If T and N 
are the components of the force along the tangent and normal to the 
curve of motion, the equations are 


d’s 2 


i 
T=mf,=m—=) N= = oo 
_ dt’ ae R 
It is noteworthy that the force must lie in the osculating plane. 
If r and r+ Ar are two positions of the radius vector, the area of 


the sector included by them is (except for infinitesimals of higher order) 


COMPLEX NUMBERS AND VECTORS 175 


AA = }rx(r + Ar) =i rxAr, and is a vector quantity of which the 
direction is normal to the plane of r and r + Ar, that is, to the plane 
through the origin tangent to the curve. The rate of description of area, 
or the areal velocity, is therefore 

Oty dy 


= lim i rx— = 1 rx— = 
a “At 2 dé 


a) 


ae 4 xv. (54) 
The projections of the areal velocities on the coérdinate planes, which 
are the same as the areal velocities of the projection of the motion on 
those planes, are (Ex. 11 below) 


A fide dy LP oe dz Le faa dx ; 
a(v dt ae) 5(« dt aa 5 (2 ip ae a Oo 


If the force F acting on the mass m passes through the origin, then 
r and F lie along the same direction and rxF = 0. The equation of 
motion may then be integrated at sight. 


dv dv 
ma = E; Mix = rxP =, 0; 
r gy ne rxv 0 rxv = const 
ee x = — iE 
dimmedt bo) : 


It is seen that in this case the rate of description of area is a constant 
vector, which means that the rate is not only constant in magnitude 
but is constant in direction, that is, the path of the particle m must lie 
in a plane through the origin. When the force passes through a fixed 
point, as in this case, the force is said to be central. Therefore when a 
particle moves under the action of a central force, the motion takes place 
in a plane passing through the center and the rate of description of 
areas, or the areal velocity, is constant. 


80. If these are several particles, say n, in motion, each has its own equation 
of motion. These equations may be combined by addition and subsequent reduction. 

















d’r sey OG F in 
My eB big Wits qe on lun Fem 
ax, Oe, = 
and Len, + M, We + + My, i Fi + Fo + + F,. 

d*r, aka. d*r, dd? 

—- tee Mn = — (mr, + m,¥, + +++ + Marlyn). 
ah De ga eape ne pe e g  as mtn) 
Let MX, + Moly ++ + Mn = (My + My +s+++M) T= Mr 

= MT, + MT, + o0s Mtn =mr zmr 
5 it <= —- = — = —_.. 
a M+ Ms, + +++ + Mn =m M 


PE 
Then M = =F, +F,++--+Fs= >F. (55) 
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Now the vector r which has been here introduced is the vector of the center of 
mass or center of gravity of the particles (Ex. 5, p. 168). The result (55) states, on 
comparison with (51), that the center of gravity of the n masses moves as if all the 
mass M were concentrated at it and all the forces applied there. 

The force F; acting on the ith mass may be wholly or partly due to attractions, 
repulsions, pressures, or other actions exerted on that mass by one or more of the 
other masses of the system of n particles. In fact let F; be written as 


F; = Figo + Fa + Fig +--+ + Fa, 


where Fy is the force exerted on m; by m,; and Fy is the force due to some agency 
external to the n masses which form the system. Now by Newton’s Third Law, 
when one particle acts upon a second, the second reacts upon the first with a 
force which is equal in magnitude and opposite in direction. Hence to Fy above 
there will correspond a force F;; =— Fy; exerted by m; on m;. In the sum =F; all 
these equal and opposite actions and reactions will drop out and ZF; may be re- 
placed by ZF, the sum of the external forces. Hence the important theorem that : 
The motion of the center of mass of a set of particles is as if all the mass were concen- 
trated there and all the external forces were applied there (the internal forces, that is, 
the forces of mutual action and reaction between the particles being entirely 
neglected). 

The moment.of a force about a given point is defined as the product of the force 
by the perpendicular distance of the force from the point. If r is the vector from 
the point as origin to any point in the line of the force, the moment is therefore 
rxF when considered as a vector quantity, and is perpendicular to the plane of the 
line of the force and the origin. The equations of n moving masses may now be 
combined in a different way and reduced. Multiply the equations by r,, r,,-+-, T, 
and add. Then 


dv dy dv, 
Myr x as + M,r,x an es b MpInX = =1,xF, + 1,xF, +--+: +mxF, 
d d d 
or ™, enti ia +m, a2" +++ +m, ate =1,xF, + 1,xF, +---+1F, 
d 
or a (M41, XV, + MoI,XVo + ++> + MnInXVn) = 2rxF. (56) 


This equation shows that if the areal velocities of the different masses are multiplied 
by those masses, and all added together, the derivative of the sum obtained is equal 
to the moment of all the forces about the origin, the moments of the different forces 
being added as vector quantities. 

This result may be simplified and put in a different form. Consider again the 
resolution of F; into the sum Fyo + Fy; +--+ + Fy,, and in particular consider the 
action Fy and the reaction F;, = — Fy between two particles. Let it be assumed 
that the action and reaction are not only equal and opposite, but lie along the line 
connecting the two particles. Then the perpendicular distances from the origin to 
the action and reaction are equal and the moments of the action and reaction are 
equal and opposite, and may be dropped from the sum D1r;xF;, which then reduces 
to S1;xF;o. On the other hand a term like m,r;xv; may be written as T;x(m Vi). This 
product is formed from the momentum in exactly the same way that the moment 
is formed from the force, and it is called the moment of momentum. Hence the 
equation (56) becomes 
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d 
ai (total moment of momentum) = moment of external forces. 


Hence the result that, as vector quantities: The rate of change of the moment of 
momentum of a system of particles is equal to the moment of the external forces (the 
forces between the masses being entirely neglected under the assumption that action 
and reaction lie along the line connecting-the masses). 


EXERCISES 
1. Apply the definition of differentiation to prove 
(a) d(u-v) = uedv + vedu, (8) d[u-(vxw)] = due(vxw) + ue(dvxw) + ue(vxdw). 


2. Differentiate under the assumption that vectors denoted by early letters of 
the alphabet are constant and those designated by the later letters are variable : 


(@) ux(¥xw), (8) acost + bsin#, (y) (uew) u, 


du d@u 
A) ee ==5 Ue eas 
aes dx me) a ; = 





(§) C(aeu). 


: Cries: — Fs 
3. Apply the rules for change of variable to-show that Fie 5 » where 
s sf 
accents denote differentiation with respect to «. In case r=ai+ yj show that 
1/VC-C takes the usual form for the radius of curvature of a plane curve. 





4. The equation of the helix isr = ia cos ¢ + jasin ¢ + kbd with s =Va2 + 2 d; 
show that the radius of curvature is (a? + b?)/a. 


5. Find the torsion of the helix. It is b/(a? + 67). 
6. Change the variable from s to some other variable ¢ in the formula for torsion. 


7. In the following cases find the gradient either by applying the formula which 
contains the partial derivatives, or by using the relation dr-VF = dF, or both: 
(a) rer =a? + y? + 2, (8) logr, (y) n=Vrer, 
(3) log (a? + y?) = log[r-r — (Ker)?],_— (e)_ (txa)-(rxb). 
8. Prove these laws of operation with the symbol V : 
(a) ViF+G)=VF+ VG, (8) G2V(F/G) = GVF — FVG. 


9. Ifr, ¢ are polar coérdinates in a plane and r, is a unit vector along the radius 
vector, show that dr,/dt = nd@/dt where n is a unit vector perpendicular to the 
radius. Thus differentiate r= rr, twice and separate the result into components 
along the radius vector and perpendicular to it so that 

=o_,(#" f = So OT ae (eS). 
dt? dt dt? dt dt rdt dt 





Sr 
10. Prove conversely to the text that if the vector rate of description of area is 
constant, the force must be central, that is, rxF = 0. 


11. Note that rxv-i, rxv-j, rxv-k are the projections of the areal velocities upon 
the planes « = 0, y= 0, z= 0. Hence derive (54’) of the text. 
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12. Show that the Cartesian expressions for the magnitude of the velocity and 
of the acceleration and for the rate of change of the speed dv/dt are 


Lop t? Lait LF oyl? 
V= Va? + y? + 22, fa=Vw2+Y7% + 2, VS ie! a Bae : 
Va? + 2+ 2 





where accents denote differentiation with respect to the time. 


13. Suppose that a body which is rigid is rotating about an axis with the 
angular velocity w = d¢/dt. Represent the angular velocity by a vector a drawn 
along the axis and of magnitude equal to w. Show that the velocity of any point 
in space is v = axr, where r is the vector drawn to that point from any point of 
the axis as origin. Show that the acceleration of the point determined by r is in a 
plane through the point and perpendicular to the axis, and that the components are 


ax(axr) = (ar) a — w*r toward the axis, (da/dt)xr perpendicular to the axis, 


under the assumption that the axis of rotation is invariable. 


14. Let r denote the center of gravity of a system of particles and r/ denote the 
vector drawn from the center of gravity to the ith particle so that r; =r +1; and 
v,=V+v;. The kinetic energy of the ith particle is by definition 


Lm? = Lmuvievi = 4 mi(V + V;)-(¥ + V;). 


Sum up for all particles and simplify by using the fact Sm r;— 0, which is due to 
the assumption that the origin for the vectors r; is at the center of gravity. Hence 
prove the important theorem: The total kinetic energy of a system is equal to the 
kinetic energy which the total mass would have if moving with the center of gravity 
plus the energy computed from the motion relative to the center of gravity as origin, 


that is, 
T = 4 impo? =} Me? + 4 omp?. 


15. Consider a rigid body moving in a plane, which may be taken as the zy- 
plane. Let any point r, 01 the body be marked and other points be denoted rela- 
tive to it by r’. The motion of any point r’ is compounded from the motion of r, 
and from the angular velocity a = kw of the body about the point r,. In fact the 
velocity v of any point is v = v, + ax1’. Show that the velocity of the point denoted 
by r = kxyv)/w is zero. This point is known as the instantaneous center of rotation 
(§ 39). Show that the codrdinates of the instantaneous center referred to axes at 
the origin of the vectors r are 

1 dy, 1 aa, 


mean Nee oe y=rRrj=y += 
Oe es Uh : Saar 





16. If several forces F,, F,, +--+, F, act on a body, the sum R = SF, is called 
the resultant and the sum 2r;xF;, where r; is drawn from an origin O to a point 
in the line of the force F;, is called the resultant moment about O. Show that the 
resultant moments Mo and Mo, about two points are connected by the relation 
My = Mo + Mo(Ro), where Mg(Ro) means the moment about O’ of the resultant 
R considered as applied at O. Infer that moments about all points of any line 
parallel to the resultant are equal. Show that in any plane perpendicular to R 
there is a point O’ given by r= RxMo/R:R, where O is any point of the plane, 
such that Mo, is parallel to R. 


PART Il. DIFFERENTIAL EQUATIONS 


CreleMabives WUE 
GENERAL INTRODUCTION TO DIFFERENTIAL EQUATIONS 


81. Some geometric problems. The application of the differential 
calculus to plane curves has given a means of determining some 
geometric properties of the curves. For instance, the length of the 
subnormal of a curve (§ 7) is ydy/dax, which in the case of the parabola 
y =Apex is 2p, that is, the subnormal is constant. Suppose now it 
were desired conversely to find all curves for which the subnormal is 
a given constant m. The statement of this problem is evidently con- 
tained in the equation 


dy 
y mi =m or yy'=m or ydy=mdz. 
du 


Again, the radius of curvature of the lemniscate 7? = a? cos 2 ¢ is found 
to be R = a?/37, that is, the radius of curvature varies inversely as the 
radius. If conversely it were desired to find all curves for which the 
radius of curvature varies inversely as the radius of the curve, the state- 
ment of the problem would be the equation 


. 





where é is a constant called a factor of proportionality.* 

Equations like these are unlike ordinary algebraic equations because, 
in addition to the variables x, y or 7, @ and certain constants m or kh, 
they contain also derivatives, as dy/dx ov dr/d and d*r/d¢’, of one of 
the variables with respect to the other. An equation which contains 


* Many problems in geometry, mechanics, and physics are stated in terms of varia- 
tion. For purposes of analysis the statement « varies as y, or « «y, is written as x = ky, 
introducing a constant & called a factor of proportionality to convert the variation into 
an equation. In like manner the statement «x varies inversely as 7, or « *1/y, becomes 
2=k/y, and x varies jointly with y and z becomes « = kyz, 
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derivatives is called a differential equation. The order of the differential 
equation is the order of the highest derivative it contains. The equa- 
tions above are respectively of the first and second orders. A differen- 
tial equation of the first order may be symbolized as ®(a, y, y') = 0, 
and one of the second order as ®(, y, y’, y"') = 9. A function y = f(z) 
given explicitly or defined implicitly by the relation F(a, y)=0 is 
said to be a solution of a given differential equation if the equation is 
true for all values of the independent variable « when the expressions 
for y and its derivatives are substituted in the equation. 


Thus to show that (no matter what the value of a is) the relation 
4ay—a?+ 2a*logxr=0 


gives a solution of the differential equation of the second order 


dy 2 ; “ty 
1 (== a2 (= 0: 
7 a q ie 


it is merely necessary to form the derivatives 


iz 2. 2 
Tye Oo ge ee 
dx L 2 





and substitute them in the given equation together with y to see that 


dy\? ot) i ( “) x ( 2 a? =) 
Lege 2 \ eet ee) ee ge ee i 4} 0 
3 2) ie + Te +) gat ata 
is clearly satisfied for all values of x. It appears therefore that the given relation 
for y is a solution of the given equation. 





To integrate or solve a differential equation is to find all the functions 
which satisfy the equation. Geometrically speaking, it is to find all the 
curves which have the property expressed by the equation. In mechan- 
ics it is to find all possible motions arising from the given forces. The 
method of integrating or solving a differential equation depends largely 
upon the ingenwity of the solver. In many cases, however, some method 
is immediately obvious. For instance if it be possible to separate the 
variables, so that the differential dy is multiplied by a function of y 
alone and dx by a function of « alone, as in the equation 


$(y) dy = w(x) dx, then fe (y) dy =fy (x)dx+C (1) 
will clearly be the integral or solution of the differential equation. 


As an example, let the curves of constant subnormal be determined. Here 
ydy=mde and y2 =2m2+ C. 


The variables are already separated and the integration is immediate. The curves 
are parabolas with semi-latus rectum equal to the constant and with the axis 
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coincident with the axis of x. If in particular it were desired to determine that 
curve whose subnormal was m and which passed through the origin, it would 
merely be necessary to substitute (0, 0) in the equation y? = 2ma + C to ascertain 
what particuiar value must be assigned to O in order that the curve pass through 
(0, 0). The value is CO = 0. 

Another example might be to determine the curves for which the z-intercept 
varies as the abscissa of the point of tangency. As the expression (§ 7) for the 
x-intercept is c — ydx/dy, the statement is 

dx dx 


Ul ay akon or ae a a 


End (ke) lay = logert O. 
Hy 


Hence (l—k)—= 
: y 
If desired, this expression may be changed to another form by using each side of 
the equality as an exponent with the base e. Then 
eA—k)logy — elogxr+C or yi k = en = On. 


As Cis an arbitrary constant, the constant O’ = eCis also arbitrary and the solution 
may simply be written as y!-* = Cx, where the accent has been omitted from the 
constant. If it were desired to pick out that particular curve which passed through 
the point (1, 1), it would merely be necessary to determine C from the equation 


ih Ol and hences <1 


As a third example let the curves whose tangent is constant and equal to a be 
determined. The length of the tangent is y V1 + y’?/y’ and hence the equation is 





Pe / ERR To 72 Va? — y2 
pasa Se or ¥? my Geer gilt ee ye 
y y? y 
The variables are therefore separable and the results are 
ate ——, Va? — 
dpa dy and GIN RR rac Se 
y y 


If it be desired that the tangent at the origin be vertical so that the curve passes 
through (0, a), the constant C is 0. The curve is the tractrix or ‘curve of pursuit” 
as described by a calf dragged at the end of a rope by a person walking along 
a straight line. 


82. Problems which involve the radius of curvature will lead to differ- 
ential equations of the second order. The method of solving such 
problems is to reduce the equation, if possible, to one of the first order. 
For the second derivative may be written as 
dy' . dy' 

Cy —e CEE ! (2) 


Uh ses —_ 
dy” dy y 


ee y" dy dy! 


dx y dy 
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is the expression for the radius of curvature. If it be given that the 
radius of curvature is of the form f(x) ¢(y') or f(y) ¢(y’), 





2% i 123 
du Yay 


the variables « and y' or y and y' are immediately separable, and an 
integration may be performed. This will lead to an equation of the 
first order; and if the variables are again separable, the solution may 
be completed by the methods of the above examples. 


In the first place consider curves whose radius of curvature is constant. Then 











72) 3 / = 
OE gpl ee eee eee 
dy (l+y2)2 @ V1+y2 a 

dx 


where the constant of integration has been written as — C/a for future conven- 
ience. The equation may now be solved for 7 and the variables become separated 


with the results 
ip eo ery ee 
Va? — (« — 0)? Va? — (x — C)? 


Hence y— W=— Vee — (a — 0)? or («— CyP?4+(y—-CP=e@. 


The curves, as should be anticipated, are circles of radius @ and with any arbi- 
trary point (C, C’) as center. It should be noted that, as the solution has required 
two successive integrations, there are two arbitrary constants C and C’ of integra- 
tion in the result. 

As a second example consider the curves whose radius of curvature is double 
the normal. As the length of the normal is y V1+ 2, the equation becomes 


dz. 





8 
1+ y2)2 cee e 
( +" =2yV14+y2 or ia Se Fs 
ye yw 
dy ; dy 


where the double sign has been introduced when the radical is removed by cancel- 
lation. This is necessary ; for before the cancellation the signs were ambiguous 
and there is no reason to assume that the ambiguity disappears. In fact, if the 
curve is concave up, the second derivative is positive and the radius of curvature 
is reckoned as positive, whereas the normal is positive or negative according as 
the curve is above or below the axis of w; similarly, if the curve is concave down. 
Let the negative sign be chosen. This corresponds to a curve above the axis and 
concave down, or below the axis and concave up, that is, the normal and the radius 
of curvature have the same direction. Then 

dy 2y'dy’ 


I+y? and logy = — log(i + y?) + log2 0G, 





where the constant has been given the form log 2 C for convenience. This expres- 
sion may be thrown into algebraic form by exponentiation, solved for y’, and then 
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» Y. ox Al 
yAty*y=2¢6 or y= aoe cols eee dir. 
y V2 Cy — ¥? 
Hence a — 0’ = C vers-1 . aD Cpl g, 


The curves are cycloids of which the generating circle has an arbitrary radius C 
and of which the cusps are upon the z-axis at the points C’ + 2kwC. If the posi- 
tive sign had been taken in the equation, the curves would have been entirely 
different ; see Ex. 5 (a). 


The number of arbitrary constants of integration which enter into 
the solution of a differential equation depends on the number of inte- 
grations which are performed and is equal to the order of the equation. 
This results in giving a family of curves, dependent on one or more 
parameters, as the solution of the equation. To pick out any particular 
member of the family, additional conditions must be given. Thus, if 
there is only one constant of integration, the curve may be required 
to pass through a given point; if there are two constants, the curve 
may be required to pass through a given point and have a given slope 
at that point, or to pass through two given points. These additional 
conditions are called initial conditions. In mechanics the initial condi- 
tions are very important; for the point reached by a particle describing 
a curve under the action of assigned forces depends not only on the 
forces, but on the point at which the particle started and the velocity 
with which it started. In all cases the distinction between the constants 
of integration and the given constants of the problem (an the foregoing 
examples, the distinction between C, C’ and m, /, a) should be kept 
clearly in mind 

EXERCISES 

1. Verify the solutions of the differential equations : 

(a) cytiavt=C, y+u4+27y'=0, (8) x9y3 (Bet+ C)=1, xy’ +y+etyter=0, 

CG) +e \72—l 2e— CaO Nca7 (0) ya ay Sey, cy — CAn C, 

(e) 94 Pye —0, y— Clopa- Ci, (§) y= Cer, Ce y + 2y— 37, 


Pay 8 avs e 
+ C, sin — 27, 








2 2 


1 
I Se SCE a2( 6, cos 


2. Determine the curves which have the following properties : 

(x) The subtangent is constant ; y= Ce. If through (2, 2), yr = 2mer—2, 

(8) The right triangle formed by the tangent, subtangent, and ordinate has the 
constant area k/2; the hyperbolas wy + Cy + k= 0. Show that if the curve passes 
through (1, 2) and (2, 1), the arbitrary constant C is 0 and the given k is — 2. 

(vy) The normal is constant in length ; the circles (e — C)? + y? =k’. 

(6) The normal varies as the square of the ordinate ; catenaries ky = cosh k(w— C). 
If in particular the curve is perpendicular to the y-axis, C = 0. 

(e) The area of the right triangle formed by the tangent, normal, and x-axis is 


2 


inversely proportional to the slope ; the circles (1 — C)?+4+ =k. 
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3. Determine the curves which have the following properties: 

(a) The angle between the radius vector and tangent is constant; spirals 
r= Oekt, 

(8) The angle between the radius vector and tangent is half that between the 
radius and initial line ; cardioids r = C(1 — cos ¢). 

(vy) The perpendicular from the pole to a tangent is constant ; r cos (@ — C) =k. 

(5) The tangent is equally inclined to the radius vector and to the initial line ; 
the two sets of parabolas r = C/(1 + cos ¢). 

(e) The radius is equally inclined to the normal and to the initial line ; circles 
r= C cos ¢ or lines r cos ¢ = C. 


4. The arc s of a curve is proportional to the area A, where in rectangular 
coérdinates A is the area under the curve and in polar coédrdinat«s it is the area 
included by the curve and the radius vectors. From the equation ds = dA show 
that the curves which satisfy the condition are catenaries for rectangular codrdi- 
nates and lines for polar codrdinates. 


5. Determine the curves for which the radius of curvature 

(a) is twice the normal and oppositely directed ; parabolas (x — C)? =C’(2y—C’). 
(8) is equal to the normal and in same direction ; circles (cf — C)? + y? = C”. 
(vy) is equal to the normal and in opposite direction ; catenaries. 

(5) varies as the cube of the normal ; conics kCy? — C? (z+ C’)?=k. 

(e) projected on the x-axis equals the abscissa ; catenaries. 

(¢) projected on the w-axis is the negative of the abscissa ; circles. 

(7) projected on the w-axis is twice the abscissa. 

(@) is proportional to the slope of the tangent or of the normal. 


83. Problems in mechanics and physics. In many physical problems 
the statement involves an equation between the rate of change of some 
quantity and the value of that quantity. In this way the solution of 
the problem is made to depend on the integration of a differential equa- 
tion of the first order. If « denotes any quantity, the rate of increase 
in « is dx /dt and the rate of decrease in # is — dx/dt; and consequently 
when the rate of change of x is a function of x, the variables are 
immediately separated and the integration may be performed. The 
constant of integration has to be determined from the initial conditions ; 
the constants inherent in the problem may be given in advance or their 
values may be determined by comparing x and ¢ at some subsequent 
time. The exercises offered below will exemplify the treatment of 
such problems. 

In other physical problems the statement of the question as a differ- 
ential equation is not so direct and is carried out by an examination of 
the problem with a view to stating a relation between the increments 
or differentials of the dependent and independent variables, as in some 
geometric relations already discussed (§ 40), and in the problem of the 
tension in a rope wrapped around a cylindrical post discussed below. 
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The method may be further illustrated by the derivation of the differ- 
ential equations of the curve of equilibrium of a flexible string or 
chain. Let p be the density of the chain so that pAs is the mass of 
the length As; let X and Y be the components 
of the force (estimated per unit mass) acting on 
the elements of the chain. Let T denote the 
tension in the chain, and + the inclination of 
the element of chain. From the figure it then 
appears that the components of all the forces 
acting on As are 


(T + AT) cos (7 + Ar) — Tcosr + XpAs = 0, 
(T + AT) sin (r + Ar) — T sint + YpAs = 0; 


T+AT 





for these must be zero if the element is to be in a position of equi- 
librium. The equations may be written in the form 


A(T cos r)+ XpAs = 0, A(T sin r)+ YpAs = 0; 


and if they now be divided by As and if As be allowed to approach 
zero, the result is the two equations of equilibrium 


d fda d dy 
gl PG.) + ox = 0 ae a) tee 0, (4) 


ds 


where cos r and sin r are replaced by their values da/ds and dy/ds. 


If the string is acted on only by forces parallel to a given direction, let the 
y-axis be taken as parallel to that direction. Then the component X will be zero 
and the first equation may be integrated. The result is 


5(?)= } pea, Te oe? 
ds ds ds dx 

This value of T may be substituted in the second equation. There is thus obtained 
a differential equation of the second order 

© (ot) + py =0 of On! 
ds dx V1 + y?2 

If this equation can be integrated, the form of the curve 
of equilibrium may be found. 

Another problem of a different nature in strings is to 
consider the variation of the tension in a rope wound around 
a cylinder without overlapping. The forces acting on the 
element As of the rope are the tensions T and T+ AT, the 
normal pressure or reaction R of the cylinder, and the force 
of friction which is proportional to the pressure. It will 
be assumed that the normal reaction lies in the angle A¢ and that the coefficient 
of friction is » so that the force of friction is ~xR. The components along the radius 
and along the tangent are 


J, 





+ p¥ =0. ) 
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(T+ AT) sin Ap — R cos (GAd) — wR sin (GAP) = 0, 0<ée<l, 

(T + AT) cos Af + F sin (GA¢) — wR cos (GAG) — T= 0. 
Now discard all infinitesimals except those of the first order. It must be borne in 
mind that the pressure R is the reaction on the infinitesimal are As and hence is 
itself infinitesimal. The substitutions are therefore Td¢ for (T + AT) sin Ag, B& for 
R cos 6A¢, 0 for R sin OA, and T + dT for (T + AT) cos Af. The equations there- 
fore reduce to two simple equations 

Tdo — R =0, dT — uk =0, 
from which the unknown R may be eliminated with the result 
GMT iekeS tory SMO oid Alas AL ce 


where 7, is the tension when ¢ is 0. The tension therefore runs up exponentially 
and affords ample explanation of why a man, by winding a rope about a post, can 
readily hold a ship or other object exerting a great force at the other end of the 
rope. If wis 1/3, three turns about the post will hold a force 535 T,, or over 25 
tons, if the man exerts a force of a hundredweight. 


84. If a constant mass m is moving along a line under the influence 
of a force F acting along the line, Newton’s Second Law of Motion (p. 13) 
states the problem of the motion as the differential equation 

Px 


Tipe A OL ame — 5) 
t - (5) 





of the second order ; and it therefore appears that the complete solution 
of a problem in rectilinear motion requires the integration of this equa- 
tion. The acceleration may be written as 

dv  dudz dv 
a es 

dts dade dx.’ 
and hence the equation of motion takes either of the forms 

dv dv 


m—=F or m—=F. 5! 
dt ‘ oS dx ) 


9) 


It now appears that there are several cases in which the first integration 
may be performed. For if the force is a function of the velocity or of 
the time or a product of two such functions, the variables are separated 
in the first form of the equation; whereas if the force is a function of 
the velocity or of the coérdinate a or a produet of two such functions, 
the variables are separated in the second form of the equation. 

When the first integration is performed according to either of these 
methods, there will arise an equation between the velocity and either 
the time ¢ or the coérdinate w. In this equation will be contained a 
constant of integration which may be determined by the initial condi- 
tions, that is, by the knowledge of the velocity at the start, whether in 
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time or in position. Finally it will be possible (at least theoretically) 
to solve the equation and express the velocity as a function of the time 
t or of the position w, as the case may be, and integrate a second time. 
The carrying through in practice of this sketch of the work will be 
exemplified in the following two examples. 


Suppose a particle of mass m is projected vertically upward with the velocity V. 
Solve the problem of the motion under the assumption that the resistance of the 
air varies as the velocity of the particle. Let the distance be measured vertically 
upward. The forces acting on the particle are two, — the force of gravity which is 
the weight W = mg, and the resistance of the air which is kv. Both these forces 
are negative because they are directed toward diminishing values of «. Hence 


: dv 
mf = — mg — kv or ne = — mg — kv, 
( 


where the first form of the equation of motion has been chosen, although in this 
case the second form would be equally available. Then integrate. 


eae =—dt and log (0 +70) =— Le + C0. 
m m 


k 
Oe a) 
mm 


As by the initial conditions v = V when t = 0, the constant C is found from 


k 
I k eae ae 
log (u = = v) ea) +C; hence ————=e ™ 
m mm eget a 
g+—) 
m 


is the relation between v and ¢ found by substituting the value of C. The solution 


k 
es =(Fo+ ye re 
ke 


for v gives 


ct k 
m (m 8B =: m ’ 
Hence ra— (Py +V)e m — —gt+ (0, 
k\k k 


If the particle gtarts from the origin « = 0, the constant C is found to be 


ie 
,_ m/m - _ m/m bs a ee 
c=" (Pot V) and = (Po4 7) (1 e ) 7 o" 
Hence the position of the particle is expressed in terms of the time and the prob- 
lem is solved. If it be desired to find the time which elapses before the particle 
comes to rest and starts to drop back, it is merely necessary to substitute v = 0 in 
the relation connecting the velocity and the time, and solve for the time t= T; 
and if this value of ¢ be substituted in the expression for a, the total distance 
covered in the ascent will be found. The results are 


: m\2, k lenge 
T= Miog (1+), X= (") E V — glog (1+—7)]. 
ee mug k/} Lm mg 


As a second example consider the motion of a particle vibrating up and down 
at the end of an elastic string held in the field of gravity. By Hooke’s Law for 
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elastic strings the force exerted by the string is proportional to the extension of 
the string over its natural length, that is, ¥ = kAl. Let / be the length of the string, 
Al the extension of the string just sufficient to hold the weight W = mg at rest so 
that kA,l = mg, and let « measured downward be the additional extension of the 
string at any instant of the motion. The force of gravity mg is positive and the 
force of elasticity — k(Aj! + @) is negative. The second form of the equation of 
motion is to be chosen. Hence 


mo = mg — k(Ajl + 2) or nip oe eee since mg = kAjl. 
dx dx 


Then modv = —kadxe or mv? = — kx? + C. 


Suppose that « =a is the amplitude of the motion, so that when z = a the velocity 
v = 0 and the particle stops and starts back. Then C = ka®. Hence 


ke k 
Ha vere or & =a /E ar 
dt m V a2 — x? m 


k 
and int = hip or r=asin(4/e 0). 
a m m 


Now let the time be measured from the instant when the particle passes through 
the position = 0. Then C satisfies the equation 0 = asin C and may be taken as 
zero. The motion is therefore given by the equation z= asin Vik/mt and is 
periodic. While ¢ changes by 27 Vm/k the particle completes an entire oscilla- 
tion. The time T= 2a Vm/k is called the periodic time. The motion considered 
in this example is characterized by the fact that the total force — kx is propor- 
tional to the displacement from a certain origin and is directed toward the origin. 
Motion of this sort is called simple harmonic motion (briefly S. H. M.) and is of 
great importance in mechanics and physics. 








8 


EXERCISES 


1. The sum of $100 is put at interest at 4 per cent per annum under the condition 
that the interest shall be compounded at each instant. Show that the sum will 
amount to $200 in 17 yr. 4 mo., and to $1000 in 573 yr. 


2. Given that the rate of decomposition of an amount « of a given substance is 
proportional to the amount of the substance remaining undecomposed. Solve the 
problem of the decomposition and determine the constant of integration and the 
physical constant of proportionality if # = 5.11 when t= 0 and «= 1.48 when 
t=40 min. Ans. k = .0309. 


3. A substance is undergoing transformation into another at a rate which is 
assumed to be proportional to the amount of the substance still remaining untrans- 
formed. If that amount is 85.6 when t= 1 hr. and 18.8 when t = 4 hr., determine 
the amount at the start when ¢ = 0 and the constant of proportionality and find 
how many hours will elapse before only one-thousandth of the original amount 
will remain. 


4. If the activity A of a radioactive deposit is proportional to its rate of 
diminution and is found to decrease to } its initial value in 4 days, show that 1 


satisfies the equation A/A, = e-%-178¢, 
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5. Suppose that amounts a and b respectively of two substances are involved in 
a reaction in which the velocity of transformation dx/dt is proportional to the prod- 
uct (a —«)(b— a) of the amounts remaining untransformed. Integrate on the 
supposition that a + b. 
t |a—av|b—2@ 
log —_—~’ = (a—b)kt; andif 308 |0.4866]0.2342 
oes) 1265 |0.8879| 0.1354 
determine the product k (a — b). 


6. Integrate the equation of Ex. 5 if a = b, and determine a and k if z — 9.87 
when ¢ = 15 and « = 13.69 when t = 55. 


7. If the velocity of a chemical reaction in which three substances are involved 
is proportional to the continued product of the amounts of the substances remaining, 
show that the equation between x and the time is 





a b—e b c—a Cc ao 

tigers te alh ate 4 

a—2 b—«2 c—2 <2 ib hag ce taco C10 
(a@—b)(0—e)(e—a) ar ne’ Teo. 


8. Solve Ex. 7 if a=b#c; also when a=b=c. Note the very different 
forms of the solution in the three cases. 


9. The rate at which water runs out of a tank through a small pipe issuing 
horizontally near the bottom of the tank is proportional to the square root of the 
height of the surface of the water above the pipe. If the tank is cylindrical and 
half empties in 80 min., show that it will completely empty in about 100 min. 


10. Discuss Ex. 9 in case the tank were a right cone or frustum of a cone. 


11. Consider a vertical column of air and assume that the pressure at any level 
is due to the weight of the air above. Show that p = p,e—*” gives the pressure at 
any height h, if Boyle’s Law that the density of a gas varies as the pressure be used. 


12. Work Ex. 11 under the assumption that the adiabatic law p«pl4 repre- 
sents the conditions in the atmosphere. Show that in this case the pressure would 
become zero at a finite height. (If the proper numerical data are inserted, the 
height turns out to be about 20 miles. The adiabatic law seems to correspond 
better to the facts than Boyle’s Law.) 


13. Let be the natural length of an elastic string, let Al be the extension, and 
assume Hooke’s Law that the force is proportional to the extension in the form 
Al=klF, Let the string be held in a vertical position so as to elongate under its 
own weight W. Show that the elongation is }kW1. 


14. The density of water under a pressure of p atmospheres is p = 1 + 0.00004 p. 
Show that the surface of an ocean six miles deep is about 600 ft. below the position 
it would have if water were incompressible. 


15. Show that the equations of the curve of equilibrium of a string or chain are 
d dy Cale ed 
(ele Jeg) at > = () 
a\ a) Tee, ds ( ds f 


in polar coérdinates, where R and # are the components of the force along the 
radius vector and perpendicular to it, 
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16. Show that dT + pSds = 0 and T+ pRN = 0 are the equations of equitib- 
rium of a string if R is the radius of curvature and S and N are the tangential and 
normal components of the forces. 


17.* Show that when a uniform chain is supported at two points and hangs down 
between the points under its own weight, the curve of equilibrium is the catenary. 


18. Suppose the mass dm of the element ds of a chain is proportional to the pro- 
jection dx of ds on the a-axis, and that the chain hangs in the field of gravity. 
Show that the curve is a parabola. (This is essentially the problem of the shape 
of the cables in a suspension bridge when the roadbed is of uniform linear density ; 
for the weight of the cables is negligible compared to that of the roadbed.) 


19. It is desired to string upon a cord a great many uniform heavy rods of 
varying leneths so that when the cord is hung up with the rods dangling from it 
the rods will be equally spaced along the horizontal and have their lower ends on 
the same level. Required the shape the cord will take. (It should be noted that 
the shape must be known before the rods can be cut in the proper lengths to hang 
as desired.) The weight of the cord may be neglected. 


20. A masonry arch carries a horizontal roadbed. On the assumption that the 
material between the arch and the roadbed is of uniform density and that each 
element of the arch supports the weight of the material above it, find the shape of 
the arch. 


21. In equations (4’) the integration may be carried through in terms of quadra- 
tures if pY is a function of y alone; and similarly in Ex. 15 the integration may be 
carried through if 6 = 0 and p# is a function of r alone so that the field is central. 
Show that the results of thus carrying through the integration are the formulas 


Pie, Cdy $+ 0s Cdr/r 
av , . 
V({pYayy — ( ties [pRdr)* — (© 


22. A particle falls from rest through the air, which is assumed to offer a resist- 
ance proportional to the velocity. Solve the problem with the initial conditions 
v=0,2=0,¢=0. Show that as the particle falls, the velocity does not increase 
indefinitely, but approaches a definite limit V = mg/k. 














23. Solve Ex. 22 with the initial conditions »v = vy, c= 0, t= 0, where v, is 
greater than the limiting velocity V. Show that the particle slows down as it falls. 

24, A particle rises through the air, which is assumed to resist proportionally to 
the square of the velocity. Solve the motion. 

25. Solve the problem analogous to Ex. 24 for a falling particle. Show that 

* . ene . y / = "i . . . 

there is a limiting velocity V = Vmg/k. If the particle were projected down with 
an initial velocity greater than J’, it would slow down as in Ex. 23. 





26. A particle falls towards a point which attracts it inversely as the square of the 
distance and directly as its mass. Find the relation between x and ¢ and determine 
the total time T taken to reach the center. Initial conditions v = 0 == oO 


Fase 3 
2k a 42%—4 )—— ‘ds —1 /a\2 
—— {= — COs —+Var— 2°, i= ark *(—}) . 
a 2, ct 2 


4 


* Exercises 17-20 should be worked ub initio by the method by which (4) were derived 
not by applying (4) directly. 
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27. A particle starts from the origin with a velocity V and moves in a medium 
which resists proportionally to the velocity. Find the relations between velocity 
and distance, velocity and time, and distance and time ; also the limiting distance 


traversed, 
ak =e 
v= V—kx/m, es Ve. kx =mV(l1—e ™), mV /k. 


28. Solve Ex. 27 under the assumption ‘that the resistance varies as Vv. 


29. A particle falls toward a point which attracts inversely as the cube of the 
distance and directly as the mass. The initial conditions are « = a, B= Uh v=o 
Show that 2? = a? — kt?/a? and the total time of descent is T = a2/Vk. 


30. A cylindrical spar buoy stands vertically in the water. The buoy is pressed 
down a little and released. Show that, if the resistance of the water and air be 
neglected, the motion is simple harmonic. Integrate and determine the constants 
from the initial conditions « = 0, v= V, t = 0, where z measures the displacement 
from the position of equilibrium, 


31. A particle slides down a rough inclined plane. Determine the motion. Note 
that of the force of gravity only the component mg sini acts down the plane, 
whereas the component mg cos i acts perpendicularly to the plane and develops the 
force umg cost of friction. Here 7 is the inclination of the plane and yw is the 
coefficient of friction. 


32. A bead is free to move upon a frictionless wire in the form of an inverted 
cycloid {vertex down). Show that the component of the weight along the tangent 
to the cycloid is proportional to the distance of the particle from the vertex. Hence 
determine the motion as simple harmonic and fix the constants of integration by 
the initial conditions that the particle starts from rest at the top of the cycloid. 


33. Two equal weights are hanging at the end of an elastic string. One drops 
off. Determine completely the motion of the particle remaining. 


34. One end of an elastic spring (such as is used in a spring balance) is attached 
rigidly to a point on a horizontal table. To the other end a particle is attached. 
If the particle be held at such a point that the spring is elongated by the amount 
a and then released, determine the motion on the assumption that the coefficient 
of friction beéween the particle and the table is 4; and discuss the possibility of 
different cases according as the force of friction is small or large relative to the 
force exerted by the spring. 


85. Lineal element and differential equation. The idea of a curve 
as made up of the points upon it is familiar. Points, however, have no 
extension and therefore must be regarded not as pieces of a curve but 
merely as positions on it. Strictly speaking, the pieces of a curve are 
the elements As of are; but for many purposes it is convenient to re- 
place the complicated element As by a piece of the tangent to the curve 
at some point of the are As, and from this point of view a curve is made 
up of an infinite number of infinitesimal elements tangent to it. Chis 
is analogous to the point of view by which a curve is regarded as made 
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up of an infinite number of infinitesimal chords and is intimately related 
to the conception of the curve as the envelope of its tangents ($ 65). 
A point on a curve taken with an infinitesimal portion of the tangent 
to the curve at that point is called a dineal element of the curve. These 
concepts and definitions are clearly equally available in two or three 
dimensions. For the present the curves under dis- 


cussion will be plane curves and the lineal elements fra 

will therefore all le in a plane. as 
To specify any particular lineal element three 

coordinates x, y, p Will be used, of which the two (a, y) determine the 

point through which the element passes and of which the third p is 

the slope of the element. If a curve f(x, y) = 0 is given, the slope at 

any point may be found by differentiation, 


p= ot = -E/ 2 (6) 


and hence the third coérdinate p of the lineal elements of this particular 
curve is expressed in terms of the other two. If in place of one curve 
JF (#, y) = 9 the whole family of curves f(a#, y)= C, where C is an 
arbitrary constant, had been given, the slope p would still be found 
from (6), and it therefore appears that the third codrdinate of the lineal 
elements of such a family of curves is expressible in terms of x and y. 

In the more general case where the family of curves is given in the 
unsolved form F(x, y, C) = 0, the slope p is found by the same formula 
but it now depends apparently on C in addition to on # and y. If, how- 
ever, the constant C be eliminated from the two equations 





F(a, y, C)=0 and - gre Ls 


Paes == 0), (7) 
there will arise an equation (x, y, p) = 0 which connects the slope p 
of any curve of the family with the coérdinates (x, y) of any point 
through which a curve of the family passes and at which the slope of 
that curve is p. Hence it appears that the three coérdinates (a, y, p) of 
the lineal elements of all the curves of a family are connected by an equa- 
tion ®(a, y, p) = 0, just as the codrdinates (a, y, x) of the points of a 
surface are connected by an equation ®(a, y, z)= 0. As the equation 
B(x, y, 2) = 0 is called the equation of the surface, so the equation 
(x, y, p) = 0 is called the equation of the family of curves; it is, how- 
ever, not the finite equation F(a, y, C) = 0 but the differential equation 
of the family, because it involves the derivative p = dy/dx of y by x 
instead of the parameter C, 


GENERAL INTRODUCTION 193 


As an example of the elimination of a constant, consider the case of the parabolas 
A Cee OLNEY E/ i Or 
The differentiation of the equation in the second form gives at once 
—y/er+ 2yp/o=0 or y=2ap 
as the differential equation of the family. .In the unsolved form the work is 
2yp=C, y=2ypr, y= 2ap. 


The result is, of course, the same in either case. For the family here treated it 
makes little difference which method is followed. As a general rule it is perhaps 
best to solve for the constant if the solution is simple and leads to a simple form 
of the function f(x, y) ; whereas if the solution is not simple or the form of the 
function is complicated, it is best to differentiate first because the differentiated 
equation may be simpler to solve for the constant than the original equation, or 
because the elimination of the constant between the two equations can be con- 
ducted advantageously. 


If an equation © (x, y, p) = 0 connecting the three codrdinates of the 
lineal element be given, the elements which satisfy the equation may 
be plotted much as a surface is plotted; that is,a pair of values (a, y) 
may be assumed and substituted in the equation, the equation may then 
be solved for one or more values of p, and lineal elements with these 
values of p may be drawn through the point (a, y). In this manner the 
elements through as many points as desired may be found. The de- 
tached elements are of interest and significance chiefly from the fact 
that they can be assembled into curves, —in fact, into the curves of a 
family F(a, y, C) = 0 of which the equation @(a, y, p) = 0 is the differ- 
ential equation. This is the converse of the problem treated above and 
requires the integration of the differential equation ® (a, y, p) = 0 for its 
solution. In some simple cases the assembling may be accomplished 
intuitively from the geometric properties implied in the equation, in 
other cases it follows from the integration of the equation by analytic 
means, in other cases it can be done only approximately and by methods 
of computation. 


As an example of intuitively assembling the lineal elements into curves, take 


2 2 2 Vy? — y 
$0.7, ~P)=7r+7—r=s=0 or p=s- Jae 





The quantity Vr? — y? may be interpreted as one leg of a right triangle of which 
y is the other leg and 7 the hypotenuse. The slope of the hypotenuse is then 
+ y/ Vr? — y? according to the position of the figure, and the differential equation 
@ (x, y, p) = 0 states that the codrdinate p of the lineal element which satisfies it 
is the negative reciprocal of this slope. Hence the lineal element is perpendicular 
to the hypotenuse. It therefore appears that the lineal elements are tangent to cir- 
cles of radius 7 described about points of the z-axis. The equation of these circles is 
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(« — C)? + y2 =7?, and this is therefore the integral of the differential equation. 
The correctness of this integral may be checked by direct integration. For 


onan IG 
pee = | vi Te ot ydy =e (or Vr— 7P=—p2— C. 
dx y Vr? — 9 





86. In geometric problems which relate the slope of the tangent of a 
curve to other lines in the figure, it is clear that not the tangent but 
the lineal element is the vital thing. Among such problems that of the 
orthogonal trajectories (or trajectories under any angle) of a given family 
of curves is of especial importance. If two families of curves are so 
related that the angle at which any curve of one of the families cuts 
any curve of the other family is a right angle, then the curves of either 
family are said to be the orthogonal trajectories of the curves of the 
other family. Hence at any point (7, y) at which two curves belonging 
to the different families intersect, there are two lineal elements, one 
belonging to each curve, which are perpendicular. As the slopes of two 
perpendicular lines are the negative reciprocals of each other, it follows 
that if the coordinates of one lineal element are (7, v, p) the codrdinates 
of the other are («, y, —1/p); and if the codrdinates of the lineal ele- 
ment (#, y, p) satisfy the equation ® (x, y, ») = 0, the codrdinates of the 
orthogonal lineal element must satisfy ®(a, vy, —1/p)=0. Therefore 
the rule for finding the orthogonal trajectories of the curves F(a, y, C)= 0 
is to find first the differential equation ®(x, y, p) = Vof the family, then 
to replace p by —1/p to find the differential equation of the orthogonal 
family, and finally to integrate this equation to find the family. Tt may 
be noted that if H(z) = X (a, vy) + iY (a, y) is a function of z = ax + iy 


($ 73), the families X (x, y) = C and Y(x, y) = K are orthogonal. 


As a problem in orthogonal trajectories find the trajectories of the semicubical 
parabolas (« — C)® = y?. The differential equation of this family is found as 


© 9 ©) 2 1 2 \3 ¢ 2 = 
3(% — C)? = 2yp, r—C= 2 YD)?, (2 yp)? = y? or 2p = ys. 
This is the differential equation of the given family. Replace p by —1/p and 
integrate : 
2 wh Se Sy 9 4 
—-=—=y% or 1+-py8=0 or de+-ytdy=0, and 2+-ys=C. 
3p 2 2 8 


Thus the differential equation and finite equation of the orthogonal family are found. 
The curves look something like parabolas with axis horizontal and vertex toward 
the right. 


Given a differential equation ®(x, y, p)=0 or, in solved form, 
p= (#, y); the lineal element affords a means for obtaining graphically 
and numerically an approximation to the solution which passes through 
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an assigned point P(,, y,). For the value p, of p at this point may be 
computed from the equation and a lineal element P,P, may be drawn, 
the length being taken small. As the lineal element is tangent to the 
curve, its end point will not lie upon the curve but will depart from it 
by an infinitesimal of higher order. Next the slope p, of the lineal 
element which satisfies the equation and passes 

through P, may be found and the element P,P, B He 
may be drawn. This element will not be tangent ME 

to the desired solution but to a solution lying near Yj, 
that one. Next the element P,P, may be drawn, Me 
and so on. The broken line P,P|P,P,--- is clearly 

an approximation to the solution and will be a better approximation 
the shorter the elements P,P;,, are taken. If the radius of curvature 
of the solution at P, is not great, the curve will be bending rapidly and 
the elements must be taken fairly short in order to get a fair approx- 
imation; but if the radius of curvature is great, the elements need not 
be taken so small. (This method of approximate graphical solution 
indicates a method which is of value in proving by the method of 
limits that the equation p = ¢(, y) actually has a solution; but that 
matter will not be treated here.) 





Let it be required to plot approximately that solution of yp + «—=0 which 
passes through (0, 1) and thus to find the ordinate for « = 0.5, and the area under 
the curve and the length of the curve to this point. Instead of assuming the lengths 
of the successive lineal elements, let the 





























lengths of successive increments 6x of 4 | 8x By x; VY; D; 

x be taken as 64=0.1. At the start 

t= 0,74 = 1, and from p = = a/y i = 0) oe vee 0. 1.00 0. 
follows that p) = 0. The increment 6y i | al 0. 0.1 | 1.00 | — 0.1 
of y acquired in moving along the tan- | 2 | 0.1 | — 0.01 | 0.2 | 0.99 | — 0.2 
gent is dy =péx=0. Hence the new 3 | 0.1 | — 0.02 | 0.3 | 0.97 | — 0.381 
point of departure (a,, y,) is (0.1,1) and | 4 | 0.1 | — 0.03 | 0.4 | 0.94 | — 0.48 
the new slope is p, = — 2,/y, = — 0.1. 5 | 0.1 | — 0.04 | 0.5 | 0.90 





The results of the work, as it is contin- 
ued, may be grouped in the table. Hence it appears that the final ordinate is 
y = 9.90. By adding up the trapezoids the area is computed as 0.48, and by find- 
ing the elements 6s = V 6x2 + dy? the length is found as 0.51. Now the particular 
equation here treated can be integrated. 


yp +a2=0, ydy + «dx = 0, ew +y2=C, andhence 2+ 77=1 


is the solution which passes through (0, 1). The ordinate, area, and length found 
from the curve are therefore 0.87, 0.48, 0.52 respectively. The errors in the 
approximate results to two places are therefore respectively 8, 0, 2 percent. Hf dx 
had been chosen as 0.01 and four places had been kept in the computations, the 
errors would have been smaller, 
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EXERCISES 


1. In the following cases eliminate the constant C to find the differential equa- 
tion of the family given: 








(a) 2 = 2 Oy + C?, (8) y= Cu + vV1— 0, 
(y) 22 = y7 = Cx, (6) y= tan (x + C), 

w2 y? ay (a2 — y2) — (a2 — b) dy 

ae =1 Ans. =e 
ead eo” = i . ry de 
2. Plot the lineal elements and intuitively assemble them into the solution : 
dp 
(a) yp+2=0, (8) ep—y=0, (7) fo =e 


Check the results by direct integration of the differential equations. 


3. Lines drawn from the points (+ ¢, 0) to the lineal element are equally in- 
clined to it. Show that the differential equation is that of Ex. 1 (e). What are the 
curves ? 


4. The trapezoidal area under the lineal element equals the sectorial area formed 
by joining the origin to the extremities of the element (disregarding infinitesimals 
of higher order). (a) Find the differential equation and integrate. (8) Solve the 
same problem where the areas are equal in magnitude but opposite in sign. What 
are the curves ? 


5. Find the orthogonal trajectories of the following families. Sketch the curves. 


(a) parabolas y? = 2 Cz, Ans. ellipses 222 + y2 = C. 
(8) exponentials y = Cet, Ans. parabolas ¢ky? +2= C. 
(y) circles (2c — C)? + y? = a?, Ans. tractrices. 


(3) ®@—-y=C%, () CyY=a%, (§) 28 4 y$ = C8. 

6. Show from the answer to Ex. 1 (e) that the family is self-orthogonal and 
illustrate with a sketch. From the fact that the lineal element of a parabola makes 
equal angles with the axis and with the line drawn to the focus, derive the differ- 
ential equation of all coaxial confocal parabolas and show that the family is self- 
orthogonal. 


7. If (x, y, p) = 0 is the differential equation of a family, show 


p—m : pi) 
@ (2, y, - =O and (ae, y, - =O) 
(sv aol ( o 1— mp 


are the differential equations of the family whose curves cut those of the given 
family at tan-1m. What is the difference between these two cases ? 





8. Show that the differential equations 
dy / do 
(—, r =0 and (—7—,7, = 0 
ie j *) ( dr 6) 


define orthogonal families in polar codrdinates, and write the equation of the family 
which cuts the first of these at the constant angle tan-!m. 


9. Find the orthogonal trajectories of the following families. Sketch, 


(a) 7 = ed, (8) r= C(1— cos¢), (vy) r= C¢, (6) r?= C2 cos2¢. 
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10. Recompute the approximate solution of yp + « = 0 under the conditions of 
the text but with 62 = 0.05, and carry the work to three decimals. 


11. Plot the approximate solution of p = cy between (1, 1) and the y-axis. Take 


dx = — 0.2. Find the ordinate, area, and length. Check by integration and 
comparison. 
12. Plot the approximate solution of p = — z through (1, 1), taking 62 = 0.1 and 


following the curve to its intersection with the z-axis. Find also the area and the 
length. 


13. Plot the solution of p = Vz? + y? from the point (0, 1) to its intersection 
with the x-axis. Take 6a = — 0.2 and find the area and length. 


14. Plot the solution of p = s which starts from the origin into the first quad- 
rant (s is the length of the arc). Take 6x = 0.1 and carry the work for five steps 
to find the final ordinate, the area, and the length. Compare with the true integral. 


87. The higher derivatives ; analytic approximations. Althougha 
differential equation ®(a, y, y')=0 does not determine the relation 
between x and y without the application of some process equivalent to 
integration, it does afford a means of computing the higher derivatives 
simply by differentiation. Thus 


da te, ,, 
ey ce 





dx 


is an equation which may be solved for y" as a function of a, y, y'; 





and y'’ may therefore be expressed in terms of « and y by means of 
(x, y, y')= 90. A further differentiation gives the equation 
Tb Oo oD, GUase Oe 5 oe 
eae le Sas 9 il 
ax aa dxdy 7 ee * bxby! 7 se oy? aT dyoy' 9 7 
COR r ce ee fe 
ae Cy” ¥y ste oy hs oy 1g al 0, 


which may be solved for y'” in terms of a, y, y', y''; and hence, by the 
preceding results, y' is expressible as a function of « and y; and so 
on to all the higher derivatives. In this way any property of the inte- 
grals of &(x, y, y')= 0 which, like the radius of curvature, is expressi- 
ble in terms of the derivatives, may be found as a function of # and y. 

As the differential equation ®(, y, y')=0 defines y' and all the 
higher derivatives as functions of «, y, it is clear that the values of the 
derivatives may be found as y%, yy, yo’, ++: at any given point (x, y). 
Hence it is possible to write the series 


y=¥Y,t Yo(e—%)+EY (Z—%) FEY a) + (8) 


If this power series in « — #, converges, it defines y as a function of 
x for values of x near a,; it is indeed the Taylor development of the 
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function y (§ 167). The convergence is assumed. Then 


Y=%~+y @—%) +E @—%) +: 
It may be shown that the function y detined by the series actually 
satisfies the differential equation @(2, y, y') = 0, that is, that 
O@) =8[2, y,+%(@—2) FEY @—%) ++ Y+rYo E—%)+---]=0 
for all values of x near x,. To prove this accurately, however, is beyond 
the scope of the present discussion; the fact may be taken for granted. 


Hence an analytic expansion for the integral of a differential equa- 
tion has been found. 


Ag an example of computation with higher derivatives let it be required to deter- 
mine the radius of curvature of that solution of 7’ = tan (y/x) which passes through 
(1, 1). Here the slope y(, ,, at (1, 1) is tan1 = 1.557. The second derivative is 

We OU Oe ee 2yty —y 


=— tan = = sec a 
(ola ray L HE Fg 


From these data the radius of curvature is found to be 


8 
14+ y?)2 2 1 
pes sid ) = sec 4 = ’ Ra, 1) = see 1 ———_ = 5.250. 


y ray —y tan 1— 1 





The equation of the circle of curvature may also be found. For as y(,_ 1) is positive, 
the curve is concave up. Hence (1 — 8.250 sin 1, 1 + 3.250 cos 1) is the center of 
curvature ; and the circle is 

(w + 1.735)? + (y — 2.757)? = (8.250). 


As a second example let four terms of the expansion of that integral of 
x tan y’ = y which passes through (2, 1) be found. The differential equation may 


be solved ; then 
dy = tan—(") ; oy = eM = y 
dx de dz? a? + 7? 
By @W+yP)e—)y" + Br —2)y — 2xyy? + 2ry 
da? (a? au y?)? 








Now it must be noted that the problem is not wholly determinate ; for y’ is multi- 
ple valued and any one of the values for tan-! 3 may be taken as the slope of a 
solution through (2, 1). Suppose that the angle be taken in the first quadrant ; then 
tan-!} = 0.462. Substituting this in 7”, we find Yoo, 1) =— 0.0152 ; and hence may 
be found yy 1) = 9.110. The series for y to four terms is therefore 

y =1 + 0.462 (w — 2) — 0.0076 (x — 2)? 4+ 0.018 (x — 2)8, 


It may be noted that it is generally simpler not to express the higher derivatives in 
terms of ¢ and y, but to compute each one successively from the preceding ones. 


88. Picard has given a method for the integration of the equation 
y' = $(a, y) by successive approximations which, although of the highest 
theoretic value and importance, is not particularly suitable to analytic 
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uses in finding an approximate solution. The method is this. Let the 
equation y' = $(, y) be given in solved. form, and suppose (X Y) i8 
the point through which the solution is to pass. To find the first 
approximation let y be held constant and equal to y,, and integrate the 
equation y' = (a, y,). Thus 


dy = (2, yde; y=y,t i g(x, y)de=f(a), 9) 


where it will be noticed that the constant of integration has been chosen 
so that the curve passes through (a,, y,). For the second approximation 
let y have the value just found, substitute this in ¢(a, y), and integrate 
again. Then 


Y=Y+ if ‘of hae il (x, nie |e = f,(@). (9') 


With this new value for y continue as before. The successive deter- 
minations of y as a function of x actually converge toward a limiting 
function which is a solution of the equation and which passes through 
(%» Y)- It may be noted that at each step of the work an integration 
is required. The dithculty of actually performing this integration in 
formal practice limits the usefulness of the method in such cases. It is 
clear, however, that with an integrating machine such as the integraph 
the method could be applied as rapidly as the curves ¢$ (a, f;(#)) could 
be plotted. 


To see how the method works, consider the integration of y’ = w+ y to find the 
integral through (1, 1). For the first approximation y = 1. Then 
dy = (a + 1) dz, y=te?+a2+4 C, y=te+e—L=f,(2). 
From this value of 7 the next approximation may be found, and then still another : 
dy =[24+ (be +e—)]dr, y= jo ta?—jort=f,@), 
dy =[« + f(a) ] dx, Y = geet + FOP + Fa? + 4e + gy 
In this case there are no difficulties which would prevent any number of appli- 


cations of the method. In fact it is evident that if 7 is a polynomial in # and y, the 
result of any number of applications of the method will be a polynomial in a. 


The method of wndetermined coefficients may often be employed to 
advantage to develop the solution of a differential equation into a 
series. The result is of course identical with that obtained by the 
application of successive differentiation and Taylor’s series as above ; 
the work is sometimes shorter. Let the equation be in the form 
y' = (a, y) and assume an integral in the form 


Y = Yt 4,(@ — 0) dy (= a)" + a,(@ — 2)” Se (10) 
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Then ¢$(a, y) may also be expanded into a series, say, 
f(x, y) =A, + A,(@ —&,) + A,(@ — %)? + A, (e — 2, )* eee 
But by differentiating the assumed form for y we have 
y! =a,+2a,(e—2,) +34,(@ —%,)?+44,(e —2,)?+--- 


Thus there arise two different expressions as series in # — a, for the 
function y', and therefore the corresponding coefficients must be equal. 
The resulting set of equations 


a,=A),, 20, = A 3a,=A,, 4a,=A,, ee (11) 


v 
may be solved successively for the undetermined coefficients a,, a,, @,, 
a,,-++ which enter into the assumed expansion. This method is partic- 
ularly useful when the form of the differential equation is such that 
some of the terms may be omitted from the assumed expansion (see 
Ex. 14). 


As an example in the use of undetermined coefficients consider that solution of 
the equation 7’ = Va? + 3? which passes through (1, 1). The expansion will pro- 
ceed according to powers of « — 1, and for convenience the variable may be changed 
tot = x— 150 that 


W/E PIPE By, y=lt+att+aP?t+altatt+--- 
dt 1 2 3 4 


are the equation and the assumed expansion. One expression for 7’ is 
y =a, + 2at + 3a, + 4a, +---. 


To find the other it is necessary to expand into a series in t the expression 





y =VL+ 2 +31 4+ at + a? + at). 


If this had to be done by Maclaurin’s series, nothing would be gained over the 
method of § 87; but in this and many other cases algebraic methods and known 
expansions may be applied (§ 32). First square y and retain only terms up to the 
third power. Hence 





y =2V14 4(1 + 8a,)t+ 4(1 + 6a, + Baz) + § (aya, + a,)h 
Now let the quantity under the radical be called 1 + A and expand so that 
y =2Vith=2(14+ph— Lh + hd), 
Finally raise h to the indicated powers and collect in powers of t. Then 


t (2 = 
Y=2+3(1+3a))/+ 411 + Gay + Bap)| + § (a,ay + ay) 
— (1+ 34a,)? — Jy (1 + 3a,) (1 +6 a, + Baz)" 
+ & (1+ 3a,)3 
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Hence the successive equations for determining the coefficients are a, = 2 and 


2a. = }$(1+34a,) ora, = 4, 
8a5= (ea, 4 8ah)— zs (1 + 3a,)? or a, = 18, 
4a, = § (G4, + a3) — py (1+ 8.a,)(1 + 6a, + 3a?) + A (1 + 3a,)? ora, =} 


Therefore to five terms the expansion desired is 
y=142@—1)4+4@—IP+HOE- 1+ We —Yh 
The methods of developing a solution by Taylor’s series or by un- 
determined coefficients apply equally well to equations of higher order. 
For example consider an equation of the second order in solved form 
y" = (a, y, y') and its derivatives 


hh oh ch ' op y"! 


~ nd 
oe 
oe 








y ee ek 2% 
iv fie Oo y' 9 e d " oo 12 oo VAL 
tb - Peedy 9 mea * Oxdy! 7 ayo UT aay Ue 
4 2 op " se 
T pnd ce, J ta 


Evidently the higher derivatives of y may be obtained in terms of 2, 
y, y'; and y itself may be written in the expanded form 
Y= Yt You — %) + FY — %)? + 3 Yo @ — %)” (12) 
ob OE yi (a <4 y)* + 

where any desired values may be attributed to the ordinate y, at which 
the curve cuts the line « = x,, and to the slope y, of the curve at that 
point. Moreover the coefficients y/, ¥;’, --- are determined in such a way 
that they depend on the assumed values of y, and y. It therefore is 
seen that the solution (12) of the differential equation of the second 
order really involves two arbitrary constants, and the justification of 
writing it as F(a, y, C,, C,) = 0 is clear. 

In following out the method of undetermined coefficients a solution 
of the equation would be assumed in the form 
Y= Yt Yo(@ — 2) + a, (@ — %,)? + a,(@ — 2)? + a,(@ — %,)* +--+, (18) 
from which 7’ and y" would be obtained by differentiation. Then if the 
series for y and y' be substituted in vy" = (a, y, y') and the result 
arranged as a series, a second expression for y" is obtained and the 
comparison of the coefficients in the two series will afford a set of equa- 
tions from which the successive coefficients may be found in terms of 
y, and y, by solution. These results may clearly be generalized to the 
case of differential equations of the nth order, whereof the solutions 
will depend on n arbitrary constants, namely, the values assumed for 
y and its first n — 1 derivatives when w = x, 
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EXERCISES 


1. Find the radii and circles of curvature of the solutions of the following equa- 
tions at the points indicated : 
(@) y = Va? + y? at (0, 1), (8) yy’ + &=0 at (2, Yo). 
2. Find yi) = 6 V2 — 2)/4 if y = Va? + Y. 
3. Given the equation y2y2 + ayy? — yy’ + « = 0 of the third degree in 7’ so 
that there will be three solutions with different slopes through any ordinary point 
(v, y). Find the radii of curvature of the three solutions through (0, 1). 


4. Find three terms in the expansion of the solution of ¥’ = e*” about (2, 4). 

5. Find four terms in the expansion of the solution of y=log sin zy about ($7, 1). 
6. Expand the solution of 7’ = wy about (1, 7) to five terms. 
& 


Expand the solution of y/ = tan (y/x) about (1, 0) to four terms. Note that 
here z should be expanded in terms of y, not y in terms of z. 
8. Expand two of the solutions of y?y% + cyy? — yy’ + «* = 0 about (— 2, 1) 
to four terms. 
9. Obtain four successive approximations to the integral of 7’ =ay through (1, 1). 

10. Find four successive approximations to the integral of 7’ =a + y through 
(0, 4). 

11. Show by successive approximations that the integral of 7’ = y through (0, yp) 
is the well-known y = ye. 

12. Carry the approximations to the solution of y’ = — 2/y through (0, 1) as 
far as you can integrate, and plot each approximation on the same figure with the 
exact integral. 

13. Find by the method of undetermined coefficients the number of terms indi- 
cated in the expansions of the solutions of these differential equations about the 
points given : 

(na Vat y, five terms, (0, 1), aig = Va+y, four terms, (1, 3), 
(y) vy =a + y, n terms, (0, yp), (8) y = Va? + y?, four terms, (%, 4). 

14. If the solution of an equation is to be expanded about (0, y,) and if the 
change of 2 into — # and y into — y does not alter the equation, the solution is 
necessarily symmetric with respect to the y-axis and the expansion may be assumed 
to contain only even powers of x. If the solution is to be expanded about (0, 0) 
and a change of w into — a and y into — y does not alter the equation, the solution 
is symmetric with respect to the origin and the expansion may be assumed in odd 
powers. Obtain the expansions to four terms in the following cases and compare 
the labor involved in the method of undetermined coefficients with that which 
would be involved in performing the requisite six or seven differentiations for the 
application of Maclaurin’s series : 

(Ca) ae —" __ about (0, 2), (8) y’ = sin zy about (0, 1), 
Var + 
(vy) y = ew about (0, 0), (5) y = ay + xy’ about (0, 0). 


15. Expand to and including the term 2: 


CCS aes SAA rN aronberh kA amie iS a, (by both methods), 
(8) ey y+ y= 0 about 2, = 0) 7, =a), Yo = — a (by: und, coeits,: 


CHAPTER VIII 
THE COMMONER ORDINARY DIFFERENTIAL EQUATIONS 


89. Integration by separating the variables. If a differential equa- 
tion of the first order may be solved for y' so that 


y=o(@, y) or M(a, y) dx + N(a, y)dy = 0 (1) 


(where the functions , 1/, V are single valued or where only one spe- 
cific branch of each function is selected in case the solution leads to 
multiple valued functions), the differential equation involves only the 
first power of the derivative and is said to be of the first degree. If, 
furthermore, it so happens that the functions $, 1/, V are products of 
functions of # and functions of y so that the equation (1) takes the form 


y' = o,(@) oy) or M,(x) M,(y) da + N,(a) N,(y) dy = 0, (2) 


it is clear that the variables may be separated in the manner 





dy M (2%) N,(y) 
——_=d¢4(a)dr or VW dy + —~ dy = 0 ey 
$,(/) #1) N,(«) MAY) \ 


and the integration is then immediately performed by integrating each 
side of the equation. It was in this way that the numerous problems 
considered in Chap. VII were solved. 


As an example consider the equation yy’ + czy? =a. Here 


yd 
>» ydy+a(y?—1)de=0 or aS + ¢dx = 0, 
(if —_— 
and log (y2—1)+4a27=C or (Yy?—l1jer=C. 


The second form of the solution is found by taking the exponential of both sides 
of the first form after multiplying by 2. 


In some differential equations (1) in which the variables are not 
immediately separable as above, the introduction of some change of 
variable, whether of the dependent or independent variable or both, 
may lead to a differential equation in which the new variables are sepa- 
rated and the integration may be accomplished. The selection of the 
proper change of variable is in general a matter for the exercise of 
ingenuity ; succeeding paragraphs, however, will point out some special 
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types of equations for which a definite type of substitution is known 
to accomplish the separation. 
As an example consider the equation rdy — ydz = x V2? + y? dz, where the varia- 


bles are clearly not separable without substitution. The presence of Var 4+ y? 
suggests a change to polar codrdinates. The work of finding the solution is: 


z=rcoos6é, y=rsing, dx =cosédr—rsin ddd, dy =sin édr + r cos 606 ; 
then ady — ydx = r?dé, a Va? + y2da = 1 cos 6d (r cos 6). 
Hence the differential equation may be written in the form 
v2d@ = 2 cos Od(rcos@) or sec 6d# = d(r cos 6), 


14+ sin 6 
and log tan (49 +47) =rcos6+ C or log 1 aa t C. 
Pi tmaye 
Hence VO+P HY =Ce (on substitution for 6). 
eG 


Another change of variable which works, is to let y = ve. Then the work is: 


a (vde + adv) — veda = a? V1 + v2 dx or dv = V1 + Pde. 


dv 
Then Vira = ihe. sinh-ly = # + C, y = «sinh (« + C). 


This solution turns out to be shorter and the answer appears in neater form than 
before obtained. The great difference of form that may arise in the answer when 
different methods of integration are employed, is a noteworthy fact, and renders a 
set of answers practically worthless ; two solvers may frequently waste more time 
in trying to get their answers reduced to a common form than each would spend in 
solving the problem in two ways. 


90. If in the equation y' = ¢(a, y) the function ¢ turns out to be 
(y/x), a function of y/x alone, that is, if the functions M and N are 
homogeneous functions of #, y and of the same order (§ 53), the differ- 
ential equation is said to be homogeneous and the change of variable 
y =ver or x =vy will always result in separating the variables. The 
statement may be tabulated as : 


: dy Yy ; y=ver 

if pits) hed substitute y (3) 
dix z or = vy. 

A sort of corollary case is given in Ex. 6 below. 


r x& 
As an example take y(1 + eu) dx + ev (y — x)dy = 0, of which the homogeneity 
is perhaps somewhat diseuised. Here it is better to choose 2 = vy. Then 


(1 + ev) dx + e’(l—v)dy=0 and dz =vdy + ydv. 


Hence (v+e")dy+y(1+e)dv=0 or ay + lis 





Hence logy +log(v+e)y=C or a+yNv=C, 
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If the differential equation may be arranged so that 


dx 


dy i E y 
Cade es em aes ey), AE) 


where the second form differs from the first only through the inter- 
change of « and y and where X, and. X, are functions of # alone and 
Y, and Y, functions of y, the equation is called a Bernoulli equation ; and 
in particular if n = 0, so that the dependent variable does not occur on 
the right-hand side, the equation is called linear. The substitution 
which separates the variables in the respective cases is 


ee ve“ SHOU oy x = ve-SUuM4, (5) 


To show that the separation is really accomplished and to find a genera! 
formula for the solution of any Bernoulli or linear equation, the sub- 
stitution may be carried out formally. For 


dy dv fxa 
et A A a hy — f Xan, 
dx de” al 


The substitution of this value in the equation gives 


v : : dv : 
dv en S Fide — Xe une nf Xiao 0 — KX ed—m f Xa dx. 
dz 2 qn 2 


Hence nti {1 20) iL X,e0- 9S ade hog WEN ain) le 


4 


or yr = 1 n) ces eet | x eon [zi ae | ’ (6) 


There is an analogous form for the second form of the equation. 


The equation (xy? + zy) dy = dx may be treated by this method by writing it as 


Bae SOR Noe oy Ma S 0h ier 
Then let r Pe ad het vet te: 
Then i —yl= ee + we Sise ees e nf yr 
and a vers y>v2ev? or “ = pet “dy, 
and — Zaye 2ed" + Cor w= 2-4 ce 8” 


This result could have been obtained by direct substitution in the formula 
palei (1 pass n) e 1) f Y\dy | aie Yidy a], 


but actually to carry the method through is far more instructive. 


* Tf n=1, the variables are separated in the original equation. 
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EXERCISES 
1. Solve the equations (variables immediately separable) : 
(a) l+2)y+(—y)cy =9, Ans, xy = Gey—%, 
(8) a(ady + 2 ydx) = xydy, (y) V1-#dy+v1—ydz=0, 


(8) (1+ y2)de —(y + V1 + y)(Q1 + a)2 dy = 0. 


2. By various ingenious changes of variable, solve : 


(a) («© + y)?y = a, Ans. 2+ y=atan(y/a+ C). 
(8) (x — y*)dx + 2axydy = 0, (y) «dy — yda = («? + y?) dx, 
(8 ate a, (-) yy tyt+e+1=0. 

3. Solve these homogeneous equations : 
(a) QVay—2)y +y=0, Ans. Vz/y + logy = C. 

y 

(8) rer + y — ay’ = 0, Ans. y + «log log C/z = 0. 
(v7) (2? + y?)dy = xyde, (6) 2 — UV? +a 

4. Solve these Bernoulli or linear equations : 
(a) y¥ +y/e=y7’, Ans. cylog Cx +1=0. 
(8) 7 —y csc & = cosx — 1, Ans. y=sinzx+ Ctaniz. 
(vy) ty + y = y? log a, Ans. y-1=logr +14 Cz. 
(6) (1+ y?) dx = (tan-1y — x) dy, (e) ydx + (ax?y” — 2x)dy = 0, 
(§) vy — ay=2 +1, (n) vy +4Y° = cose. 


5. Show that the substitution y= vr always separates the variables in the 
homogeneous equation 7’ = ¢(y/x) and derive the general formula for the integral. 


6. Let a differential equation be reducible to the form 


dy ae + OY + C, a,b, — dab, # 0, 
da At + boy + ¢, ; or a,b, — a,b, = 0. 


In case a,b, — a), #0, the two lines a,x + by +¢,=0 and a,x + by + C= 0 
will meet in a point. Show that a transformation to this point as origin makes 
the new equation homogeneous and hence soluble. In case a,b, — a,b, = 0, the 
two lines are parallel and the substitution z = at+ by or z=a,x+ by will 
separate the variables. 





7. By the method of Ex. 6 solve the equations : 





(a) (By—Tx+7)dv+(Ty—32+3)dy=0, Ans. (y—2+1)2(y +2—1)§= 6. 

(B) (2a+ 3y—5)y’ + (8a + 2y—5)=0, (vy) (4¢4+38y7+4+1)dve4+ (x+y+1)dy=0, 
, ly zx—y-1 \ 

6) (2a+ y)=y' (4a 4 2y— 1), PE = Nae 

(8) Qet w=v( ) OS = lepers) 


8. Show that if the equation may be written as yf(xy) dr + xg (ty) dy = 0, 
where f and g are functions of the product zy, the substitution v = zy will sepa- 
rate the variables. 


9. By virtue of Ex. 8 integrate the equations : 
(x) (y + 2ay? — w7y°) lr + 222ydy = 0, Ans. tay = O00 = ay). 
(B) (y + xy?) dx + (w — ay) dy = 0, (y) (+ wy) cy?de + (ry — 1) rdy = 0. 
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10. By any method that is applicable solve the following. If more than one 
method is applicable, state what methods, and any apparent reasons for choos- 
ing one: 


(a) y + ycosz = y"sin 22, (8) (2a7y + 3 y°) dx = (a + 2 ay?) dy, 
(vy) Gz+2y—ly+2e+y+1=0, (5) yy +2y?=2, 
(ec) y siny + sinw cosy = sina, ($) V@+e71—-y)=ae+y, 


(0) (ay? + wry? + ay + I)y + (aty’ — wy? — ay + lay’, (0) y’ =sin(e—y), 
nel) 
(c) eydy — y2dx = (x + y)?e 2dx, (x) (1 — y?) dv = axy (x + 1) dy. 
91. Integrating factors. If the equation Mdx + Ndy = 0 by asuita- 
ble rearrangement of the terms can be put in the form of a sum of total 
differentials of certain functions w, v,---, say 


du+dv+---=0, then wtv+---=C (7) 


is surely the solution of the equation. In this case the equation is called 
an exact differential equation. It frequently happens that although the 
equation cannot itself be so arranged, yet the equation obtained from 
it by multiplying through with a certain factor w(a, y) may be so 
arranged. The factor w(x, y) is then called an integrating factor of the 
given equation. Thus in the case of variables separable, an integrating 
factor is 1/M,N,; for 





M,(@) NY) 
MM, dx N.N, = —1 dx +—~ dy = 0; 
ee re ements Ine 


a 





and the integration is immediate. Again, the linear equation may be 
treated by an integrating factor. Let 


dy + X,ydu= Xdxe and p= ef Mite ; (9) 
then ed Aude ql y+ X el Fala eS Mtn x ola (10) 


or d [yes %" | = ef “ide X,dx, and yes Kite Je ff efae Aes (LL) 


In the case of variables separable the use of an integrating factor is 
therefore implied in the process of separating the variables. In the 
case of the linear equation the use of the integrating factor is somewhat 
shorter than the use of the substitution for separating the variables. 
In general it is not possible to hit upon an integrating factor by inspec- 
tion and not practicable to obtain an integrating factor by analysis, but 
the integration of an equation is so simple when the factor is known, 
and the equations which arise in practice so frequently do have simple 
integrating factors, that it is worth while to examine the equation to 
see if the factor cannot be determined by inspection and trial. To aid 
in the work, the differentials of the simpler functions such as 
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dxy = ady + yda, bd(a? + vy) = adx + ydy, 
y «dy — yd 10 _ yd« — xdy 12 
Mee EN ’ d tan , ee a ; (12) 


should be borne in mind. 


Consider the equation («te — 2 mary”) dx + 2ma*ydy =0. Here the first term 
gtexda will be a differential of a function of « no matter what function of z may be 
assumed as a trial wu. With » = 1/z* the equation takes the form 


2dz: 42 
ede + 2m (MY _U) = de + ma =0. 
Ai oP a 
The integral is therefore seen to be e& + my?/a? = C without more ado. It may 
be noticed that this equation is of the Bernoulli type and that an integration by 
that method would be considerably longer and more tedious than this use of an 
integrating factor. 
Again, consider (« + y) dx — (x — y) dy = 0 and let it be written as 
adx + ydy + ydx—ady=0; try pw =1/(2?+4+ 7”); 
rdx+ydy _ ydx —ady _ 


1 Lr 
] =0 or —dlog (az? + 7* dian—1—=0 
then Pay + eae 9 ge (x? + y?) + z ’ 





and the integral is log Vx? + y? + tan-1(z/y) = C. Here the terms «dx + ydy 
strongly suggested 2? + y? and the known form of the differential of tan—1(x/y) 
corroborated the idea. This equation comes under the homogeneous type, but the 
use of the integrating factor considerably shortens the work of integration. 


92. The attempt has been to write Mdx + Ndy or u(Mdx + Ndy) 
as the sum of total differentials du + dv + ---, that is, as the differential 
dF of the function w+v-+---, so that the solution of the equation 
Mdx + Ndy = 0 could be obtained as F= C. When the expressions 
are complicated, the attempt may fail in practice even where it theoreti- 
cally should succeed. It is therefore of importance to establish condi- 
tions under which a differential expression like Pdr + Qdy shall be the 
total differential dF of some function, and to find a means of obtaining 
F when the conditions are satisfied. This will now be done. 











Q iF OF 
Suppose Pdx + Qdy =dF = dx + —dy; (13) 
Ox Cy % 
é OF eP @ a2 RF 
then oo, ee 2 ma Pe 
Ox ey Oy Ox Oxdy 


Hence if Pdx + Qdy is a total differential dF, it follows (as in § 52) that 
the relation P, = Q, must hold. Now conversely if this relation does 
hold, it may be shown that Pd« + Qdy is the total differential of a 
function, and that this function is 
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r= f P (a, y) dx + [ ey y)dy 

- (14) 

es r= f Q(x, y)dy + [ Pe, Yo) Ux, 
% 


where the fixed value a, or y, will naturally be so chosen as to simplify 
the integrations as much as possible. 

To show that these expressions may be taken as F it is merely neces- 
sary to compute their derivatives for identification with P and Q. Now 


CHO oe 0 
eae] PO nets [em ndy= Pe», 


wna PODe te [eo na =z, [Part ea» 


These differentiations, applied to the first form of F, require only the 
fact that the derivative of an integral is the integrand. The first turns 
out satisfactorily. The second must be simplified by interchanging the 
order of differentiation by y and integration by x (Leibniz’s Rule, 
§ 119) and by use of the fundamental hypothesis that P) = Q). 


7) is SP. 
aA Pdz + Q(@,, ¥) =f Bi dz + Q(@,, y) 


| + Q(a,) ¥) = (a, 9). 


aa) 


xO } 
=[ dz + Q(%, ¥) = Q@, y) 





The identity of P and Q with the derivatives of F is therefore estab- 
lished. The second form of F would be treated similarly. 


Show that (x? + log y) dx + «/ydy = 0 is an exact differential equation and obtain 
the solution. Here it is first necessary to apply the test ae = Q,. Now 


ill 
ee (a? + logy) = i and — 5 
oy y ory Y 


Hence the test is satisfied and the integral is obtained by applying the formula : 
x 0 1 2 
ik (2? + log y) dx +f — dy = mae +alozy=C 
0 Y oO 
YX ; gs : 
or if = dy + f(a? + log 1)dx =a logy + 52 =u), 
a] : 
Tt should be noticed that the choice of «) = 0 simplifies the integration in the first 
case because the substitution of the lower limit 0 is easy and because the second 


integral vanishes. The choice of y, = 1 introduces corresponding simplifications in 
the second case. 
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Derive the partial differential equation which any integrating factor of the differ- 
ential equation Mdz + Ndy = 0 must satisfy. If u is an integrating factor, then 





M oN 
Rude aNd dr and) ee 
oy Ox 
6 6 N oM 
Hence Me Ne a( 2 ) (15) 
oY On On oy 


is the desired equation. To determine the integrating factor by solving this equa- 
tion would in general be as difficult as solving the original equation ; in some 
special cases, however, this equation is useful in determining p. 


93. It is now convenient to tabulate a list of different types of dif- 
ferential equations for which an integrating factor of a standard form 
can be given. With the knowledge of the factor, the equations may 
then be integrated by (14) or by inspection. 


Equation Mdx + Ndy = 0: FAcTOR pL: 
1 
I. Homogeneous Mdx + Ndy = 0 2 
omogeneous Mdu -- Nay 3 Mg —— Nay 
Il. Bernoulli dy + XX yda = Xyda, iim nan) [ Xyter, 
eA eee 1 
Eel Sty (rg Ve ecg.) Sees 
OM oN 
_ by Ox 3 
NW, If ed ey a), eff@ar, 
ON ‘oc 
Ox @ : 
We dle oe = 7 (y)s e froma, 


pkm—1—@, kn—1—B 
(a Y 4 


VL Type x*y8(mydx + nady) = 0, 4 
Lk arbitrary. 
f apkm —l-a yk att 


WUE, xy myda + nady) + axvyp(pyde oa qedy) = (), BY é 
: Lk determined. 


The use of the integrating factor often is simpler than the substitu- 
tion y= va in the homogeneous equation. It is practically identical 
with the substitution in the Bernoulli type. In the third type it is 
often shorter than the substitution. The remaining types have had no 
substitution indicated for them. The proofs that the assigned forms 
of the factor are right are given in the examples below or are left as 
exercises. 


To show that « = (Mx + Ny)-! is an integrating factor for the homogeneous 
case, It is possible simply to substitute in the equation (15), which « must satisfy, 
and show that the equation actually holds by virtue of the fact that Mand N are 
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homogeneous of the same degree, — this fact being used to simplify the result by 
Kuler’s Formula (30) of § 53. But it is easier to proceed directly to show 
) 


C M Le ( N ) a (: i] ) é (: p ) Ny 
= or == ere oia> == 
oy Ma+ Ny ca \Ma+ Ny oy \wl+¢ ow \y1l+¢ Max 


Owing to the homogeneity, ¢ is a function of y/x alone. Differentiate. 











= (- 1 iE io Abd py =9 Of ow 
oy \w1l+¢ v(1+ ¢)a y (1+ 42 carder 
As this is an evident identity, the theorem is proved. 

To find the condition that the integrating factor may be a function of x only 
and to find the factor when the condition is satisfied, the equation (15) which u 
satisfies may be put in the more compact form by dividing by mu. 








} oN M oO ‘) ol 
4 i & Foe aay Sy oM a yy Clos yy Glogm _ @N OM 


u ey mon oe by ey eat az. ay 











(15’ 


Now if uw (and hence log y) is a function of x alone, the first term vanishes and 


o M, — N. 
a t= t Ne =— 7 (t) ore loon = f f(o)ae. 





This establishes the rule of type 1V above and further shows that in no other case 
can w be a function of z alone. The treatment of type V is clearly analogous, 

Integrate the equation ty (8 ydx + 2ady) + 27 (4ydx + 3xdy)=0. This is of 
type VIL; an integrating factor of the form «= xeye will be assumed and the ex- 
ponents p, o will be determined so as to satisfy the condition that the equation be 
an exact differential. Here 


P= pM=S8aPttytt24 40+ ot, QapN = 2QaPtbyo +1 4 3 qp + dys, 
Then P= 3(6 + 2) aP + ty7 41 + A(o + 1) ce taye 


=2(p + 5)aP+4y7 +1 4 3(p + 3)aPt2y7 = Q. 
Hence if 3(¢ + 2)=2(p+5) and 4(¢+1)=38(p +3), 


the relation i =, will hold. ‘This gives a — 2, p— 1. Hence = xy?, 
and (Me ryt + 4a°y?) de + f ody =e eee =O, 
0 


is the solution. "The work might be shortened a trifle by dividing through in the 
first place by 2. Moreover the integration can be performed at sight without the 
use of (14). 


94. Several of the most important facts relative to integrating factors 
and solutions of Mdx + Ndy = 0 will now be stated as theorems and 
the proofs will be indicated below. 

1. If an integrating factor is known, the corresponding solution may 
be found; and conversely if the solution is known, the corresponding 
integrating factor may be found. Hence the existence of either implies 
the existence of the other. 

2. If F=C and G = C are two solutions of the equation, either must 
be a function of the other, as G = @(/’); and any function of either is 
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a solution. If w and vy are two integrating factors of the equation, the 
ratio w/v is either constant or a solution of the equation; and the prod- 
uct of w by any function of a solution, as wb(F’), is an integrating fac- 
tor of the equation. 

3. The normal derivative dF/dn of a solution obtained from the 
factor w is the product w VM? + N? (see § 48). 


It has already been seen that if an integrating factor » is known, the corre- 
sponding solution F = C may be found by (14). Now if the solution is known, the 
equation 

UE Fide + Fidy = wu (Mda + Nady) gives F;, rf 18 F, IN 


and hence » may be found from either of these equations as the quotient of a 
derivative of F by a coefficient of the differential equation. The statement 1 is 
therefore proved. It may be remarked that the discussion of approximate solutions 
to differential equations (§§ 86-88), combined with the theory of limits (beyond the 
scope of this text), affords a demonstration that any equation Mdzx + Ndy = 0, 
where M and WN satisfy certain restrictive conditions, has a solution ; and hence it 
may be inferred that such an equation has an integrating factor. 
If u be eliminated from the relations F, = uM, F,, = uN found above, it is seen 
that 
MF,,— NF,=0, and similarly, MG)—NG{=0, (16) 


are the conditions that F and @ should be solutions of the differential equation. 
Now these are two simultaneous homogeneous equations of the first degree in M 
and N. If Mand WN are eliminated from them, there results the equation 


FG, — F,G,=0 or a? Al ees JN Gi LCA Vt (16’) 
a ty 








which shows (§ 62) that F and G@ are functionally related as required. To show 
that any function $(/’) is a solution, consider the equation 


Mo; — No, = (MF/—NF1)&. 


As F is asolution, the expression MF,— NF; vanishes by (16), and hence Mé/— Ne; 
also vanishes, and # is a solution of the equation as is desired. The first half of 2 
is proved. 


Next, if « and » are two integrating factors, equation (15’) gives 


dlogu ,,dlogy Clog» 1 Clog u/v 


1 dlog 
28 Ey M Ns or -M Ly OREM = 
oy Ox oy Ox oy ox 





0. 





On comparing with (16) it then appears that log (u/v) must be a solution of the 
equation and hence u/y itself must be a solution. The inference, however, would 
not hold if «4/v reduced to a constant. Finally if « is an integrating factor leading 
to the solution F = C, then 


dF = »(Mdx + Nady), and hence pb(F)(Mdx + Ndy) = 4 if 6(F)dF. 


It therefore appears that the factor w®(F) makes the equation an exact differen- 
tial and must be an integrating factor. Statement 2 is therefore wholly proved. 
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The third proposition is proved simply by differentiation and substitution. For 


dF oF de oF dy 


=m dy 
dn ee fae ed oy dn dn 


dix 
Vie N 
ENG adn Bi dn 


And if 7 denotes the inclination of the curve F = C, it follows that 


' epee ess : dy nN dt M 
van T = — = — —, 11 T = — = ——_—— _; EN SS 0 
dx N dn /M24 N2 dn /M?.4 N2 


Hence dF/dn = « V M? + N? and the proposition is proved. 


EXERCISES 


1. Find the integrating factor by inspection and integrate : 


(a) ady — ydx = (0? + y?) de, (8) (y2— ay) de + wdy = 0, 

(vy) ydx — ady + logadz = 0, (5) y(2ay + et) dx — erdy = 0, 

(e€) (1+ vy) ydx + (1— wy) ady = 0, (f) (@— y?) dx + 2xydy = 0, 

(n) (xy? + y) dx — «dy = 0, (@) a(ady + 2ydx) = xrydy, 

(¢) (@? + y?) (ude + ydy) + V1 + (2 + y?) (yde — ady) = 0, 

(x) x?ydx — (x® + y®)dy = 0, (A) «dy — ydx = «Va? — y? dy. 
2. Integrate these linear equations with an integrating factor : 

(a) 7 + ay = sinba, (8) y + ycota = seca, 

(vy) @+1)y¥—2y= (e+ 1), (5) (L+2?)y’ + y = etartea, 


and (8), (6), (¢) of Ex. 4, p. 206. 


3. Show that the expression given under II, p. 210, is an integrating factor for 
the Bernoulli equation, and integrate the following equations by that method : 


(a) y —ytang = y'seca, (8) By’ +2 =e, 
(vy) Y + ycosz = y"sin 22, (6) dx + 2aydy = 2 ax®y?dy, 


and (a), (7), (€), (7) of Ex. 4, p. 206. 
4. Show the following are exact differential equations and integrate : 


(a) (802+ 6 ay?) dx+(6a?y+4+4y?)dy=0, (8) sing cosydx + cosa sin ydy = 0, 
(vy) (6a@—2y+1)dx+(2y—24—3)dy=0, (6) (x? + day?) dz + (y? + 82z?y)dy = 0, 


(¢) ae 4 HS dyes 0, (¢) (4 ear + er(1—)ay =o, 
y 


(n) ls +? ee pies 2 yerdy = 0, (9) (ysing — 1)dz + (y — cosz) dy = 0. 





5. Show that (Maz — Ny)—1 is an integrating factor for type III. Determine 
the integrating factors of the following equations, thus render them exact, and 


integrate : 
(a) (y+ 2) dx + ady = 0, (B) (y? — xy) dx + x*dy = 0, 
(y) (2? +. y*) dx — 2aydy = 0, (5) (xy? + ay) yda + (ay? — 1)ady = 0, 


(ce) (Way—1) ady — (Vay + WR 0, (f) ada + (3a%y + 2y*) dy = 0, 
and Exs. 3 and 9, p. 206. 


6 Show that the factor given for type VI is right, and that the form given for 
type VII is right if & satisfies k (qm — pn) = q(a@ — vy) — p(B — 4). 
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7. Integrate the following equations of types IV-VIL: 
(a) (yt + 2y) de + (xy? + 2y' — 4.7) dy = 0, (8) (x? + y? + 1) dr — 22ydy = 0, 
(vy) (822+ 6zy + 38y?) da + (222+ 382y)dy=0, (8) (2a7y?+ y)—(y—32)yY=0, 
(€) (2a?y — 3y4) dz + (32° + 2ry’) dy = 0, 
(¢) (2—7) sin (8a —2y) + y’ sin («—2y)=0. 

8. By virtue of proposition 2 above, it follows that if an equation is exact and 
homogeneous, or exact and has the variables separable, or homogeneous and under 
types IV-VII, so that two different integrating factors may be obtained, the solu- 
tion of the equation may be obtained without integration. Apply this to finding 
the solutions of Ex. 4 (8), (6), (vy); Ex. 5 (a), (7). 

9. Discuss the apparent exceptions to the rules for types I, III, VII, that is 
when Mz + Ny = 0 or Ma — Ny = 0 or gqm— pn=0. 


10. Consider this rule for integrating Mdx + Ndy=0 when the equation is known 
to be exact: Integrate Mdz regarding y as constant, differentiate the result regard- 
ing y as variable, and subtract from NV ; then integrate the difference with respect 
to y. In symbols, 


C= tf (Mdx + Ndy) = if Max + f (w-2 it Matz) ay. 


Apply this instead of (14) to Ex. 4. Observe that in no case should either this 
formula or (14) be applied when the integral is obtainable by inspection. 
95. Linear equations with constant coefficients. The type 


d™ CE dy 
W dx Kf! 4a a) dx eed tt rele Ca Nea eae dx = OY = X (x) (17) 





of differential equation of the mth order which is of the first degree in 
y and its derivatives is called a dinear equation. For the present only 
the case where the coefticients @,, a,,---, @,_1, @, ave constant will be 
treated, and for convenience it will be assumed that the equation has 
been divided through by a, so that the coefficient of the highest deriva- 
tive is 1. Then if differentiation be denoted by D, the equation may be 
written symbolically as 


(D* + D8). 8 - a, D+ a) y = X, CLO 
where the symbol D combined with constants follows many of the laws 
of ordinary algebraic quantities (see § 70). 

The simplest equation would be of the first order. Here 


dy 
ies Ce AO and = 4 = ere f erode, (18) 


as may be seen by reference to (11) or (6). Now if D— a, be treated 
as an algebraic symbol, the solution may be indicated as 


s 1 4 
(D — a,) Y= AN and y= er 


(18') 
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where the operator (D —«,)~! is the inverse of D— a,- The solution 
which has just been obtained shows that the interpretation which must 


be assigned to the inverse operator is 


ef 
pag Oa oe few ae, (19) 


where (*) denotes the function of x upon which it operates. That the 
integrating operator is the inverse of D — a, may be proved by direct 
differentiation (see Ex. 7, p. 152). 

This operational method may at once be extended to obtain the solu- 
tion of equations of higher order. For consider 





dy 





dy r 9 
Te Oe “i pay=X or GU +4aD+-a,)y=X. (20) 


Let a, and a, be the roots of the equation D? + a,D + a, = 0 so that 
the differential equation may be written in the form 
[Pi —@,+4)D+aaly=X or D—a)O—a)y=xX. (20') 


The solution may now be evaluated by a succession of steps as 





il 
(D—-—a)y= reas NCS Oe i GCE she, 
BE 


a) i) 
= Ss MN SE p— Ag0) para any, i 
sa atalotat fore fom 
or Y= em facceoe| f eroxas| dx. (20") 


The solution of the equation is thus reduced to quadratures. 
The extension of the method to an equation of any order is immediate. 
The first step in the solution is to solve the equation 





© D+4aD"*+-.-+4a,,)+a, = 0 
so that the differential equation may be written in the form 
(D — @,)(D—@,)---D-&%1)\(P-%)yY=X; Eye.) 


whereupon the solution is comprised in the formula 


y= ere f cercscente f'.. feermane [ o-0ex (dn) (ele 


where the successive integrations are to be performed by beginning 
upon the extreme right and working toward the left. Moreover, it 
appears that if the operators D — a,, D — a@,_,,--:, D — @,, D — a, were 
successively applied to this value of y, they would undo the work here 
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done and lead back to the original equation. As m integrations are 
required, there will occur n arbitrary constants of integration in the 


answer for y. 


As an example consider the equation (D? — 4.D)y =«?. Here the roots of the 
algebraic equation D? — 4 D = 0 are 0, 2, — 2, and the solution for y is 


del a2 fe — 22-2 
= a2 | e—2ze—22 2x72 (dx)? , 
ee E J fe (@) 


The successive integrations are very simple by means of a table. Then 





f erxtde = 4 xre2u aoe 4 perez + i x + Cr; 


f 42 f eax(aey? = f Qare-27— hae-22 4 Le-2"4 Cye-42) dz 


= — fate—20— f e-224 Cie-42+ C,, 


y= fests ana = {fC 42? hs Pe — Qea2= Ce?) dz 
= —7, 2842+ Ce-27+ C,e=+ C;. 
This is the solution. It may be noted that in integrating a term like C,e—4* the 
result may be written as C,e—4*, for the reason that C, is arbitrary anyhow ; and, 
moreover, if the integration had introduced any terms such as 2 e—2*, 3 e?*, 5, these 
could be combined with the terms C,e—?*, C,e?*, C,; to simplify the form of 


the results. 
In case the roots are imaginary the procedure is the same. Consider 


2, 
tua sing or (D?4+1)y=sinz or (D+i)(D—iy=singe. 
1 


Then Ops . - 
D—iD+i 








sin a = et ('e-2t fet sin x (dx)?, t=V=1. 


The formula for fe sin badz, as given in the tables, is not applicable when 


a? + 6? = 0, as is the case here, because the denominator vanishes. It therefore be- 
comes expedient to write sin @ in terms of exponentials. Then 


; “A . ete — e—w . : eit — e—ix 
Wis ale f oat [ets —>,— (dx)?; for sing =—-~___. 
2% i 


2% 
Ne = at liga 
N — ete —2ia 2ix | Ix)? — — ei a— Zt a RAE Y 
ow et fe fee 1) (dx)? year I “| ae r+ 0, |ae 
cath te “| = ithe aly 1 etx GC —2ix G 
ry al eT el 4 eens | 
a bake oh re 
a 2 ae C, — 13 ix, 
ae 9 + Cie + Cet 
Now C,e-* + Cre = (C, + 0,)° —1e* (0. yi Toe. 
i 


Hence this expression may be written as C, cos x + C, sina, and then 
y=—txcosa + C, cose + C, sin z. 


The solution of such equations as these gives excellent opportunity to cultivate the 
art of manipulating trigonometric functions through exponentials (§ 74). 
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96. The general method of solution given above may be considerably 
simplified in case the function X (x) has certain special forms. In the 
first place suppose Y = 0, and let the equation be P(D)y = 0, where 
P(D) denotes the symbolic polynomial of the nth degree in D. Suppose 
the roots of P(D) = 0 are a,, a,,---, a and their respective multiplicities 
are m,, m,,-++, m,, So that 


(D — a,)™--+ (D— ays (D — aay = 0 


is the form of the differential equation. Now, as above, if 


A 
(D—a)™y=0, then y= (D—aym 0 =e" ia ves i O@a)=: 
Hence y= O"(C, + Ce+ Ce +--.+ 6,07) 


is annihilated by the application of the operator (D — a,)™, and there- 
fore by the application of the whole operator P(D), and must be a solu- 
tion of the equation. As the factors in P(D) may be written so that 
any one of them, as (D — a,)”, comes last, it follows that to each factor 
(D — a@,)™ will correspond a solution 


Yj = CP” (Ca + Coe +--+ Cina), EDygi== 0, 
of the equation. Moreover the sum of all these solutions, 


k 


y= er (Cy “be Cie ao toe + Cima"), (21) 
a 


i 


i 


1 


ll 


will be a solution of the equation; for in applying P(D) to y, 
PD) y = P(D)y, + PD) yt + PD) H, = 0. 

Hence the general rule may be stated that: The solution of the dif- 
ferential equation P(D)y = 0 of the nth order may be found by multiply- 
ing each e®* by a polynomial of (m — 1) st degree in x (where a is a root of 
the equation P (D) = 0 of multiplicity m and where the coefficients of the 
polynomial are arbitrary) and adding the results. Two observations 
may be made. First, the solution thus found contains n arbitrary con- 
stants and may therefore be considered as the general solution; and 
second, if there are imaginary roots for P (D) = 0, the exponentials aris- 
ing from the pure imaginary parts of the roots may be converted into 


trigonometric functions. 

As an example take (D* — 2.D3 + D*)y=0. The roots are 1,1, 0,0. Hence the 
solution is y =e (C, + Cyt) + (C, + C2). 

Again if (D* + 4)y =0, the roots of Dt + 4=Oare + 1 +i and the solution is 


y = Oct 024 Cyed—-Or 4 Cye-1t+ 92 + OyeCi- oe 
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or y = e@(C,e! + C,e—@) + e- 7 (Cie + Cie”) 
= e"(C, cosx + C, sina) + e~*(C; cosx + C, sina), 


where the new O’s are not identical with the old 0's. Another form is 
y = et A cos (« + y) + e~* B cos (1 + 4), 
where y and 6, A and B, are arbitrary constants. For 
Vo24 G2 A g + os i 
a Pe 12 42) ——————. cose + ————sin zs], 
C, cosa + C, sing = VC? + CG; VGsG Vea 
and if y =tan—1 (- 2), then C,cosxz+ C,sing= VC? 4 O}cos («+ 7). 
1 

Next if X is not zero but if any one solution I can be found so that 
P(D) I= X, then «w solution containing n arbitrary constants may be 
found by adding to I the solution of P(D)y = 90. For if 


PD)I=X and P(D)y=0, then PW)U+y) =<. 


It therefore remains to devise means for finding one solution 7. This 
solution J may be found by the long method of (17'"), where the inte- 
gration may be shortened by omitting the constants of integration since 
only one, and not the general, value of the solution is needed. In the 
most important cases which arise in practice there are, however, some 
very short cuts to the solution 7. The solution J of P(D)y=X is 
called the particular integral of the equation and the general solu- 
tion of P(D)y = 0 is called the complementary function for the equa- 
tion P(D) y= X. 

Suppose that X is a polynomial in x. Solve symbolically, arrange 
P(D) in ascending powers of D, and divide out to powers of D equal to 
the order of the polynomial X. Then 








: e 1 : RCD) 
IELOD GE f= = OLD) Xx 22 
( ) ? P(D) [ ( Bea X, ( ) 
where the remainder R (D) is of higher order in D than X ina. Then 
P(D)T=P(D)QD)X+R(D)X, R(D)X=0. 


Hence Q(D)« may be taken as J, since P(D) Q(D)X = P(D)Ii= X. By 
this method the solution J may be found, when X is a polynomial, as 
rapidly as P(D) can be divided into 1; the solution of P(D) y = 0 may 
be written down by (21); and the sum of J and this will be the required 
solution of P(D)y = X containing n constants. 


As an example consider (D® + 4D? + 3D) y = x2. The work is as follows: 


1 ve 1 i (fi a eee R(D) 
it a SS Sk, ni "Sa : 2 ay 
3D+4+4D?+ D3 D3+4D4+ Dp" li a tage PD | 


COMMONER ORDINARY EQUATIONS 219 


] edie L/A 4 15 2\ »2 1 3 4 9 26 

Hence If S=(Q(UD)ie? == i (5 me D + see ) as - == 77 4+. 

For D’ + 4D? + 3D = 0 the rootsare 0, — 1, — 3 and the complementary function 
or solution of P(D)y = 0 would be C, + Cye-* + C,e—8*, Hence the solution of 
the equation P(D)y = x? is 

y = C+ Cie-* + Cye- 82+ £a8 — $a? + 3G am. 

It should be noted that in this example D is a factor of P (D) and has been taken out 
before dividing ; this shortens the work. Furthermore note that, in interpreting 
1/D as integration, the constant may be omitted because any one value of J will do. 


97. Next suppose that X = Ce*. Now De** = ae**, D'e*” = ake, 





and P(D)e*=P(a)e*; hénce P(D) e| = Cea, 


P(@) 
C 
P(@) 
is clearly a solution of the equation, provided ais not a root of P(D) = 0. 
If P(@) = 0, the division by P(@) is impossible and the quest for J has 
to be directed more carefully. Let @ be a root of multiphcity m so that 

P(D)=(D—a)"P,D). Then 


But P(D)i = Ce*, and hence I= 





ew (23) 


G 
TF (a) 


O Cem u™ 
nd fone ooee (ile [eden se 23) 
anc P (a) ( i fo r) Pian 3!) 


For in the integration the constants may be omitted. It follows that 
when X = Ce**, the solution J may be found by direct substitution. 
Now if X broke up into the sum of terms X = X¥,+ X,+--- and if 
solutions J, /,,--- were determined for each of the equations PD) = X,, 
P(D)I,=X,,---, the solution 7 corresponding to X would be the sum 
I+/,+-:::. Thus it is seen that the above short methods apply to 
equations in*which X is a sum of terms of the form Ca” or Ce*. 





EP) (D— ay" = Ce, (D — @)"I = 


gi 
GC, 





As an example consider (Dt — 2D? + 1)y = e*. The roots are 1, 1, —1, —1, 
and w=1. Hence the solution for I is written as 


(D + 1)?(D— 1)? =e, (D— 1)? T= ier, Th 
Then y = e=(C, + Cyn) + e-@(C, + Cyr) + 4 era?. 
Again consider (D?—5D+6)y=a+ em". 'To find the J, corresponding to % 


divide. * 1 ( . 5 an ) es 1 ee 5 
Si Se Saree eT Poe oe aay 





To find the I, corresponding to e””, substitute. There are three cases, 


] - es 
a Em I, = ve, [, ="— we? @, 
2 3 E 3 2 2 
m2 — 5m + 6 
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according as m is neither 2 nor 3, or is 3, or is 2. Hence for the complete solution, 
5 1 

+ e 
86 m?—5m+4+6 


when m is neither 2 nor 3; but in these special cases the results are 


mr 
a 





1 
PME REA Se: 


Oh = Cee ak (Cee + Lx + 36 = rer, (i) = C,e* + (Ope + 1g + a5 + rer, 


The next case to consider is where X is of the form cos Bx or sin Br. 
If these trigonometric functions be expressed in terms of exponentials, 
the solution may be conducted by the method above; and this is per- 
haps the best method when + f/ are roots of the equation P(D) = 0. 
It may be noted that this method would apply also to the case where 
X might be of the form e** cos Bx or e** sin Bx. Instead of splitting the 
trigonometric functions into two exponentials, it is possible to combine 
two trigonometric functions into an exponential. Thus, consider the 
equations 

POY 62 603 Bx, P(D)y= e* sin Br, 
and P(D)\ y = e™ (cos, Pe -- 4. sin Bar) = eee, (24) 


The solution J of this last equation may be found and split into its 
real and imaginary parts, of which the real part is the solution of the 
equation involving the cosine, and the imaginary part the sine. 

When X has the form cos Bx or sin Bx and + fi are not roots of the 
equation P(D) = 0, there is a very short method of finding 7. For 


D’ cos Br = — B’ cos Be and D*sin Br = — B’ sin Be. 
Hence if P(D) be written as P,(D’) + DP,(D*) by collecting the even 
terms and the odd terms so that P, and P, are both even in D, the 
solution may be carried out symbolically as 

1 1 
PD) + DPD)" P= B) + DP BF) 
7 P= B= DPB 

(ue) + Boies By) 

By this device of substitution and of rationalization as if D were a surd, 
the differentiation is transferred to the numerator and can be performed. 
This method of procedure may be justified directly, or it may be made 
to depend upon that of the paragraph above. 











I COs @ = COS Z, 


et 
2) 





or COS a. (25) 


Consider the example (D? + 1)y= cosa. Here Bi =i is a root of D?+1=0. 
As an operator D® is equivalent to — 1, and the rationalization method will not 
work, If the first solution be followed, the method of solution is 

_ 1 ein fh 1 e- iz 7 1 ex I e- x 1 
D412 ° Di+1 2 D—i4ti Didi 4 





; P 1 
- [ce — ge~ tz] — =o sin a, 
t 2 


If the second suggestion be followed, the solution may be found as follows : 
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se a 
(D? + 1) T= cose + isina = e, et ye 
Now T= = (ose + isinz) =tesine —+ tx cose. 
2% 2 2 
Hence L=4esine for (D? +1)I= cosa, 
and IT=—t2xcose for (D?+1)l=sing. 


The complete solutionis y= C, cose + C,sinz + desing, 
and for (D? + 1)y=sinz, y = C,cosx + CO, sine — 4a cosa. 


As another example take (D? — 3 D + 2)y = cosa. The roots are 1, 2, neither 
is equal to + Bi = + i, and the method of rationalization is practicable. Then 


: t= : cost = ~* 22 cose = % (cos — Bsina), 


ah on oe 
Mea ha a | etl p 10 





The complete solution is y = C,e~* + C,e—2% + 7, (cosx — 3sinz). The extreme 
simplicity of this substitution-rationalization method is noteworthy. 


EXERCISES 


1. By the general method solve the equations : 





dy dy ae dy dy dy 
—+4—438y=2¢e% —3 3 —yr=e 
(2) poet es (8) dct drt ap 
(vy) (D?-—4D + 2)y=2z, (5) (DF + D?—4D—4)y=2, 
(e) (DF +522 4+ 6D)y=x, (¢) (D2 + D+ 1)y = ze*, 
(yn) (D24+ D+ ly =sin2e, (@) (D2?—4)yH=u+ &*, 
(c) (D?4+3D+ 2)y=2+4 cosa, (xk) (Dt— 4 D?)y =1— sing, 
(A) (D2 4+ 1)y = cosa, (uw) (D2 + 1l)y = seca, (v) (D? + 1)y = tana 
2. By the rule write the solutions of these equations : 
(a) (D?+3D+4 2)y=0, (8) (D3 + 3D? + D—5)y=0, 
(vy) (D—1)8y = 9, (6) (Dt 4+2D24+1)y=0, 
(ce) (DF —3 D2 4 4)y=0, (¢) (Dt — D§— 9 D?— 11 D— 4)y =0, 
(n) (DB? — 6 D2? + 9D)y = 0, (@) (Dt—4D° + 8D?—8D+4)y=0, 
(.) (D'—2 Dt + D*)y = 0, (xk) (D’ — D2 + D)y = 0, 
(A) (Dt— 1)?y = 0, (u) (D? — 13. D3 + 26 D? + 82D + 104)y = ©. 
3. By the short method solve (y), (6), (e) of Ex. 1, and also : 
(a) (D*—1l)y=7', (8) (D? — 6 D2 + 11 D— 6)y =a, 
(y) (D3 + 3D? + 2D)y = 2%, (5) (D} -3D2-—6D + 8)y =a, 
(ec) (DP + 8)y=at+2e41, (¢) (D3 — 8D? = D+ 8)y =2%, 
(n) (Dt —2 D8 + D*)y =z, (0) (D#4+2D? 43 D?4+2D41)y=1+e24+73 
(c) (DF — ly = 2%, (x) (Dt — 2D + Dy = 2°. 
4. By the short method solve (a), (8), (9) of Ex. 1, and also : 
(a) (D?— 8D +4 2)y =e, (B) (Dt — D' — 3 D2? 4+ 5 D— 2)y = e@», 
(7) (D?= 2D 4 ly =e, (3) (D®— 8 D2 + 4)y = ee, 
(ce) (D? + 1)y =2e7 + 2 — 2a, (S) (D8 4+1)y=8 + e-7 + bez, 
(n) (Dt + 2D? 4 ljy=er +4, (0) (D3 +8D243D+1)y=2e-4, 
(ct) (D2 — 2 D)y =e + 1, (x) (D3 + 2D? 4+ D)y = e2* + a2 + a, 


(A) (D2 — a%)y = ea + eon, (u) (D2? —2aD + a*)y = e7 + 1, 
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5. Solve by the short method (7), (0), (x) of Ex. 1, and also; 








(a) (D2 — D— 2)y =sina, (8) (D24+2D+41)y=3e*— cose, 

(vy) (D? + 4)y = aw + cose, (6) (D? + D?— D—1)y=cos2z, 

(e) (D2 4 1)2y = cosa, (¢) (D8 — D2 4+ D—1)y = cosa, 

(n) (D2?—5D+6)y=cosa—@7, (0) (DB—-2D?—3D)y =32? + sing, 

(t) (D2 —1)?y = sin g, (xk) (D24+ 3D +4 2)y=@sing, 

(\) (Dt — 1)y = e® cosa, (u) (D3? — 3D? 4+ 4D—2)y =e + cosa, 

(v) (D2?—2D+ 4)y=ersing, (0) (D?4+ 4)y =sin3a + e* + 2, 

(7) (D8 +1)y =sin$azsin}a, (p) (D? + ly = @sing + &sin~ , 

(co) (D2 + 4)y = sin? 2, (7) (Dt 432 D + 48) y=2xe-27 4 22 cos 22a 

: il a : 1 2 

6. If X has the form e*#X,, show that [= PO) COX = > Dt a) eS AG. 


This enables the solution of equations where _Y, is a polynomial to be obtained by 
a short method ; it also gives a way of treating equations where X is e*” cos Bx or 
et sin Bx, but is not an improvement on (24) ; finally, combined with the second 
suggestion of (24), it covers the case where X is the product of a sine or cosine by 
a polynomial. Solve by this method, or partly by this method, ({) of Ex. 1; (x), (A), 
(v), (p), (7) of Ex. 5; and also 


(a) (D?— 2D +1)y = ae, (8) (D3 +3D24+3D+41l)y=(2—22)e-2, 
(y) (D2 + 22) y = eter, (8) (Dt —-2D3-3D?+4D+4 4)y = 227, 
(ce) (D2 —7D—6)y= (14 2), (¢) (D Ny ene a 

(n) (D—1)8y =a — wer, (0) (D2 + 2)y = xe8* + ex cos2a, 

(c) (D3 —1)y = wer + cos? a, (x) (BD? —l)y=asine + (14 2) e, 

(\) (DB? + 4)y = asin a, (u) (Dt + 2D? + 1l)y = 2? cos az, _ 

(v) (D2 + 4)y = (sin z)?, (0) (D2? — 2D + 4)?y = cet cos V3.2. 


7. Show that the substitution 2 = e¢, Ex. 9, p. 152, changes equations of the type 
ar Dry + a,0"—1Dn—ly 4... + dye Dy + Gry = X (a) (26) 


into equations with constant coefficients ; also that az + b = et would make a simi- 
lar simplification for equations whose coefficients were powers of az +0. Hence 
integrate : 


(a) (x2D? —2D + 2)y=2x loge, (8) (x8D§ — 272D24 22D — 2)y = 25 + 82, 
(vy) [(22—1)8 D3 + (22—1) D—2]y=0, (8) (wD? 4+ 382D+4+1)y=(1—2)-2, 

(e) (D3 + eD—1)y =e loge, (¢) [(@ + 1)?D? — 4(e@+1)D+ 6]y =a, 
(n) (2D? + 4¢D + 2)y =e, (9) (@®D?—3822D+2r)y=logaxsinlogz +1, 


(c) (x#D* + 6x3D3 + 422D2 — 22D — 4)y = x2 + 2cos log x. 


8. If L be self-induction, R resistance, C capacity, i current, g charge upon the 
plates of a condenser, and f(t) the electromotive force, then the differential equa- 
tions for the circuit are 

@q  Rdq q ee Rdi i 


1 a 1 
eae 3 t = , 
2) a Da who =e ® wetzatre=z! © 





Solve (a) when f(t) = e~ % sin bt and (8) when f(t)= sin dt. Reduce the trigonometric 
part of the particular solution to the form K sin (bt + y). Show that if R is small 
and } is nearly equal to 1/V LC, the amplitude Av is large. 
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98. Simultaneous linear equations with constant coefficients. If 
there be given two (or in general n) linear equations with constant 
coefficients in two (or in general n) dependent variables and one inde- 
pendent variable ¢, the symbolic method of solution may still be used 
to advantage. Let the equations be 


(4,D" + @,D"-1 4... +a,) e+ (b,D"+b,D" 3 +--- +b, y=RO, aT 
(GD? + ¢,D?44:..4+6,)a+(d,Di+dDi1+...44\y=S8(2), ‘ ) 
when there are two variables and where D denotes differentiation by ¢. 
The equations may also be written more briefly as 
P,(D) x + Q(Y)y=R and P(D)x+Q(D)y=S. 
The ordinary algebraic process of solution for # and y may be employed 
because it depends only on such laws as are satisfied equally by the 
symbols D, P,(D), @,(D), and so on. 
Hence the solution for # and y is found by multiplying by the ap- 
propriate coefficients and adding the equations. 
Q,(D)|— PD) PD) e+ QD)y =k, 
— 2,(P) PD) PD) «+ Q(D)y =S. 
Then — [P,(D) Q,(D) — PP) Q(P)] x = QCD) R — @(D)S, 
[P(P) QD) — 7) QP)ly = PD) S— PD) R. 
It will be noticed that the coefficients by which the equations are multi- 
plied (written on the left) are so chosen as to make the coefficients of 
x and y in the solved form the same in sign as in other respects. It may 
also be noted that the order of P and Q in the symbolic products is im- 
material. By expanding the operator P,(D) Q,(D) — P,(D) Q,(P) a certain 
polynomial in D is obtained and by applying the operators to & and S 
as indicated certain functions of ¢ are obtained. Each equation, whether 
in a or in y, is quite of the form that has been treated in §§ 95-97, 








(27) 


As an example consider the solution for z and y in the case of 


ou dy 1 dy 











dix 
ead eee rae aia ee 
or (2 D? — 4)a2 — Dy = 2t, 2Dz+ (4D—8)y=0. 
Solve 4D—3| —2D | (2 D? — 4)x — Dy = 2t 
D 2 D? — 4 2Dze+ (4D—38)y =0. 
Then [(4D — 8) (2D? — 4) + 2D)" = (4D —8)2t, 


[2 D? + (2 D? — 4) (4 D— 8)]y = — (2D) 2t, 
or 4(2D8—D2-4D+8)e=8-—6t, 4(2D'—D?—4D+43)y=—4. 


The roots of the polynomial in D are 1, 1, — 1}; and the particular solution I, for 
cis —4t, and I, for y is — }. Hence the solutions have the form 


a = (0, + C,t)et + O,e-2'—}t, y=(K,+K,te+ Heeos = 4. 
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The arbitrary constants which are introduced into the solutions for « 
and y are not independent nor are they identical. The solutions must 
be substituted into one of the equations to establish the necessary relations 
between the constants. It will be noticed that in general the order of the 
equation in D for # and for y is the sum of the orders of the highest 
derivatives which occur in the two equations, — in this case, 3 = 2 +1. 
The order may be diminished by cancellations which occur in the formal 
algebraic solutions for # and y. In fact it is conceivable that the coetti- 
cient P,Q, —P,@, of x and y in the solved equations should vanish and 
the solution become illusory. This case is of so little consequence in 
practice that it may be dismissed with the statement that the solution 
is then either impossible or indeterminate ; that is, either there are no 
functions x and y of ¢ which satisfy the two given differential equations, 
or there are an infinite number in each of which other things than the 
constants of integration are arbitrary. 


To finish the example above and determine one set of arbitrary constants in 
terms of the other, substitute in the second differential equation. Then 

2(C,e + Cet + Ontet— § Ce 2*— 4) 44 (Kye + Kye + K,tet — 3 Kye" 4) 

— 3(K,et + K,tet + K,e~ 2*-— 1) =0, 
or &20,+20,+ KE, + K,) + te(2C,+ K,)— Se 40, + 8K) =0. 
As the terms et, te’, e~2* are independent, the linear relation between them can 
hold only if each of the coefficients vanishes. Hence 
C,+ 8K, = 0, PHO Fa iG 2C,+20,+ K,+ K,=0, 
and (Cp i BiG PNG Pa IE 2G) => — Ke. 
cone 

Hence + =(C, + O,t)e—3K,e3'-3t, y= —2(C, + O,t)e+ K,e2'-1 


are the finished solutions, where C,, O,, K, are three arbitrary constants of inte- 
gration and might equally well be denoted by C,, C,, C,, or K,, K,, Ky. 


99. One of the most important applications of the theory of simultaneous equa- 
tions with constant coefficients is to the theory of small vibrations about a state of 
equilibrium in a conservative* dynamical system. If q,, Go, +++, Yn are n codrdinates 
(see Exs. 19-20, p. 112) which specify the position of the system measured relatively 


* The potential energy V is defined as — dV = dW = Q,dq; + Qodqo +--+ + QndQn 
where “3 





, Oxy - OYy oz ex oy ez 
Q:= 4 + Ht + yt tt 
“Og; 1 q; * 895 PS ge "éqi oe €Qi 


This is the immediate extension of Q; as given in Ex. 19, p- 112. Here dW denotes the 
differential of work and dW = DF dr; = D (Xydaj + Yidy; + Z;dz;). To find Q; it is 
generally quickest to compute dW from this relation with da;, dy;, dz expressed in terms 
of the differentials dq,, +--+, dqd,. The generalized forces Q; are then the coefficients of 
dq;. If there is to be a potential V, the differential dW must be exact. It is frequently 
easy to find V directly in terms of q,, +++, g» rather than through the mediation of 
ee Fy on when this is not so, it is usually better to leave the equations in the form 
de 


ai 20, _ Te = Qj; rather than to introduce Vand Z, 
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to a position of stable equilibrium in which all the q’s vanish, the development of 
the potential energy by Maclaurin’s Formula gives 


Vga; Jo rtnortz, Qn) = Vot+ Vali Go2°°*> Qn) + VG; Gar*''y Qn) +++, 


where the first term is constant, the second is linear, and the third is quadratic, and 
where the supposition that the q’s take on only small values, owing to the restriction 
to small vibrations, shows that each term is inifinitesimal with respect to the preced- 
ing. Now the constant term may be neglected in any expression of potential energy. 
As the position when all the q’s are 0 is assumed to be one of equilibrium, the forces 

OV oV OV 

Q=-o > @a- 

0”; Ody 
must all vanish when the q’s are 0. This shows that the coefficients, (6V/dqi)o = 0, 
of the linear expression are all zero. Hence the first term in the expansion is the 
quadratic term, and relative to it the higher terms may be disregarded. As the 
position of equilibrium is stable, the system will tend to return to the position 
where all the q’s are 0 when it is slightly displaced from that position. It follows 
that the quadratic expression must be definitely positive. 

The kinetic energy is always a quadratic function of the velocities G1, G.,+++, Qn 
with coetticients which may be functions of the q’s. If each coefficient be expanded 
by the Maclaurin Formula and only the first or constant term be retained, the 
kinetic energy becomes a quadratic function with constant coefficients. Hence the 
Lagrangian function (cf. § 160) 

L=T-V= TG Yas + +s In) — VG, Gos °++s Mn); 
when substituted in the formulas for the motion of the system, gives 
DaLOLe Te ae OL aL deL @eL 


Greg, Skog; oa bedi Cg, er edea me  e dtog reg eat 








a set of equations of the second order with constant coefficients. The equation 
moreover involve the operator D only through its square, and the roots of the equa- 
tion in D must be either real or pure imaginary. The pure imaginary roots intro- 
duce trigonometric functions in the solution and represent vibrations. If there were 
real roots, which would have to occur in pairs, the positive root would represent 
a term of exponential form which would increase indefinitely with the time, —a 
result which ig at variance both with the assumption of stable equilibrium and 
with the fact that the energy of the system is constant. 

When there is friction in the system, the forces of friction are supposed to vary 
with the velocities for small vibrations. In this case there exists a dissipative func- 
tion F(g,, G2, °+*, Gn) Which is quadratic in the velocities and may be assumed to 
have constant coefficients, The equations of motion of the system then become 


d ol oy cally i hee OL EL OLE eh 

dt aq, 0g, 2, (dt ag, eecdane con 

which are still linear with constant coefficients but involve first powers of the 
operator D. It is physically obvious that the roots of the equation in D must be 
negative if real, and must have their real parts negative if the roots are complex ; 
for otherwise the energy of the motion would increase indefinitely with the time, 
whereas it is known to be steadily dissipating its initial energy. It may be added 
that if, in addition to the internal forces arising from the potential V and the 
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frictional forces arising from the dissipative function F, there are other forces 
impressed on the system, these forces would remain to be inserted upon the right- 
hand side of the equations of motion just given. 

The fact that the equations for small vibrations lead to equations with constant 
coefficients by neglecting the higher powers of the variables gives the important 
physical theorem of the superposition of small vibrations. The theorem is: If with 
a certain set of initial conditions, a system executes a certain motion ; and if with 
a different set of initial conditions taken at the same initial time, the system 
executes a second motion; then the system may execute the motion which consists 
of merely adding or superposing these motions at each instant of time; and in 
particular this combined motion will be that which the system would execute under 
initial conditions which are found by simply adding the corresponding values in 
the two sets of initial conditions. This theorem is of course a mere corollary of the 
linearity of the equations. 








EXERCISES 

1. Integrate the following systems of equations : 
(a) Dx — Dy + & = cost, Dz — Dy + 82—y = et, 
(8) 3Dz + 380+ 2y= ¢é, 44 —3 Dy + 3y = 3t, 
(y) De —38a—4y=0, Dye + 7 =0, 
(3) dit. on — dy ean Ot ee de oz dy ; 

y—Tx 2e+5y Ba+4y 227+ 5y 
(5) tDz + 2(@ — y) = 1, tDy + “4+ 5y=t, 
(n) De = ny — mz, Dy = lz — nex, Dz = me — ly, 
(0) Dx —3a—4y43=0, Dy +2—8y+5=0, 


(c) Div — 4 Dy + 4 D2r — x = 0, Dty — 4 Dox + 4 D2y — y = 0. 


2. A particle vibrates without friction upon the inner surface of an ellipsoid. 
Discuss the motion. Take the ellipsoid as 


oy @=8)? i ad eee Ser pl ete 
Aa 7a a =) then! n= Csin( - t+C,}, y= Ksin(““e4 x). 








3. Same as Ex. 2 when friction varies with the velocity. 


4. Two heavy particles of equal mass are attached to a light string, one at the 
middle, one at one end, and are suspended by attaching the other end of the string 
to a fixed point. If the particles are slightly displaced and the oscillations take 
place without friction in a vertical plane containing the fixed point, discuss the 
motion. 


5. If there be given two electric circuits without capacity, the equations are 


di di di di 
L,—+M—+Ri,=F8 L, — + M— + Ri, =F 
1 14 = +4; (ee at Fe igtg = lle. 

dt at : at dt eg i 
where i,, i, are the currents in the circuits, L,, L, are the coefficients of self- 
. 0 By nh eres eadte aes , Om r we 6 : * 
induction, h,, R, are the resistances, and I is the coefficient of mutual induction. 
(c) Integrate the equations when the impressed electromotive forces E,, E, are 
zero in both circuits. (8) Also when 2, = 0 but E, = sin pt is a periodic force. 
(vy) Discuss the cases of loose coupling, that is, where M?/L,L, is small; and the 
case of close coupling, that is, where M?/L,L, is nearly unity. What values for p 
are especially noteworthy when the damping is small ? 
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6. If the two circuits of Ex. 5 have capacities C,, C, and if g,, g, are the 
charges on the condensers so that i, = dq,/dt, i, = dq,/dt are the currents, the 
equations are 








dq d2q, dq q dq, dq Glob , Ch 
L,—1 4+ M2 4R, 14 5=8 bo + MR, 
* at an Tl ae * Cpe ime aaa ae at’ Oo, 


Integrate when the resistances are negligible and #;= #,=0. If T, =27 V (60ie 
anda 2c Vv C,L, are the periods of the individual separate circuits and 

ee Mise OG. and if T,= T,, show that VT2 + 62 and Vl? — @? are the 
independent periods in the coupled circuits. 








7. A uniform beam of weight 6 1b, and length 2 ft. is placed orthogonally 
across a rough horizontal cylinder 1 ft. in diameter. To each end of the beam is 
suspended a weight of 1 lb. upon a string 1 ft. long. Solve the motion produced 
by giving one of the weights a slight horizontal velocity. Note that in finding the 
kinetic energy of the beam, the beam may be considered as rotating about its 
middle point (§ 389), 


CHAPTER IX 
ADDITIONAL TYPES OF ORDINARY EQUATIONS . 


100. Equations of the first order and higher degree. The degree of 
a differential equation is defined as the degree of the derivative of 
highest order which enters in the equation. In the case of the equation 
W(x, y, y')=0 of the first order, the degree will be the degree of the 
equation in y'. From the idea of the lineal element ($ 85) it appears 
that if the degree of W in z/' is n, there will be m lineal elements through 
each point (a, y). Hence it is seen that there are m curves, which are 
compounded of these elements, passing through each point. It may be 
pointed out that equations such as y'=2V1 + 7’, which are apparently 
of the first degree in y’, are really of higher degree if the multiple value 
of the functions, such as V1 + 7’, which enter in the equation, is taken 
into consideration ; the equation above is replaceable by y? = 2? + 27//, 
which is of the second degree and without any multiple valued function.* 

First suppose that the differential equation 


¥@yy)=[y—w@ y1x fy — he ¥)]---=0 (1) 
may be solved for y'. It then becomes equivalent to the set 
y' ag W(x, Y) = 0, y' aa Wi(2, y) — 0, es (1') 


of equations each of the first order, and each of these may be treated 
by the methods of Chap. VIII. Thus a set of integrals t 


F(a, Y) C) =F 0, F(a, Y; C) ——= 0, babe (2) 
may be obtained, and the product of these separate integrals 
F (ey, C)= F(x, yy C)- F(a, y, C)--- =0 (2 


is the complete solution of the original equation. Geometrically speak- 
ing, each integral F(a, y, C) = 0 represents a family of curves and the 
product represents all the families simultaneously. 


* It is therefore apparent that the idea of degree as applied in practice is somewhat 
indefinite, 

} The same constant ( or any desired function of C may be used in the different 
solutions because Cis an arbitrary constant and no specialization is introduced by its 
repeated use in this way. 
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bo 
bo 
Ne) 


As an example consider v2 + 27’y cot. = 72. Solve. 
y?2?+2yy cota + y2cot?x = 72(1 + cot?z) = y2esc®a, 
and (y + ycotx — yescx)(y’ + ycots + ycscx) = 0. 


These equations both come under the type of variables separable. Integrate 





d 1 — cos 
ai hg ase ee ae y(1+ cosx) = C, 
y sin & 1 + cos” : 
d 1 

and — OO da ge »  Yy(1—cosz) = CO. 
y sin av 1— cosa 

Hence [y(1 + cosz) + C][y (1 — cosa) + C]=0 


is the solution. It may be put in a different form by multiplying out. Then 
y2sinza + 2Cy + 02=0. 

If the equation cannot be solved for y' or if the equations resulting 
from the solution cannot be integrated, this first method fails. In that 
case it may be possible to solve for y or for x and treat the equation by 
differentiation. Let y!=p. Then if 

| dy _ of , of dp 
Y=F@;P); TS pot 6p da (8) 
The equation thus found by differentiation is a differential equation of 
the first order in dp/da and it may be solved by the methods of Chap. 
VIII to find F(p, x, C)=0. The two equations 


y=f(@,p) and F(p, 2, C)=0 (3!) 
may be regarded as defining x and y parametrically in terms of p, or p 
may be eliminated between them to determine the solution in the form 
Q(x, y, C) = 0if this is more convenient. If the given differential equa- 


tion had been solved for x, then 
dtp la Of sof dp 
Sane ee dy p Oy Opdy 2 
The resulting equation on the right is an equation of the first order in 
dp/dy and may be treated in the same way. 


As an example take rp? — 2yp + aw = 0 and solve for y. Then 





an dy dp anrdp a 
= —% 2— = 29) = i — pe 
By = xp + D Eo p=pt ao pe 
a =[p-<|2+(5-»)=0 or «dp —pdx = 0. 
Pp pldz \p 


The solution of this equation is « = Cp. The solution of the given equation is 
an 
2y=r“p+—,; 10 f= (OY 
p 
when expressed parametrically in terms of p. If p be eliminated, then 


g2 
2y= a + ad parabolas. 
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As another example take p27 + 2px = y and solve for x. Then 


ee ee 1 d 
2x =u(=—»), go == —pty(— 5-12, 
D p ~p 


1 dl 
or ‘+p+u(G41)2 =0, or ydp + pdy = 90. 
Pp p 
The solution of this is py = C and the solution of the given equation is 
2u=y(—-»), py=C, or y2=2Cx+ C2. 
P 


Two special types of equation may be mentioned in addition, although 
their method of solution is a mere corollary of the methods already 
given in general. They are the equation homogeneous in (x, y) and 
Clairaut’s equation. The general form of the homogeneous equation is 
U(p, y/x)= 9. This equation may be solved as 

p= (4) or as =f), y= 2f(P); (5) 


ax 


and in the first case is treated by the methods of Chap. VIII, and in 
the second by the methods of this article. Which method is chosen 
rests with the solver. The Clairaut type of equation is 


y = pe + f(p) (6) 
and comes directly under the methods of this article. It is especially 
noteworthy, however, that on differentiating with respect to x the result- 
ing equation is 


1 } 
[e+s(p)]=0 or Bo, (6") 


Hence the solution for p is p = C, and thus y = Cz + f(C) is the solu- 
tion for the Clairaut equation and represents a family of straight lines. 
The rule is merely to substitute C in place of p. This type occurs very 
frequently in geometric applications either directly or in a disguised 
form requiring a preliminary change of variable. 

101. To this point the only solution of the differential equation 
W(a, y, p)=9 which has been considered is the general solution 
F(x, y, C)=0 containing an arbitrary constant. If a special value, 
say 2, 1s given to C, the solution F(a, y, 2)= 0 is called a particular 
solution. It may happen that the arbitrary constant C enters into the 
expression F(x, y, C)= 0 in such a way that when C becomes positively 
infinite (or negatively infinite) the curve F(x, y, C)= 0 approaches a 
definite limiting position which is a solution of the differential equation ; 
such solutions are called infinite solutions. In addition to these types 
of solution which naturally group themselves in connection with the 
general solution, there is often a solution of a different kind which is 
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known as the singular solution. There are several different definitions 
for the singular solution. That which will be adopted here is: A singu- 
lar solution is the envelope of the family of curves defined by the 
general solution. 

The consideration of the lineal elements (§ 85) will show how it is 
that the envelope (§ 65) of the family of particular solutions which 
constitute the general solution is itself a solution of the equation. For 
consider the figure, which represents the particular solutions broken up 
into their lineal elements. Note that the envelope is made up of those 
lineal elements, one taken from each particular so- 
lution, which are at the points of contact of the envelope 
envelope with the curves of the family. It is seen 
that the envelope is a curve all of whose lineal 
elements satisfy the equation W(x, y, p)= 0 for the 
reason that they le upon solutions of the equation, Now any curve 
whose lineal elements satisfy the equation is by definition a solution 
of the equation; and so the envelope must be a solution. It might 
conceivably happen that the family F(a, y, C)=0 was so constituted 
as to envelope one of its own curves. In that case that curve would 
be both a particular and a singular solution. 

If the general solution F(a, y, C) = 0 of a given differential equation 
is known, the singular solution may be found according to the rule for 
finding envelopes (§ 65) by eliminating C from 


12 
family 


6 
F(a, y,C)=90 and aC Fay, C)=,0. (7) 


It should be borne in mind that in the eliminant of these two equations 
there may occur some factors which do not represent envelopes and 
which must be discarded from the singular solution. If only the singu- 
lar solution is desired and the general solution is not known, this 
method is inéonvenient. In the case of Clairaut’s equation, however, 
where the solution is known, it gives the result immediately as that 
obtained by eliminating C from the two equations 
y= On +f(C) and 0=2+/'(C). (8) 
It may be noted that as p = C, the second of the equations is merely 
the factor « +f'(p) = 0 discarded from (6'). The singular solution may 
therefore be found by eliminating p between the given Clairaut equa- 
tion and the discarded factor « + f'(p)= 90. 
A reéxamination of the figure will suggest a means of finding the 
singular solution without integrating the given equation. For it is seen 
that when two neighboring curves of the family intersect in a point P 
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near the envelope, then through this point there are two lineal elements 
which satisfy the differential equation. These two lineal elements have 
nearly the same direction, and indeed the nearer the two neighboring 
curves are to each other the nearer will their intersection lie to the 
envelope and the nearer will the two lineal elements approach coinci- 
dence with each other and with the element upon the envelope at the 
point of contact. Hence for all points (x, y) on the envelope the equa- 
tion V(x, y, p)= 0 of the lineal elements must have double roots for p. 
Now if an equation has double roots, the derivative of the equation 
must have a root. Hence the requirement that the two equations 


é 
W(x, y,p)=9 and ap eee (9) 


have a common solution for p will insure that the first has a double 
root for p; and the points («, y) which satisfy these equations simul- 
taneously must surely include all the points of the envelope. The rule 
for finding the singular solution is therefore: Hliminate p from the 
given differential equation and its derivative with respect to p, that is, 
from (9). The result should be tested. 


If the equation rp? — 2 yp + ax = 0 treated above be tried for a singular solution, 
the elimination of p is required between the two equations 


cp?—2yp+ax=0 and zsp—y=0. 


The result is y? = ax?, which gives a pair of lines through the origin. The substi- 
tution of y= + Vax and p=t Va in the given equation shows at once that 
y? = ag” satisfies the equation. Thus y? = az? is a singular solution. The same 
result is found by finding the envelope of the general solution given above. It is 
clear that in this case the singular solution is not a particular solution, as the par- 
ticular solutions are parabolas, 

If the elimination had been carried on by Sylvester’s method, then 


0 © —y 
a —2y a| = — «(y? — ax?) = 0; 
ze —- y 0 


and the eliminant is the product of two factors x = 0 and y? — ax? = 0, of which 
the second is that just found and the first is the y-axis. As the slope of the y-axis 
is infinite, the substitution in the equation is hardly legitimate, and the equation 
can hardly be said to be satisfied. The occurrence of these extraneous factors in 
the eliminant is the real reason for the necessity of testing the result to see if it 
actually represents a singular solution. These extraneous factors may represent 
a great variety of conditions. Thus in the case of the equation p? + 2 yp cota = y? 
previously treated, the elimination gives y? esc? = 0, and as esc x cannot vanish, 
the result reduces to y? = 0, or the z-axis. As the slope along the z-axis is 0 and y 
is 0, the equation is clearly satisfied. Yet the line y = 0 is not the envelope of the 
general solution ; for the curves of the family touch the line only at the points nz. 
It is a particular solution and corresponds to C = 0. There is no singular solution. 
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Many authors use a great deal of time and space discussing just what may and 
what may not occur among the extraneous loci and how many times it may occur. 
The result is a considerable number of statements which in their details are either 
grossly incomplete or glaringly false or both (cf. §§ 65-67). The rules here given 
for finding singular solutions should not be regarded in any other light than as 
leading to some expressions which are to be examined, the best way one can, to 
find out whether or not they are singular solutions. One curve which may appear in 
the elimination of p and which deserves a note is the tac-locus or locus of points of 
tangency of the particular solutions with each other. Thusin the system of circles 
(c — C)? +y? = r? there may be found two which are tangent to each other at any 
assigned point of the gw-axis. This tangency represents two coincident lineal 
elements and hence may be expected to occur in the elimination of p between the 
differential equation of the family and its derivative with respect to p; but not in 
the eliminant from (7). 


EXERCISES 

1. Integrate the following equations by solving for p = 7’: 
(a) p?— 6p +5=0, (8) p> — (2a + y*) p? + (22 — y? + 2axy”) p— (x? —y?)y?=0, 
(vy) ep?—2yp—x=0, (8) Pa@+2y)+ 3p? e+ y)+ Py + 22) =), 
(ce) YW +p? =1, (f) p? — ax? = 0, (1) p= (a—a) V1 + p. 

2. Integrate the following equations by solving for y or z: 
(a) 4ap?+2ep—y=0, (8) y= —ap + atp?, (vy) p+ 2ay — a? — y?=0, 
(6) 2pn—y+logp=0, (e) ©-yp = ap’, (f) y= 2+ atan—'p, 
(n) e=y+4+ alogp, (9) «+ py(2p? + 3) =0, (+) @yp?-—2ap+y=0, 
(x) p?>—4ayp+8y?=0, (A) t=pt+logp, (u) p?(a? + 2ax) = a’. 

3. Integrate these equations [substitutions suggested in (¢) and (x)]: 
(a) ay? (p? + 2) =2 py® + 2%, (8) (ne + py)? = (1+ p*) (y? + ne’), 
(vy) y° + cyp — 2p? = 0, (6) y= yp? + 2pz, 
(ce) y= pr + sin“*p, (S) y=p(e—b) + a/p, 
(n) y=pet+p(l— p*), (0) y? — 2pry —1= p* (1—2?), 
(1) 4@yp? + 2ep —1=0, z= 24, (2) 0 = ie ne, OP Se 
(A) 4eup? + 2p — ex = 0, (u) x? (y — px) = yp?. 


4, Treat these equations by the p method (9) to find the singular solutions. 
Also solve and treat by the C method (7). Sketch the family of solutions and 
examine the Significance of the extraneous factors as well as that of the factor 
which gives the singular solution : 

(a) py+p(e—y)—x=0, (8) py? cos? a — 2pry sin? a + y? — x sin? a = 0, 


(y) 4ap? = (8a — a)?, (6) yp?x (a — a) (« — b) = [8a?— 2a (a + b) + ab}?, 
(ec) p> +ap—y=0, (s) 8a(1 +p =27(@+y)(L— >), 
(n) vp? + 2yp + a =0, (0) y(3—4y)2%p? = 4(1 —y). 


5. Examine sundry of the equations of Exs. 1, 2, 3, for singular solutions, 


6. Show that the solution of y= z¢(p) +/(p) is given parametrically by the 
given equation and the solution of the linear equation: 

ee oe) tla 

dp $(p)—p p—$(P) 

(6) y=a(ptavitp), (yy e=ypt ap, (3) y= (1+ p)e+ p? 





Solve (a) y= maep+n(1+ p*)2, 
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7. Asany straight line is y = ma + b, any family of lines may be represented as 
y = ma + f(m) or by the Clairaut equation y = px + f(p). Show that the orthog- 
onal trajectories of any family of lines leads to an equation of the type of Ex. 6. 
The same is true of the trajectories at any constant angle. Express the equations 
of the following systems of lines in the Clairaut form, write the equations of the 
orthogonal trajectories, and integrate : 


(a) tangents to 2? + y?=1, (8) tangents to y? = 2 az, 
(y) tangents to 7? = 23, (6) normals to 7? = 2 az, 
(e) normals to y? = 2°, ({) normals to b2x? + a?y? = a*b?. 


8. The evolute of a given curve is the locus of the center of curvature of the 
curve, or, what amounts to the same thing, it is the envelope of the normals of the 
given curve. If the Clairaut equation of the normals is known, the evolute may be 
obtained as its singular solution. Thus find the evolutes of 


2 


(a) 72 = 448, (B) ez tyees (y) a3 + y3 = as, 


Q)H4+4a1 (f=, (HY y= Herte-4 
— — € a ) — = Gr be 
ay? 24-2 ’ 

9. The involutes of a given curve are the curves which cut the tangents of the 
given curve orthogonally, or, what amounts to the same thing, they are the curves 
which have the given curve as the locus of their centers of curvature. Find the 
involutes of 


(@) 24-2 y= a2, (BS) 2a. (vy) y = acosh (x/a). 


10. As any curve is the envelope of its tangents, it follows that when the curve 
is described by a property of its tangents the curve may be regarded as the singu- 
lar solution of the Clairaut equation of its tangent lines. Determine thus what 
curves have these properties : 


(a) length of the tangent intercepted between the axes is l, 

(8) sum of the intercepts of the tangent on the axes is c, 

(y) area between the tangent and axes is the constant hk, 

(6) product of perpendiculars from two fixed points to tangent is 2, 
(e) product of ordinates from two points of x-axis to tangent is k°. 


Ae OME ee yee : 

11. From the relation aoe V M? + N? of Proposition 3, p. 212, show that as 
dn 

the curve F = C is moving tangentially to itself along its envelope, the singular 

solution of Mdz + Ndy = 0 may be expected to be found in the equation 1/u=0; 


also the infinite solutions. Discuss the equation 1/u = 0 in the following cases : 
Va ae = SaaS ae vee 
(a) V1—y2dz = V1— 22 dy, (8) ede + ydy = Va2+ y?— a dy. 


102. Equations of higher order. In the treatment of special prob- 
lems (§ 82) it was seen that the substitutions 





dy bad dy dp ay dp 
dx —P) dx? dx — dx ~ dy (10) 





rendered the differential equations integrable by reducing them to in- 
tegrable equations of the first order. These substitutions or others like 
them are useful in treating certain cases of the differential equation 
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Vir, y y's yl", +++, y) = 90 of the nth order, namely, when one of the 
variables and perhaps some of the derivatives of lowest order do not 
occur in the equation. 











cer rn 7) d'y 
In case ¥(2 eee ee) 0, (ala) 
y and the first ¢ — 1 derivatives being’ absent, substitute 
d'y v. , dy allt “iy 
Fee SOE ¥(2, ty oo, =) = () (11) 


The original equation is therefore replaced by one of lower order. If 
the integral of this be F(a, 7) = 0, which will of course contain n —i 
arbitrary constants, the solution for 7 gives 


Pn Casha i o i F(a) (dy. (12) 


The solution has therefore been accomplished. If it were more con- 
venient to solve F(a, 7) = 0 for « = ¢(q), the integration would be 


y =f facny= fof Leg) da}; (12") 


and this equation witha = ¢(7) would give a parametric expression 
for the integral of the differential equation. 








dy dy dy zs 
In case wv (y, ee ae Bi da — 0, (13) 
ax being absent, substitute p and regard p as a function of y. Then 
dy dy dp dy d ( dp 
dz uae dx? p dy ‘ dx? ~ 2 dy P dy ; sa 
‘ , ; be (13') 
1 ( dp d"—*p 0 
anc 1 Y; vz) dy’ eae | aye a 


In this way the order of the equation is lowered by unity. If this equa- 
tion can be integrated as F'(y, p) = 0, the last step in the solution may 
be obtained either directly or parametrically as 

dy 


see FUE oo eee 14 
De, FW) (14) 


: dy '(p) dp 
: = 1 “_ = See ees VAs 
on y=s@), a= [P= (2S (14° 
It is no particular simplification in this case to have some of the lower 
derivatives of y absent from YW = 0, because in general the lower deriva- 





tives of p will none the less be introduced by the substitution that 


is made. 
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F dy d2y\2 d® 2 
As an example consider (= nad =) = (=) +1, 


de dz? dz} 
ie a Aer re ica 
which is («-9 ile +1 i 1=— 


dq\? = 
Then gaets (A) 41 and g=C,\z+VC? +1; 


for the equation is a Clairaut type. Hence, finally, 
a = {fle + Voz +1] (de)? = 1 Co + $a? VCP +14 Cyr + Cy. 
Ag another example consider y” — y? = y? logy. This becomes 
dp 2 2 d (p?) 2 
——p=y logy or ———2p?=2y7 logy. 
Pp dy Dp y logy dy Pp y* logy 


The equation is linear in p? and has the integrating factor e~?¥, 


6 f 
1 ih 2 
rap patatE ik "e-2v log yd Gtis [er fuente log uty | 
9 Dp Y Syuy, Va Pp > 


and dy = vV2¢. 
i 
[2 vf ye 2” log uy | 


The integration is therefore reduced to quadratures and becomes a problem in 
ordinary integration. 





If an equation is homogeneous with respect to y and its derivatives, 
that is, if the equation is multiplied by a power of k when y is replaced 
by ky, the order of the equation may be lowered by the substitution 
y = e& and by taking z' as the new variable. If the equation is homo- 
geneous with respect to « and dx, that is, if the equation is multiplied 
by a power of & when «x is replaced by ka, the order of the equation 
may be reduced by the substitution « =e’. The work may be simplified 
(Ex. 9, p. 152) by the use of 

Dry = e—-™D(D, —1)---(D,— n+ 1)y. (15) 

If the equation is homogeneous with respect to x and y and the dif- 
ferentials dx, dy, dy, +--+, the order may be lowered by the substitution 
x = ¢', y = e'z, where it may be recalled that 

Dry = e—™D(D,—1)---D—n+Dy (15') 

= e~@™-)*(D, +1) D,--- (D, — 0 + 2)2. ' 

Finally, if the equation is homogeneous with respect to x considered of 

dimensions 1, and y considered of dimensions m, that is, if the equation 

is multiplied by a power of & when kw replaces 2 and k”y replaces y, 

the substitution a = e', y = e™z will lower the degree of the equation. 
Tt may be recalled that 


Dry = e™—¢D, + m)(D, +m —1)-+-(D,+m—n+1)2. 15") 
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Consider ayy” — xy’? = yy’ + bay?/Va? — x2. If in this equation y be replaced 
by ky so that y’ and y” are also replaced by ky’ and ky”, it appears that the 
equation is merely multiplied by k? and is therefore homogeneous of the first 
sort mentioned. Substitute 

y = e%, ae — e22", ve _— ez (2 + fea. 


Then e?? will cancel from the whole equation, leaving merely 





a “ede 1 badae 
we” = 2 + baz2/Va2— a or = rie Sara Ne 
oh JV a2 — x2 
The equation in the first form is Bernoulli; in the second form, exact. Then 
x xdx 
—=bVa—a2?4+C and dz =—__— . 
@ bVa? — a? + C 


The variables are separated for the last integration which will determine z = log y 
as a function of «, 


d*y 


Again consider x aa = (x + 22y) = —4y?. If x be replaced by kx and y by 


k?y so that y’ is replaced by ky’ and y” remains unchanged, the equation is multi- 
plied by k* and hence comes under the fourth type mentioned above. Substitute 
w=e, y=etz, Dyy=e(D:+2)2, D2y=(Di+ 2)(Di+1)z. 
Then e#¢ will cancel and leave 2” + 2(1— z)z2’ =0, if accents denote differentiation 
with respect to ¢. This equation lacks the independent variable ¢ and is reduced 
by the substitution z” = z’dz’/dz. Then 
d 
= =) f= Za (1-240, Fleet Re SE 
(1—27)+ 0 
There remains only to perform the quadrature and replace z and ¢ by @ and y. 





103. If the equation may be obtained by differentiation, as 


dy d™ dQ 02 . 0Q 02 
¥(« Y; ae? sisters yy = — 4 Yt eet Gayo 2 (16) 





jas Lee On OY 
it is called an exuct equation, and Q(a, y, y', ---, y@~?) = C is an inte- 
gral of Y= 0. Thus in case the equation is exact, the order may be 
lowered by pnity. It may be noted that unless the degree of the nth 
derivative is 1 the equation cannot be exact. Consider 


Va, Y's YM) = OY + by, 


where the coefficient of 7 is collected into ¢,. Now integrate ¢,, par- 
tially regarding only y“~” as variable so that 





d 0Q, 0a, 
fou ail rT 0, = ‘ Malle eon cl by ant ye) + by. 





d Ox 
dQ OA 
Then v— ieee $, leew } + ¢,. 


That is, the expression ¥ — Q/ does not contain y™ and may contain 
no derivative of order higher than »—/, and may be collected as 
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indicated. Now if ¥ was an exact derivative, so must ¥ — { be. Hence 
if m * 1, the conclusion is that ¥ was not exact. If m = 1, the process 
of integration may be continued to obtain Q, by integrating partially 
with respect to y-*-». And so on until it is shown that W is not exact 
or until W is seen to be the derivative of an expression 2, + Q,+---=C. 
As an example consider ¥ = #7y’” + ay” + (22y—l)y+y?=0. Then 
= fed’ Sey Y— OQ) =— ay’ + 2ry—1lhy +7, 


2, ={- dy =—ay’, V—% —Of=2ayy' + = (ayy. 
As the expression of the first order is an exact derivative, the result is 
0 — 05 — (ay? =0; and ¥, = a%y” — ay’ + ay? —C,=0 
is the new equation. The method may be tried again. 
Q, = f ady! = ay’, ¥,— 2, =—3ay’ + zy? — C,. 


This is not an exact derivative and the equation ¥, = 0 is not exact. Moreover 
the equation ¥, = 0 contains both w and y and is not homogeneous of any type 
except when C, = 0. It therefore appears as though the further integration of the 
equation Y = 0 were impossible. 


The method is applied with especial ease to the case of 


dy CY 
xXx — aXe Sat alel é 
0 dx *r xy da} : wi x 


dy 


rl da 








a X,Y — (x) = 0, (17) 


where the coefficients are functions of x alone. This is known as the 
linear equation, the integration of which has been treated only when 
the order is 1 or when the coefficients are constants. The application 
of successive integration by parts gives 
es oles pe nid ; Sl ocak : 
Q, = Xyy@ ), Q, = ee aa X;)y* ), Q, = 2.5 =< AG _o Xo pa wanes 
and after m such integrations there is left merely 
(Qn Sei +o 1p + eI y KB, 
which is a derivative only when it is a function of #. Hence 
Xn — Xp be (1X, +(-— 1X, = 0 (18) 
is the condition that the linear equation shall be exact, and 
Want =) r 7 =o Pi sey nS rer tay 
Xy ak (Xx, — X5) yO + (x. —XAS +X yy Bsr = [rae (19) 
is the first solution in case it is exact. 
As an example take y’” + 7” cosa — 2y’sina — ycose = sin2a. The test 


; ae a: atit 
A, — X, + X)° — X;” =— cosa +2 cose — cosz = 0 
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is satisfied. The integral is therefore y” + y’cosz—ysing =— }cos2e + Gre 
This equation still satisfies the test for exactness. Hence it may be integrated 
again with the result 7’ + y cosa = — ¢sin2e+ C\x+C,. This belongs to the 
linear type. The final result is Motors 


y= mae) an + O,) dex + Cye-sine 4 4(1— sing). 


EXERCISES 
1. Integrate these equations or at least reduce them to quadratures : 
(@) 2ay’y” = y? — a, (8) (1+ 22)y/+1+y2=0, 
(y) yi + ay” =0, (3) mye te ee) ay pay, 0, 
(9) a2 Aya os as () ay” ae = 0, (A) = =e 4, 
(«) Ud — 2%)y” — ay =2, (no = V7, Q) yw” =f), 
(4) 2@a—y)y~=1+y%,  (») yy” —y? — yy =0, 
(eo) yyy 1 0, Gy 27? Se, (pry =a. 
2. Carry the integration as far as possible in these cases: 
tf 72 1 oe vA 
(a) wy” = (mary? + ny?)2, (8) maiy” = (y — ey’), 
(vy) xz Jags hau) (8) xty” — ay’ — 272 + 4y2= 0, 
(e) w-?y” + a~ty = Fy, (6) ayy” + by? = yy'(c2 + 02)-2, 


3. Carry the integration as far as possible in these cases: 

(a) (+ a)y" + 6yyy’ +Yy/+2y2=0, (8) Wy” — yey = xy, 
(y) ayy” + 3 a5y’y” + 9a2yy” + 9 ay? + 18 ayy’ + 3y? = 0, 

(5) yt Bay’ + 2yy? + (a? + 2y*%y’)y” = 0, 

(e) (2a3y’ + x2y)y” + 40%y? + 2ayy’ =0. 

4. Treat these linear equations: 

(a) cy” + 2y = 22, (8) @—l)y” + 4ay’ + 2y=2¢% 
(7) y” —Yy cote + y esc?z = cose, (6) (a? —a)y” + (Ba — 2)y+ y=), 
(e) @—@)y" + (1 — 52?) y” — Quay + 2y Oe 

(5) (22 + a — 324 1)y” + (902+ 6a2— 9)y” 4 (18a + 6)y + by = 2, 

(n) @+2)?y¥"%4+ +2)" +y=1, (0) ey” 4+ Bey +y=2, 

(1) @—«a)y” + (82? — 3)” + 1407 + 4y =0. 

5. Note that Ex. 4 (7) comes under the third homogeneous type, and that Ex. 4 
(n) may be brought under that type by multiplying by (2 + 2). Test sundry of Exs. 
1, 2, 3 for exactness. Show that any linear equation in which the coefficients are 
Prlylomials of degree less than the order of the derivatives Oe which they are the 
coefficients, is surely exact. 


6. Sometimes, when the condition that an equation be exact is not satisfied, it 
is possible to find an integrating factor for the equation so that after multiplication 
by the factor the equation becomes exact. For linear equations try 7”. Integrate 

(a) ay” + (2at—a)y’—(203—1)y=0, (8) («2 — a4) y” — why’ — 2y = 0. 

7. Show that the equation y” + Py’ + Qy’? = 0 may be reduced to quadratures 
1° when P and Q are both functions of y, or 2° when both are functions of x, or 3° 
when P is a function of « and Q is a function of y (integrating factor 1/y’). In 
each case find the general expression for y in terms of quadratures, Integrate 
y’ + 2y cota + 2y’2tany = 0. 
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8. Find and discuss the curves for which the radius of curvature is proportional 
to the radius r of the curve. 

9. If the radius of curvature F is expressed as a function R = Ris) of the arc s 
measured from some point, the equation R = R(s) or s = s(R) is called the intrinsic 
equation of the curve. To find the relation between z and y the second equation 
may be differentiated as ds = s(R) dR, and this equation of the third order may be 
solved. Show that if the origin be taken on the curve atthe point s = 0 and if the 
z-axis be tangent to the curve, the equations 


v= feos] (°S |as, y= f'sin| [Fas 


express the curve parametrically. Find the curves whose intrinsic equations are 
(aa) Jee ater, (8) ak = 8? + a, (y) R2 + s? = 16 a?. 

10. Given Fay + XyyO-Y) + XyO—D + +++ 4+ Xy-iy’ + Any =0. Slow 
that if «, a function of « alone, is an integrating factor of the equation, then 
& = WO) — (XywO—Y + (Xypy—D — ee $ (= 1)“ Xp amy + (= 1" Xp = 0 
is the equation satisfied by u. Collect the coefficient of » to show that the condition 
that the given equation be exact is the condition that this coefficient vanish. The 
equation & = 0 is called the adjoint of the given equation F=0. Any integral u 
of the adjoint equation is an integrating factor of the original equation. Moreover 

note that 
fuFae = py) + (wX,— pw)yO-D 4... + (— 1)" { yede, 


or d{uF — (= 1)"y®] = d [py —1) + (WX, = K’) yo—2) + BAZ ‘J — aga. 


Hence if uF is an exact differential, so is yf. In other words, any solution y of the 
original equation is an integrating factor for the adjoint equation. 


104. Linear differential equations. The equations 


X,Dy + X,D* ly +--+ X, Dy + Xy = Ra), 

X Dry + X,D" ty +++» +X, Dy + X,y =0 
are linear differential equations of the nth order; the first is called the 
complete equation and the second the reduced equation. If y,, Yy5 Ys. °** 
are any solutions of the reduced equation, and C,, C,, C,, --» are any 
constants, then y= Cy, + Cy + Cy¥g +++: 18 also a solution of the 
reduced equation. This follows at once from the linearity of the reduced 
equation and is proved by direct substitution. Furthermore if J is any 
solution of the complete equation, then y + J is also a solution of the 
complete equation (cf. § 96). 

As the equations (20) are of the nth order, they will determine y” 
and, by differentiation, all higher derivatives in terms of the values of 
x,y, y',-+-,y"-. Hence if the values of the n quantities USM Me 
which correspond to the value 2 = x, be given, all the higher derivatives 
are determined ($$ 87-88). Hence there are m and no more than » arbi- 
trary conditions that may be imposed as initial conditions. A solution 


(20) 
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of the equations (20) which contains » distinct arbitrary constants is 
called the general solution. By distinct is meant that the constants 
can actually be determined to suit the m initial conditions. 

If ¥,) Yo3 ***s Ym ave n solutions of the reduced equation, and 


y= Cy, + Cys. aie OO PO LIES 
y= Cry, +Cyg te + Cn, (21) 


Uo OW Cra teen Ona, 
then y is a solution and y’',---, y“~ are its first » —1 derivatives. If 
x, be substituted on the right and the assumed corresponding initial 
values 7), 4%, +++, yS’~» be substituted on the left, the above n equations 
become linear equations in the m unknowns C,, C,,---, C,; and if they 
are to be soluble for the C’s, the condition 


i ee 
WG eU, tee, Ve) =| ee Oe ie =O (22) 


Go) Oe =) Nee et ye —1) 


must hold for every value of « = a,. Conversely if the condition does 
hold, the equations will be soluble for the C’s. 

The determinant W(y,, Y,, +++) Yn) 18 called the Wronskian of the n 
functions ¥,, Y,)***, Y,» The result may be stated as: If nm functions 
Yy> Yor ***> Yn Which are solutions of the reduced equation, and of which 
the Wronskian does not vanish, can be found, the general solution of the 
reduced equation can be written down. In general no solution of the 
equation can be found, whether by a definite process or by inspection ; 
but in the rare instances in which the n solutions can be seen by inspec- 
tion the problem of the solution of the reduced equation is completed. 
Frequently one solution may be found by inspection, and it is therefore 
important to s¢e how much this contributes toward effecting the solution. 

If y, is a solution of the reduced equation, make the substitution 
y = yz. The derivatives of y may be obtained by Leibniz’s Theorem 
($8). As the formula is linear in the derivatives of z, it follows that 
the result of the substitution will leave the equation linear in the new 
variable z. Moreover, to collect the coefficient of z itself, it is necessary 
to take only the first term y(z in the expansions for the derivative 


Hence (Xpy + MyP—Y + + Xai + Xiy,) & = 0 


is the coefficient of z and vanishes by the assumption that y, is a solu- 
tion of the reduced equation. Then the equation for z is 


PLO 4+ POD. 4+ Pye! + P,_2! = 0; (23) 
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and if z' be taken as the variable, the equation is of the order n — 1. 
It therefore appears that the knowledge of a solution y, reduces the order 


of the equation by one. 
Now if y,, y;, +++, Y» Were other solutions, the derived ratios 


ON eee ee a ee 2/5) 93) 
=(%), “=(%); ret te So 


would be solutions of the equation in z'; for by substitution, 


Y = YF, = Yas Y = YP. = Ye» aie, Y —Gro-1 = Yo 
are all solutions of the equation in y. Moreover, if there were a linear 
relation Cyz, + Cy2%3 +--:+C,4%,-1 = 9 connecting the solutions 2;, 
an integration would give a linear relation 
Cio + Cyt: -> + Cyan + Cry, = 9 
connecting the p solutions y,. Hence if there is no linear relation (of 
which the coefficients are not all zero) connecting the p solutions y, of 
the original equation, there can be none connecting the p — 1 solutions 
z, of the transformed equation. Hence a knowledge of p solutions of 
the original reduced equation gives a new reduced equation of which 
p—1 solutions are known. And the process of substitution may be 
ecntinued to reduce the order further until the order m — p is reached. 
As an example consider the equation of the third order 
(l—«a)y” + (@? — 1)y” — vy’+ zy = 0. 
Here 1 simple trial shows that z and e* are two solutions. Substitute 
y=e2, YSeete), yreeteagtie), ¢y7=e(e4+32 4382742"). 
Then (l— ax) 2” + (x? — 8a 4 2)2% 4+ (e? —38241)r=0 
is of the second order in z’. A known solution is the derived ratio (x/e*)’. 
B= (Hea) ena (le) duet 2 es 7 (aoe 
From this, 2” and 2’ may be found and the equation takes the form 
daw’ 2 


— = dz — —— daz. 
u r—l 


(1—2v)w” + (1+ @) (e@— 2)w’=0 or 


This is a linear equation of the first order and may be solved. 


2 


log w’ = 44? —2log(@@—1)+C or w= C,e2*(@ —1)-2, 


Hence vie fe 


z= (*) w= C, (“) fe “(a — 1)-2dz + 0, (<) ‘ 
e* ee, “\ e@ 


z= 0, ip (“) fare — 1)-2(dx) + 0, = +'¢," 


(7 — 1)—2dz + C,, 


y¥=e%Z= Oye 


« 


(<) fb ™@—1)-2(da)? + Cyr + Cyer. 


er, 
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The value for y is thus obtained in terms of quadratures. It may be shown that in 
case the equation is of the nth degree with p known solutions, the final result will 
call for p(n — p) quadratures. 

105. If the general solution y = C,y, + Cyy, +++: + C,y, of the reduced 
equation has been found (called the complementary function for the 
complete equation), the general solution of the complete equation may 
always be obtained in terms of quadratures by the important and far- 
reaching method of the variation of constants due to Lagrange. The 
question is: Cannot functions of # be found so that the expression 

Ye C,(2) YY, + C(x) Yo Tenet C(x) Yn (24) 
shall be the solution of the complete equation ? As there are n of these 
functions to be determined, it should be possible to impose » — 1 condi- 
tions upon them and still find the functions. 

Differentiate 7 on the supposition that the C’s are variable. 

y! = Cy, + Cafe +++ + Cn + Cr + Yaa $F Yn 
As one of the conditions on the C’s suppose that 
Differentiate again and impose the new condition 

WiC + Yee, + 9+ YC 0, 
so that yl" = Cy + Coys + + Cnn - 
The differentiation may be continued to the (m — 1)st condition 
De a aL Tea eS ae hae. ane aed (Os = 0, 
(I aoe ah Mo ag eas al Gr aia 5 
Then yO = Cy? + Cay$? + + ny” 
egy Oye Ca ba Yan Ca 

Now if the expressions thus found for y, y', y", ---, y¥@~?, y™ be 
substituted in”the complete equation, and it be remembered that y,, 
Yos ***y Yn are solutions of the reduced equation and hence give 0 when 
substituted in the left-hand side of the equation, the result is 


7 peas Os aL aa) On ai. baa ak Yo ee Ce Re 


and 


Hence, in all, there are » linear equations 


WC} at YC? ae eae =z UC a =e 0, 
WC, yee Fe +c, =, 


YEP Cp Yee Cs eet Ga "Ears 0, 
os Y/ - — Y/ —1 tig eee > 
Ee Ope hat Uy, Uy A 
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connecting the derivatives of the C’s; and these may actually be solved 
for those derivatives which will then be expressed in terms of 2. The 
C’s may then be found by quadrature. 

As an example consider the equation with constant coefficients 

(D8 + D)y =secxe with y=C,+ C,cosz+ O,sine 

as the solution of the reduced equation. Here the solutions y,, y,, y; may be taken 
as 1, cos, sinz respectively. The conditions on the derivatives of the C’s become 
by direct substitution in (25) 
CO, + cosaC, + sina, =0, —sinx0, + cosrC, =0, — cosxO, — sintC, = seca. 
Hence CG, = neces, CO, =—-1, C,; = — tana. 
and C, = log tan(4%+47)+¢,, C—O Ge C, = log cosz + ¢;. 
Hence y=c, + logtan(}x + 47) + (c, — z) cosa + (c, + log cosa) sin 
is the general solution of the complete equation. This result could not be obtained 
by any of the real short methods of §§ 96-97. It could be obtained by the general 
method of § 95, but with little if any advantage over the method of variation of 
constants here given. The present method is equally available for equations with 
variable coefficients, 

106. Linear equations of the second order are especially frequent in 
practical problems. In a number of cases the solution may be found. 
Thus 1° when the coefficients are constant or may be made constant by 
a change of variable as in Ex.7, p. 222, the general solution of the 
reduced equation may be written down at once. The solution of the 
complete equation may then be found by obtaining a particular integral 
I by the methods of §§ 95-97 or by the application of the method of 
variation of constants. And 2° when the equation is exact, the solution 
may be had by integrating the lnear equation (19) of § 103 of the first 
order by the ordinary methods. And 3° when one solution of the re- 
duced equation is known ($104), the reduced equation may be com- 
pletely solved and the complete equation may then be solved by the 
method of variation of constants, or the complete equation may be 
solved directly by Ex. 6 below. 

Otherwise, write the differential equation in the form 


ay 7 


dy 
p= =F 26 
da? rm dx 7 Qy R. (26) 


The substitution y = wz gives the new equation 





dz 2 du 7 oe ae ; R 

ee al we ioe = iE 96! 

diac? - i: dx *: P) dx ‘i u cr eee u ot 
If « be determined so that the coefficient of z' vanishes, then 


1dP d 1 P) — Reis Pax (27) 





= 4 [ Paw F ] dx 
= 2 ‘ — Om 8 
i = ¢ UX ce: ma 2 Cy mea 
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Now 4° if Q—}P'—1P?® is constant, the new reduced equation in 
(27) may be integrated; and 5° if it is k/x’, the equation may also be 
integrated by the method of Ex.7, p.222. The integral of the com- 
plete equation may then be found. (In other cases this method may 
be useful in that the equation is reduced to a simpler form where solu- 
tions of the reduced equation are more evident.) 

Again, suppose that the independent variable is changed to z. Then 


ay. e 4 Pendy) Q R ae 
date? det 22 ¥ ZR ) 





Now 6° if 2? = + Q will make 2" + Pz' = kz", so that the coefficient 
of dy/dz becomes a constant /, the equation is integrable. (Trying if 
2? = + Qz? will make 2" + Pz' = kz"/z is needless because nothing in 
addition to 6° is thereby obtained. It may happen that if 2 be deter- 
mined so as to make 2" + Pz' = 0, the equation will be so far simpli- 
fied that a solution of the reduced equation becomes evident.) 


; Gh 2d Ge eee 
Consider the example el + ae +—yz=0. Here no solution is apparent. 
Ler Oc 
Hence compute Q— 4 P’ —1P?. This is a?/zr* and is neither constant nor propor- 
tional to 1/xz?._ Hence the methods 4° and 5° will not work. From 2 = Q = a?/z4 
or 2 = a/x?, it appears that 2” + Pz’ = 0, and 6° works; the new equation is 
ap: : 
erie 0) with z=—°%. 
dz? £ 


The solution is therefore seen immediately to be 
y = C,cosz—C,sinzg or y=C, cos(a/z) + C, sin (a/z). 
If there had been a right-hand member in the original equation, the solution could 


have been found by the method of variation of constants, or by some of the short 
methods for finding a particular solution if R had been of the proper form. 


EXERCISES 


1. If arelation C,y, + Oxy, +++: +CnY¥n = 9, with constant coefficients not all 0, 
exists between # functions y,, ¥,,+-+, Yn of x for all values of «, the functions are 
by definition said to be linearly dependent; if no such relation exists, they are said 
to be linearly independent. Show that the nonvanishing of the Wronskian is a 
criterion for linear independence. 


2. If the general solution y = Cyy, + Cayo +++: + Cryn is the same for 

Xyy™ Ae AGL AY) p45. - XA, = 0 and Buy =f Pye) +-.--+P,y = 0, 
two linear equations of the nth order, show that y satisfies the equation 

(XP) — XoPy)y%—Y +--+ + (XnPy — XoPn)y = 0 

of the (a —1)st order; and hence infer, from the fact that y contains n arbitrary 
constants corresponding to n arbitrary initial conditions, the important theorem: 
If two linear equations of the nth order have the same general solution, the corre 
sponding coefficients are proportional, 
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3. If ¥15 Yo.°* +) Ym are n independent solutions of an equation of the nth order, 
show that the equation may be taken in the form W(y,, ¥2, +++; Yn, Y) = 9. 


4. Show that if, in any reduced equation, X,_1+ 2X, =0 identically, then z 
isa solution. Find the condition that 2” be a solution; also that e™ be a solution. 


5. Find by inspection one or more independent solutions and integrate : 
(a) (1+ @)y”— 2a’ 4+2y=0, (B) ay”? +(1l—az)y—y=9), 
(y) (ax — bx?) y” — ay’ + 2by =0, (8) 4y” + zy’ — (@+ 2)y =0, 
spe ise al NA eh cae | ( 1 ;) f 
oO wee SSR eR ES a og = ZA = ae =0, 
(e) (loge + a+ 5)y + (log2 + 5+ a)Y + ye _y y) 


Wied 
(6) iv — ay” + ay’— y =0, (9) (40%? —a@ + 1)y'"+ 827y”"— 4ay’— 8y =0. 





6. If y, is a known solution of the equation y” + Py’ + Qy = F of the second 
order, show that the general solution may be written as 
= dx 1 _ {Pde Pd 
y =Cy,+ Cay, fe eae =F vf =e : fred “R (da)?. 
Wy yy 
7. Integrate: 
(a) ay” — (2e41)y 4+ (@4+1l)y=22—a2-1, 
(B) y” — wy + ay =<, (y) ey” +(1—2)y-y=e*, 
(8) y” — ay’ + («—lhy=R, (ce) y’ sinc + y’ sing cose —y =x — sing. 
8. After writing down the integral of the reduced equation by inspection, apply 
the method of the variation of constants to these equations : 
(a) (D? + l)y = tana, (8) (D? + l)y = sec? az, (vy) (D—1)*y = e*(1— z)-2, 
(6) d—2z)y + ay —y=(1—2@)*, (€) I— 204 2)(y¥ —1)— vy’ 4+22y—y=l. 


9. Integrate the following equations of the second order: 


(a) 402y” + dey’ + (0? + 1Py =0, (8) y” —2y'tane — (a? + 1)y =0, 

(y) ey” + 27 — zy = 2e7, (6) y’ sing + 27 cosx + 38ysing = e?, 
(e) y+ y tang + y cos?z = 0, (f) Q— 2) 7” — ay + 4y=0, 

(n) y+ 2ex—1)y’ + @ry = et@, (0) ay” + 3ax5y’ + y = 2-2, 


10. Show that if Avy” + X,Y’ + X,y = R may be written in factors as 
(XD? + X,D + X,)y = (p,D + %) (P.D + &)y = R, 
where the factors are not commutative inasmuch as the differentiation in one 
factor is applied to the variable coefficients of the succeeding factor as well as 
to D, then the solution is obtainable in terms of quadratures. Show that 
Q1Po + P1Po + P19 =X, and g9,+ 7,95 =X. 
In this manner integrate the following equations, choosing p, and p, as factors of 


X, and determining g, and q, by inspection or by assuming them in some form and 
applying the method of undetermined coefficients : 


(a) sy” +(1—2)y—y=e, (8) 8x?y” + (2— 622)y—4=0, 
(y) 3a?y’+ (2+ 62 —62%)y’—4y=0, (8) (a2—1)y”—(8x4l1l)y’—2 (~e—l)y=0, 
(e) any” + (Ba 4+ br) y’ + 8 by = 0, (¢) wy” — 2a(14+ a)y’4+2(14+ c)y=23. 


11. Integrate these equations in any manner ; 


1 : 9 9 
a yo — === ay en rics tetera A Aly es 2 = - 
(a) y al + a 6) eS ew (« “3 s)Y 0, 
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(y) y+ y tana + ycos?a =0, (6) y’—2(n—“) y+ (1-22) yen, 
x x 
(e) d—2*)y” — ay’ — cy = 0, (¢) (a — a) y” — 8 ay — 12y = 0, 
: 1 2 9-42 , 6—82 
— Cy (a 1 ff ” de = 
(n) ¥ Sioa en(= + ose), (9) y meee ate 2 0, 
(¢) y” + 2a-ly’ — n?y = 0, (xk) y” — 4ay’ + (4a? — 3)y = e®, 


(A) y” + 2ny’ cot nx + (m2? — n?)y = 0, (um) y” + 2(a-1+ Ba-*)y’ + Axv-ty = 0. 
12. If y, and y, are solutions of y” + Py’ + R = 0, show by eliminating Q and 
integrating that 
Wil — Uy, = Oo SPH, 
What if C=0? If C #0, note that y, and y{ cannot vanish together; and if 
Y(4) = y,(b) = 0, use the relation (¥2¥4 )a: (Y2¥i )p = &>0 to show that as y}, and 
Yip have opposite signs, y2q and y2z have opposite signs and hence Y_(&) = 0 where 
a<&<b. Hence the theorem: Between any two roots of a solution of an equation 
of the second order there is one root of every solution independent of the given 
solution. What conditions of continuity for y and 7’ are tacitly assumed here ? 
107. The cylinder functions. Suppose that C(x) is a function of x 
which is different for different values of » and which satisfies the two 
equations 


i d 2 
Cn-1(@) ee Cu4i(@) aa 2 . Cy (2) C, _1(@) =I Cc, 41(@) i == C,(x). (29) 
dx Ti 


Such a function is called a cylinder function and the index n is called 
the order of the function and may have any real value. The two equa- 
tions are supposed to hold for al] values of » and for all values of a. 
They do not completely determine the functions but from them follow 
the chief rules of operation with the functions. For instance, by addi- 
tion and subtraction, 


“ons n n 
Ci (a) > CG, -1(2) ery ie C,,(a) = z C,,(@) ‘aml Or 41(2). (80) 
Other relations which are easily deduced are 
Dla C, (ax) |=saa"C,, (ax), D, | e-"C,(ax) |= — axn"C,, .4(@), (31) 
n m—1 
D,| 2?C,( Vv ax) | ie Vax = Os a ( Vv ax), (32) 
C(a=— Ce), CFG) = (= 1c, @); n integral, (33) 
: A 
C, (x) K,(@) — Ci(w) K,(#) = C, 41(#) K, (a) — C,(@) K, a (@) = a (34) 
where C and K denote any two cylinder functions. 


The proof of these relations is simple, but will be given to show the use of (29). 
In the first case differentiate directly and substitute from (29). 


Da{urCy(cee)] =a" xDaxOu(cet) + F On(22 


= gn [ 204 alae) —a— C,(ax) += Cn(ce | 
aL x 
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The second of (31) is proved similarly. For (82), differentiate. 


D,[2?C,( V ax) | = sna? Onl \! an) + x? : Mean C, (Vaz) 








n—-1 
a n 
= 5 Var * [ _ 0,(Vae) + Cya(Vee) — A On Vaz) } 
2 Vax Vax 
Next (33) is obtained 1° by substituting 0 for n in both equations (29). 

O_s(2) — O,(2) = 205 (@), C-a(e)+C,(2)=0, hence Cy (2) = — O,(2); 
and 2° by substituting successive values for n in the second of (29) written in the 
form «O,-1 + £C,41 = 2nC,. Then 

e2C4+20,=0, «#0_2g+2C0)=>—2C-1, 20,+20,=20C,, 

20_3+2C0_1=—40C_2, ¢0,4+20, —=40,, 
tC_4+2C_2= —60C,, £C,+20,=6C,, 

and soon. The first gives C_;=— C,. Subtract the next two and use C_; + C, =0. 

Then C_2—C, = 0 or C_z =(—1)?C,. Add the next two and use the relations 

already found. Then C_3+0C,=0 or C_3 =(—1)?C,. Subtract the next two, 

and so on. For the last of the relations, a very important one, note first that the 

two expressions become equivalent by virtue of (29) ; for 


On, — O,Kn =~ OnKen — OnKn ta —~ OnKen + On tiEn. 





d n+1 
Now a [w(C, 41K, ad C7.Ky 41) ] = Cerio, = Ones ae CIs (Ca — . Cn+3) 


eta eC a(” Ga — Ky) a eK (™ Cx me Cn+1) 


n+1 





— 2Cp (K = Ky +1) = 0. 


Hence «(C, 41K, — C,Kn +41) = const. = A, and the relation is proved. 


The cylinder functions of a given order satisfy a linear differential 
equation of the second order. This may be obtained by differentiating 
the first of (29) and combining with (30). 


Di aCe ees ae 
xc 





C —2¢C,+ 





Ch 41 


n il 
— a One = C41) = = (Cn-a a? Cy 41) ae 2 Cr. 


y | 1dy 


Hence : 
dx?  adx 


n? 
aia y=90 y=C,(@). (35) 


ved 
This equation is known as Bessel’s equation; the functions C,(x), which 
have been called cylinder functions, are often called Bessel’s functions. 
From the equation it follows that any three functions of the same order 


n are connected by a linear relation and there are only two independent 
functions of any given order. 
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By a change of the independent variable, the Bessel equation may 
take on several other forms. The easiest way to find them is to operate 
directly with the relations (31), (82). Thus 

Dye Gb) bee CO eer Oe 
Diao C = — aCe port leg 
= — On Cog a Lye tC, "0, 
Py , A+ 2n) dy 





Hence le . aE qyi== 0; y = eC, (a). (36) 
: dy _ (1—2n) dy 

Again dx? oh ae aes ob OE > 0, Up x"C,,(x}. (37) 

Also xy"+1+n)y'+y=9, y=u *C,(2 Ve). (38) 

And ay"+1—n)y'+y=0, y=2C,(2 Va). (39) 


In all these differential equations it is well to restrict « to positive values 


inasmuch as, if is not specialized, the powers of x, as x", 2", a, a *, are 
not always real. 

108. The fact that » occurs only squared in (35) shows that both 
C,(a) and C_,(#) are solutions, so that if these functions are inde- 
pendent, the complete solution is y = aC, + 6C_,. In like manner the 
equations (36), (37) form a pair which differ only in the sign of n. 
Hence if H, and H_, denote particular integrals of the first and second 
respectively, the complete integrals are respectively 


Y= tones" and Syed tba. 
and similarly the respective integrals of (38), (39) are 
y= Ol blog and Y= Gi_.a- 61,2", 
where J, and J_, denote particular integrals of these two equations. It 
should be noted that these forms are the complete solutions only when 
the two integrals are independent. Note that 
L(a)=a*"C,(2Va), —C, (@) = (4 2)", (4 2”). (40) 
As it has been seen that C, = (—1)"C_, when n is integral, it follows 
that in this case the above forms do not give the complete solution. 
A particular solution of (38) may readily be obtained in series by the 
method of undetermined coefficients (§ 88). It is 
ay (-1) 
Je = ae (0h aN r é 41 
n() Bes (n+l) (n +2) (n +i)’ GL) 
as is derived below. It should be noted that 7_, formed by changing 
the sign of n is meaningless when v is an integer, for the reason that 
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from a certain point on, the coefficients a; have zeros in the denominator. 

The determination of a series for the second independent solution when 

n is integral will be omitted. The solutions of (35), (86) corresponding 
to I(x) are, by (40) and (41), 

iF i o (— NG ra = gem : es 

qo vg p> Bil(n+i)! 2! TG @), Sea 


il 
cv *J,(x) = Inn, ! I, x”), (42") 





where the factor n! has been introduced in the denominator merely to 
conform to usage.* The chief cylinder function C,(x) is J,(#) and it 
always carries the name of Bessel. 


To derive the series for I,,(7) write 
1 [Ip =G) + 2+ Apt” + +++ + ay—1ak¥-14-.., 
(= ,+2a,0%+ 38a,074+---+ (e—1)ap_-10%-74+---, 
il es 2a, +3-2a,0 +---+ (kK —1)(k— 2)az,_1a*¥-3 + ---, 
0 = [a+ 4,(n+1)] + c[a, + a2 (n + 2)] 4 x? [a, + a,3(n + 3)] 
te+++a*lNayait ak(n+ hy] +---. 
Hence aot a(n+1)=0, a, +a,2(n+ 2)=0,---, azit ak(n+ kh) =0, 





4 fn eS A 
=" 2n+2) 21 (n-+ 3d) (w+ 2)" 
= i 1)Fay x 
k!(n+1)---(n+k) 
If now the choice a) = 1 is made, the series for J,,(x) is as given in (41). 
The famous differential equation of the first order 


or a4=- 





“- 
? 





ay’ — ay + by® = car, (43) 
known as Riccati’s equation, may be integrated in terms of cylinder functions. 
Note that if n = 0 or c = 0, the variables are separable ; and if b = 0, the equation 
is linear. As these cases are immediately integrable, assume ben ~ 0. By a suitable 
change of variable, the equation takes the form 


d?n a\ dn il ndné 
-——— 1——-)— — ben = 0 =—gn Yess. 3” 
ie Ra ( =) dé : é a > J bdtn el 


A comparison of this with (89) shows that the solution is 
a 
7 =AI a(— bet) + Bla (— beé) - (— bet)", 
n n 
which in terms of Bessel functions J becomes, by (40), 
9 = 2" [ AJg(2V— bet) + BI ‘n(2-V— be8) J. 


n 


* If n is not integral, both n! and (nm +7)! must be replaced (§ 147) by F(m +1) and 
T(n+7%-+1). , 
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The value of y may be found by substitution and use of (29). 


ave be /n) — Ad, _2 Ben) 


y= zee = , (44) 


Toa? V—be/n) + AS 2? 22 V— be/n) 





where A denotes the one arbitrary constant of integration. 
It is noteworthy that the cylinder functions are sometimes expressible in terms 
of trigonometric functions. For when n = } the equation (35) has the integrals 


y=Asine+ Beose and y= x[ AO; (2) + BC_4(e)]. 
Hence it is permissible to write the relations 
x204(0) = sin g, 2?C_4(2) = COse, (45) 
where C is a suitably chosen cylinder function of order 4. From these equations 


by application of (29) the cylinder functions of order p + 4, where p is any integer, 
may be found. 


Now if Riccati’s equation is such that b and ¢ have opposite signs and a/n is 
of the form p+ 4, the integral (44) can be expressed in terms of trigonometric 
functions by using the values of the functions Cc 41 just found in place of the J’s. 
Moreover if 6 and ¢ have the same sign, the trigonometric solution will still hold 
formally and may be converted into exponential or hyperbolic form. Thus Riccati’s 
equation is integrable in terms of the elementary functions when a/n = p + 4 no 
matter what the sign of be is. 


EXERCISES 
1. Prove the following relations: 


(at) 40% =Cy-2— 20, + On42, (8) #0n=2(0 + 1) On 41 — 20m 42, 
(vy) 20% = C,-3— 83C@n-1 + 8 Cn 41 — Cr+s, ceneralize, 
(6) On = 2(n + 1) Cr4i1— 2(n+ 3B) C In +3 2(n + 5) Cree 5 = 0 Ons 6 


2. Study the functions defined by the pair of relations 
d 
Fy, 1 (@) + Fn 41 (2) = a Fi, (2), Fr, —1 (@) — Fn 41 (@) = = = F(t) 


especially to find results analogous to (80)—(35). 
. 
3. Use Ex. 12, p. 247, to obtain (84) and the corresponding relation in Ex, 2. 


dz 


+ BI, 
gn +17? 





4. Show that the solution of (38) is y = Aly f 
5. Write out five terms in the expansions of I), Z,, 1_1, Jo, Jy. 
2 Te 
6. Show from the expansion (42) that ! «/- Jy (Go) = se L. 
he ‘ 


7. From (45), (29) obtain the following : 


sin 7 





sy. 
Ji 1 oO A 3 
£203 (x) = — COs @, 2205(v) = (5 — 1) sin — — cos a, 
z 2 Ai 


& 2 x? 


: 3 3 
220 3(x) = — sina — as wtC_ (2) = —sin # + (5 — 1) COS @, 
ae: £ 2 av 7 
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Jada 
ge 








J, J, J dx 
8. Prove by integration by parts: f (1h) a +6 = +6. 8 f ag 5 


9. Suppose C,(x) and K,(x) so chosen that A =1 in (84). Show that 
On(2) K,,(2) 
y = AC, (2) + BE, (2) + L| Kal) it =e dt — Onl) ue a de 


is the integral of the differential equation 2?y” + cy’ + (a? — n®)y = La-?, 
10. Note that the solution of Riccati’s equation has the form 
Sf (e) + Ag (x) dy 2 
= eee ee, 6 cand-show-that —=-- Piay-- O@)77=bhe 
Very aae es 2+ Pay t+ Q@)y =R@) 
will be the form of the equation which has such an expression for its integral. 


11. Integrate these equations in terms of cylinder functions and reduce the 
results whenever possible by means of Ex. 7: 
(a) wy’ —5y+y?+H=0, (8) ey’ —38y+y=2, 
(y) y” + ye?= = 0, (5) xy” + nay’ + (0 + ca?™)y = 0. 
12. Identify the functions of Ex. 2 with the cylinder functions of ix. 


13. Let (c?—1)P,=(n+1)(Pati1—2Pr), Pay: =2P,t+(n+1)P, (46) 


be taken as defining the Legendre functions P,,(x) of order n. Prove 

(a) (2? —1)P, =n(e@Pp—Pn—-1), (8) (2n+1)%P, =(n +1) Pagi + mPa, 
(y) @n4+1)Ph=Piyi—P,a, (6) (1-22) Pf — 22, + n(n +1) P= 0. 
A 


14. Show that P,Q; — PO. = art 
nr 





ee and PrQnti — Pn+1Q8 = 


where P and Q are any two Legendre functions. Express the general solution of 
the differential equation of Ex. 18 (6) analogously to Ex. 4. 


15. Let wu = 2? — 1 and let D denote differentiation by z. Show 

Dr+tya tl = Drt+l(yur) = wDntlun + 2(n + 1)rDeur + n(n + 1) Drury, 

Drttyn +t = Dn Dur +) = 2(n + 1) Dr(cu") = 2(n + 1) cD wv + 2n(n + 1) D»-lur, 
Hence show that the derivative of the second equation and the eliminant of D*—lun 
between the two equations give two equations which reduce to (46) if 


mn \ is 1] ¢ 
P, (2) = Det (a2 — 1), (When n . integral these are 
2”. 7! dar | Legendre’s polynomials. 
16. Determine the solutions of Ex. 13 (5) in series for the initial conditions 
(@) Px(0)=1, PA(0)=0, (8) Px(0) = 0, P40) =1. 


17. Take P) =1and P, =x. Show that these are solutions of (46) and compute 
P,, P;, P, from Ex. 18 (8). If z = cos 6, show 


P, = $cos2@ + i, P, = §cos34 + cos 8, P,= 3} c0s46 + #2 c0s26 + gy. 


nit ny l ’ 
18. Write Ex. 13 (5) as = [1 — a?) P,] + n(n +1) P, = 0 and show 


5 — 2) Pp’ pans 
(mim+ 1 —na tay f'PAPade= "| Py AO tc Se Pala. 
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Integrate by parts, assume the functions and their derivatives are finite, and show 
+1 
fk P,Pndt =0, if nzm. 
=i 


19. By successive integration by parts and by reduction formulas show 


+1 i +1 qn(e2 — 1)” dr(a? — 1)" =¢ 1)” 
2 ee ; dz 2 —1)n 
=I 22n(7 1)2 Ul dx” dan nae eens 


+1 2 : 
and if Pda , n integral. 
=I 2n+1 








n (2 — 
20. Show fo an Pde = (ae ma oe ae 0, ~ if m<mn, 
-1 


Determine the value of the integral when m = n. Cannot the results of Exs. 18, 19 
for m and n integral be obtained simply from these results ? 
a2 x8 at 

Fase we ee 
n=0. Assume a solution of the form y = jv + w so that 

dw dw dl, dv . dv dv 

w+ 20 if we—+4+—=0, 

Gh lie dx dz Ge” oh 

is the equation for w if v satisfies the equation xv” + vo’ = 0. Show 


2Bae  2Ba% 2 Bre 
At Blog i Sd tare oz 
v + Blogz, cw’+w'+w 21 2131 3141 


21. Consider (88) and its solution J, =1— zx + —~ 





By assuming w = a,” + a,z* + ---, determine the a’s and hence obtain 


x il ee Leel * ike Pal eal 
8 ed Paar aed aera) ep 


and (A + Blogz) I, + w is then the complete solution containing two constants. 
As AI, is one solution, Blogx- I) + w is another. From this second solution for 
n = 0, the second solution for any integral value of n may be obtained by differ- 
entiation ; the work, however, is long and the result is somewhat complicated. 








CHAPTER X 
DIFFERENTIAL EQUATIONS IN MORE THAN TWO VARIABLES 


109. Total differential equations. An equation of the form 
P(a, y, 2) da + Q(a, y, z)dy+ R(x, y, z)dz = 0, (1) 


involving the differentials of three variables is called a total differen- 
tial equation. A similar equation in any number of variables would 
also be called total; but the discussion here will be restricted to the 
case of three. If definite values be assigned to 2, y, 2, say a, b,c, the 
equation becomes 


Adz + Bdy + Cdze = A(a@—a)+Biy—b)+Ce—ce)=0, (2) 


where 2, y, are supposed to be restricted to values near a, }, c, and 
represents a small portion of a plane passing through (a, }, ¢). From 
the analogy to the lineal element (§ 85), such a portion of a plane may 
be called a planar element. The differential equation therefore repre- 
sents an infinite number of planar elements, one passing through each 
point of space. 

Now any family of surfaces F(a, y, #) = C also represents an infinity 
of planar elements, namely, the portions of the tangent planes at every 
point of all the surfaces in the neighborhood of their respective points 
of tangency. In fact 


dF = Fida + Fidy + Fidz = 0 (3) 


is an equation similar to (1). If the planar elements represented by 
(1) and (8) are to be the same, the equations cannot differ by more 
than a factor (a, y, z). Hence 


I, = BP, Fy = BQ, Fl = ER, 
If a function F(a, y, #) = C can be found which satisfies these condi- 
tions, it is said to be the integral of (1), and the factor pu (x, y, 2) by 
which the equations (1) and (8) differ is called an integrating factor 
of (1). Compare § 91. 
It may happen that # =1 and that (1) is thus an ewact differential. 
In this case the conditions 


Pel O Q, =, Ri = P:, (4) 
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which arise from Fy, = Fy, 


Phe, fee, must be” satisfied, 


Moreover if these conditions are satisfied, the equation (1) will be 
an exact equation and the integral is given by 


x y 
F(a, y, 2) =f P (a, y, 2) da ip Q(x, Y, %) dy +f (Bins Yus 2 da = C, 
aa) % 


where a, y,, 2, may be chosen so as to render the integration as simple 
as possible. The proof of this is so similar to that given in the case of 
two variables ($92) as to be omitted. In many cases which arise in 
practice the equation, though not exact, may be made so by an obvious 
integrating factor. 

As an example take zedy — yzdx + «dz = 0. Here the conditions (4) are not 
fulfilled but the integrating factor 1/x2z is suggested. Then 

| mY + Soa (% + t0g2) 

oe z uy 

is at once perceived to be an exact differential and the integral is y/a + logz = C. 
It appears therefore that in this simple case neither the renewed application of the 
conditions (4) nor the general formula for the integral was necessary. It often 
happens that both the integrating factor and the integral can be recognized at once 
as above. 


If the equation does not suggest an integrating factor, the question 
arises, Is there any integrating factor? In the case of two variables 
($94) there always was an integrating factor. In the case of three 
variables there may be none. For 





ZA —— Shee — Ff. —— pale ean R 
Be we By + 2y By, = Wa Ba? | Ry 

% Cm eS a Om OR 
Frere pa ay gy TE ay 

Si Om OR —— Les Om oP 
Le t ae al Ara ee Bye Viel re Q 


If these equations be multiplied by R, P, Q and added and if the result 
be simplified, the condition 


29h), g(28 9) , ,(3P_22)_ 
Bercy els dz, +2(F° hy = ©) 


is found to be imposed on P, Q, R if there is to be an integrating fac- 
tor. This is called the condition of integrability. For it may be shown 
conversely that if the condition (5) is satisfied, the equation may be 
integrated. 

Suppose an attempt to integrate (1) be made as follows: First assume 
that one of the variables is constant (naturally, that one which will 
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make the resulting equation simplest to integrate), say z. Then 
Pdx + Qdy = 0. Now integrate this simplified equation with an inte- 
grating factor or otherwise, and let F(a, y, #) = $() be the integral, 
where the constant C is taken as a function ¢ of z. Next try to deter- 
mine ¢@ so that the integral F(x, y, 2) = (2) will satisfy (1). To do 
this, differentiate ; 
Fidx + Fidy + Fidz = d¢. 

Compare this equation with (1). Then the equations* 

“=P, FY=)Q, (F/—AR)de=d¢ 
must hold. The third equation (Fj —AR)dz=dd may be integrated 
provided the coefficient S = F;—AR of dz is a function of z and ¢, 
that is, of zg and F alone. This is so in case the condition (5) holds. It 
therefore appears that the integration of the equation (1) for which (6) 
holds reduces to the succession of two integrations of the type discussed 
in Chap. VIII. 


As an example take (2.2? + 2xy + 2x27 + 1)dx + dy + 2zdz = 0. The condition 
(2a? + 2Qay + 2022 +1)04+1(—4@z) 4+ 2z(22) =0 
of integrability is satisfied. The greatest simplification will be had by making z 
constant. Then dy + 2zdz=0 and y + 22 = ¢(x). Compare 
dy+2z2dz=dp and (227+ 2xy + 2222+ 1)dx + dy + 2zdz=0. 

Then alr — (24? 4 2ey + 2427+ 1)dr=d¢; 
or —(2a74+1+422¢)de=dd or dp+ 2xgdx =— (22? + 1) dz. 
This is the linear type with the integrating factor e**. Then 

e*'(dp + 2a¢dx) =— eW (242 41)dx or eM p= -f ex*(222 + 1)dz+C. 

Hence y + 22+ e-# [erat 4 1)da = Ce-* or e*(y + 22) + ferax +1)dz=C 
is the solution. It may be noted that e** is the integrating factor for the original 
equation : 
e*[(222 + Qay + 22? + 1) dx + dy + 2zdz] = al ey + 2%) 4 fee x? +41) az. 

To complete the proof that the equation (1) is integrable if (5) is satisfied, it is 
necessary to show that when the condition is satisfied the coefficient S = Fj — dR 
is a function of z and Falone. Let it be regarded as a function of x, F, z instead 


of w, y, z. It is necessary to prove that the derivative of S by when F and z are 
constant is zero. By the formulas for change of variable 


(=) (= (=) oF (=) as oF 
— = |{— + ({— —5 — = = —. 
0% /y, 2 OU] F 2 oF] ox OY] oy % (= ew. OF 


* Here the factor )\ is not an integrating factor of (1), but only of the reduced equation 
Pde + Qdy = 0. 
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But Fi =)P and F, = XQ, and hence Q (= Sh (=) = (=) 2 
08) y, x OY] 2, 2 OL] F z 
Now (=) is “aL (]- MR) a or a OAR Pe OAP _ OnR 
OL] y,2 Ow \ oz Ozone =n 0z ow 
Honea (=) =0(5 -F) + P22, 
Ox] y, 2 0z hy oz Ox 
ESS) aoe 
OY], x 02 Oy 0z oy 
os iS 
men (8), = P(8) =a[o(e-%) +7 (4-29) nfo 29] 
OL] y, 2 OY/ «, 2 02 ox oy Oz ou oy 
AG ee aes a: 2) 
0) Fe 0z ox oy 0z Ch eT 
ey 
ahy oy 


where a term has been added in the first bracket and subtracted in the second. 
Now as ) is an integrating factor for Pdx + Qdy, it follows that (XQ)/, = (XP), ; and 
only the first bracket remains. By the condition of integrability this, too, vanishes 
and hence S as a function of w, F, z does not contain 2 but is a function of F and 
z alone, as was to be proved. 


110. It has been seen that if the equation (1) is integrable, there is 
an integrating factor and the condition (5) is satisfied; also that con- 
versely if the condition is satisfied the equation may be integrated. 
Geometrically this means that the infinity of planar elements defined 
vy the equation can be grouped upon a family of surfaces F(a, y, 2) =C 
to which they are tangent. If the condition of integrability is not satis- 
fied, the planar elements cannot be thus grouped into surfaces. Never- 
theless if a surface G(a, y, z)=0 be given, the planar element of (1) 
which passes through any point («,, y,, 2,) of the surface will cut the 
surface G = 0 in a certain lineal element of the surface. Thus upon the 
surface G(x, y, 2) = 0 there will be an infinity of lineal elements, one 
through each point, which satisfy the given equation (1). And these 
elements may be grouped into curves lying upon the surface. If the 
equation (1) is integrable, these curves will of course be the intersections 
of the given surface G=0 with the surfaces #=C defined by the 
integral of (1). 

The method of obtaining the curves upon G (a, y, 2) = 0 which are 
the integrals of (1), in case (5) does not possess an integral of the form 
F(a, y, 2) =C, is as follows. Consider the two equations 


Pdx + Qdy + Rdz = 0, Gidx + Gidy + Gdz = 0, 


of which the first is the given differential equation and the second is 
the differential equation of the given surface, From these equations 
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one of the differentials, say dz, may be eliminated, and the correspond- 
ing variable z may also be eliminated by substituting its value obtained 
by solving G(x, y, #)=0. Thus there is obtained a differential equa- 
tion Mdx + Ndy = 0 connecting the other two variables x and y. The 
integral of this, F(z, y) = C, consists of a family of cylinders which cut 
the given surface G = 0 in the curves which satisfy (1). 


Consider the equation ydx + ady — («# + y+ 2)dz=0. This does not satisfy the 
condition (5) and hence is not completely integrable ; but a set of integral curves 
may be found on any assigned surface. If the surface be the plane z =z + y, then 


yde + ady—(e«+y+z2)dz=0 and dz=dr+ dy 
give (e+ z)due+(y+z)dy=0 or (24+y)de+ (2y+2)dy=0 
by eliminating dz and z. The resulting equation is exact. Hence 
toy y=C and z=2+y 


give the curves which satisfy the equation and lie in the plane. 

If the equation (1) were integrable, the integral curves may be used to obtain 
the integral surfaces and thus to accomplish the complete integration of the equa- 
tion by Mayer's method. For suppose that F(x, y, 2) = C were the integral surfaces 
and that F(a, y, z)= F(0, 0, 29) were that particular surface cutting the z-axis at z,. 
The family of planes y = Az through the z-axis would cut the surface in a series 
of curves which would be integral curves, and the surface could be regarded as 
generated by these curves as the plane turned about the axis. To reverse these 
considerations let y = xv and dy = Adz; by these relations eliminate dy and y from 
(1) and thus obtain the differential equation Mdz + Ndz = 0 of the intersections 
of the planes with the solutions of (1). Integrate the equation as f(x, z, \) = C and 
determine the constant so that f(x, z,\) =/(0, 2), \). For any value of \ this gives 
the intersection of F(x, y, z) = F(0, 0, z)) with y = Ax. Now if X be eliminated by 
the relation \ = y/z, the result will be the surface 


aC 2, ‘) =s(0, Bo, z), equivalent to F(x, y, z) = F(0, 0, 2), 


which is the integral of (1) and passes through (0, 0, z)). As z is arbitrary, the 
solution contains an arbitrary constant and is the general solution. 

It is clear that instead of using planes through the z-axis, planes through either 
of the other axes might have been used, or indeed planes or cylinders through any 
line parallel to any of the axes. Such modifications are frequently necessary owing 
to the fact that the substitution /(0, z), \) introduces a division by 0 or a log 0 or 
some other impossibility. For instance consider 

yide + 2dy — ydz = 0, yf =ING dy = ddex, Mardx + rAzdx — r\xdz = 0. 

zdx — xdz Zz 
Then Ada +-————-=0, and d\x—==/f(z, 2, 2). 


; y By 
tee G 





But here f(0, 29, \) is impossible and the solution is illusory. If the planes (y— lj=r2 
passing through a line parallel to the z-axis and containing the point (0, 1, 0) had 
been used, the result would be 


dy = dda, (1 + Aw)2dax + Azde — (1+ Ax) dz = 0, 
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rzdx — (1 + da) dz 








or dz + SP ail ee Ny 
(1 + dx)? Bea ar inet) 
Z z 
Hence ear cee: or ae a a 


is the solution. The same result could have been obtained with a =z or y=) («—a) 
In the latter case, however, care should be taken to use f(a, z, 4) = f(a, Zp, 0). 


EXERCISES 


1. Test these equations for exactness ; if exact, integrate ; if not exact, find an 
integrating factor by inspection and integrate : 
(a) Y+2)de+(e+u)dy+(e+y)dz=0, (8) y?dx + zdy — ydz = 0, 
(y) rdx + ydy — Va? — x? — yPdz = 0, (8) 2z(dx — dy) + (w@— y) dz =0, 
(e) (2x+ y2+ 2xz) de + 2aydy + a*dz=0, (£) zyde = zady + y?dz, 
(n) e(y—1)(¢-—1)de + y (2-1) (@—-1l)dy +z(@@-—)Yy—-DYdae=0. 
2. Apply the test of integrability and integrate these: 
(a) (a? — y? — 2) dx + 2xydy + 2azdz = 0, 
(8B) (@+ y?+ 2 +1) du + 2ydy + 22dz =0, 
(vy) &Y + @)?dx + zdy = (y + a)dz, 
(6) (l— a? — 2 yz) dz = 2xzdz + 2 yz*dy, 
(e) xdu? + y?dy? — z2dz? + 2 xydrdy = 0, 
(¢) 2 (ada + ydy + zdz)? = (22 — a? — y?) (udx + ydy + 2dz) dz. 


3. If the equation is homogeneous, the substitution « = uz, y = vz, frequently 
shortens the work. Show that if the given equation satisfies the condition of inte- 
grability, the new equation will satisfy the corresponding condition in the new 
variables and may be rendered exact by an obvious integrating factor. Integrate : 

(a) (y? + yz) dx + (wz + 2%) dy + (y? — zy) dz = 0, 
(B) (wy — y® — y?z) dx + (ay? — a?z — x) dy + (xy? + xy) dz = 0, 
(y) (y? + yz + 2) da + (a? + wz + 27) dy + (x? + ay + y?) dz =0. 

4. Show that (5) does not hold ; integrate subject to the relation imposed : 

(a) ydx + ody — (w+ y + 2)dz=0, PbyteZ=k or y=kex, 

(8) ¢(ady + ydy) + V1 — ax? — b?y2dz = 0, ax? + b2y? + cz? = 1, 

(y) dz = aydx + bdy, Heike oe GPa ea OR SID) 

5. Show that if an equation is integrable, it remains integrable after any change 
of variables from @, y, z to u, v, w. 


6. Apply Mayer’s method to sundry of Exs. 2 and 3. 


7. Find the conditions of exactness for an equation in four variables and write 
the formula for the integration. Integrate with or without a factor : 
(a) (2a + y? + 20z) dx + 2xydy + x?dz + du = 0, 
(B) yeude + azudy + xyudz + xyzdu =0, 
(vy) Ytet+uder+ (@+z2+udy+(e+ty+uyde+e+y+zj)du=0, 
(5) u(y +2)da+u(y +24 1)dy + udz—(y + z)du=0. 
8. If an equation in four variables is integrable, it must be so when any one of 


the variables is held constant. Hence the four conditions of integrability obtained 
by writing (5) for each set of three coefficients must hold. Show that the conditions 
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are satisfied in the following cases. Find the integrals by a generalization of the 
method in the text by letting one variable be constant and integrating the three 
remaining terms and determining the constant of integration as a function of the 
fourth in such a way as to satisfy the equations. 

(a) z(y+z)de+z(u—a2)dy+y(e—ujdz+y(y+zdu=0d0, 

(8) uyzdx + uza log ady + uty log dz — rdu = 0. 


9. Try to extend the method of Mayer to such as the above in Ex. 8. 


10. If G(z, y, z) =a and H(z, y, z) = b are two families of surfaces defining a 
family of curves as their intersections, show that the equation 


(GH, — 6,11) de + (C,H, — CH dy + (OH, — G2) de =0 


is the equation of the planar elements perpendicular to the curves at every point 
of the curves. Find the conditions on G and H that there shall be a family of sur- 
faces which cut all these curves orthogonally. Determine whether the curves below 
have orthogonal trajectories (surfaces) ; and if they have, find the surfaces : 


(a) y=a+a, z=2+4+b, (8) y =ar+1, 2= be, 
(7) a +? = a2, z=b, (8) ry =a, 72 =b, 
(ce) @+y4+2=a7, cy=), (f) a4 2y?+322=a, ry¥+z=), 


(n) logzy=az,x+y+z2=b), (9) y=2axr+ a*, 2=2br + OB. 
11. Extend the work of proposition 8, § 94, and Ex. 11, p. 234, to find the normal 


derivative of the solution of equation (1) and to show that the singular solution may 
be looked for among the factors of y-1 = 0. 

12. If F= Pi+ Qj + Rk be formed, show that (1) becomes F.dr = 0. Show 
that the condition of exactness is VxF = 0 by expanding YxF as the formal vector 
product of the operator V and the vector F (see § 78). Show further that the condi- 
tion of integrability is F-(VxF) = 0 by similar formal expansion. 


13. In Ex.10 consider V@ and VH. Show these vectors are normal to the sur- 
faces G = a, H =}, and hence infer that (V@)x(VH) is the direction of the inter- 
section. Finally explain why dr.(V@GxV#H) = 0 is the differential equation of the 
orthogonal family if there be such a family. Show that this vector form of the family 
reduces to the form above given. 


111. Systems of simultaneous equations. The two equations 


dy dz 
do: ae F (&, Y 2), ier, g (x, Y; @) (6) 


dx 


in the two dependent variables y and z and the independent variable x 
constitute a set of simultaneous equations of the first order. It is more 
customary to write these equations in the form 


__ de dy dz . 
X(x,Y,%) YV(a,y,2) Z(a, y, 2) a 








which is symmetric in the differentials and where X¥:¥:Z=1:f:g. 
At any assigned point 2, y,, z, of space the ratios da:dy:dz of the 
differentials are determined by substitution in (7). Hence the equations 
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fix a definite direction at each point of space, that is, they determine a 
lineal element through each point. The problem of integration is to 
combine these lineal elements into a family of curves F(a, y, 2) = Oop 
G (a, y, #) = C,, depending on two parameters C, and C,,, one curve pass- 
ing through each point of space and having at that point the direction 
determined by the equations. 

For the formal integration there are several allied methods of pro. 
cedure. In the first place it may happen that two of 


dx dy dy dz dx dz 

aay, i le Ce 

are of such a form as to contain only the variables whose differentials 
enter. In this case these two may be integrated and the two solutions 
taken together give the family of curves. Or it may happen that one 
and only one of these equations can be integrated. Let it be the first 
and suppose that F(x, y)=C, is the integral. By means of this inte- 
gral the variable ~ may be eliminated from the second of the equations 
or the variable y from the third. In the respective cases there arises 
an equation which may be integrated in the form G(y, 2, C,) = C, or 
G(a, z, F) =C,, and this result taken with F(a, y) = C, will determine 
the family of curves. 





Consider the example a = ydy = ge Here the two equations 
YZ We 
adx  ydy 
y 

are integrable with the results 2° — y® = C,, 2? — z? = C,, and these two integrals 
constitute the solution. The solution might, of course, appear in very different 
form ; for there are an indefinite number of pairs of equations F(a, y, z, C,) = 0, 
G(x, y, z, C,) = 0 which will intersect in the curves of intersection of 28 — y3 = C,, 
and z?— 22=(,. In fact (y® + C,)? = (22 + C,)® is clearly a solution and could 

replace either of those found above. 
dx _ ap We 
g2—y2—22 Qay az 


and ce = dz 
z 





Consider the’ example - Here 


dy = es with the integral y = C,z, 

y fe 

is the only equation the integral of which can be obtained directly. If y be elimi- 
nated by means of this first integral, there results the equation 


dx _ a 
a?—(O241)2 202 
This is homogeneous and may be integrated with a factor to give 
a24+(C{+1)2=C,z or 2+ UPA VOR 

Hence Y= CZ, ee A gE 22 = (Coe 





or 2xede + [ (Of +1) 2% — a? |dz=0. 


is the solution, and represents a certain family of circles. 
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Another method of attack is to use composition and division. 
dx _ dy _ dz _ Ade + pdy + vde (8) 
kee ey #27 
Here A, p, v may be chosen as any functions of (x, y, z). It may be 
possible so to choose them that the last expression, taken with one of 
the first three, gives an equation which may be integrated. With this 
first integral a second may be obtained as before. Or it may be that 
two different choices of A, u,v can be made so as to give the two desired 
integrals. Or it may be possible so to select two sets of multipliers that 
the equation obtained by setting the two expressions equal may be 
solved for a first integral. Or it may be possible to choose A, p, v so 
that the denominator AX + »Y +vZ =0, and so that the numerator 
(which must vanish if the denominator does) shall give an equation 


Ada + pdy + vdz = (9) 
which satisfies the condition (5) of integrability and may be integrated 
by the methods of § 109. 





dx he dy = dz 
etyttyz @+y2—az (e+ y)z 
as 1, —1, —1; then AX +yY++Z=0 and dzr— dy — dz = 0 is integrable as 
x£—y—z=C,. This may be used to obtain another integral. But another choice 
of A, uw, v as x, y, 0, combined with the last expression, gives 


Consider the equations - Here take \, uw, v 








adx + ydx dz : 
= or log (x? + y?) = logz? + C,. 
(+y%)(ec+y) (t+y)z ( ) s 2 
Hence e—y—Zg=C, and 24 7f= C2 


will serve as solutions. This is shorter than the method of elimination. 
It will be noted that these equations just solved are homogeneous. The substi- 
tution x = uz, y = vz might be tried. Then 


udz+zdu _ _vdz + zdv dz zdu a zdv 
wtywtey wirvr—w 





—— as =; ’ 
Ut-v w—wtv w—wuw—wU 
du dv dz 
or = — . 
w— wy w—w= ut Zz 





Now the first equations do not contain z and may be solved. This always happens 
in the homogeneous case and may be employed if no shorter method suggests itself. 


It need hardly be mentioned that all these methods apply equally to 
the case where there are more than three equations. The geometric 
picture, however, fails, although the geometric language may be contin- 
ued if one wishes to deal with higher dimensions than three. In some 
cases the introduction of a fourth variable, as 








dx dy dz_ dt dt 
. ¢ oat oe (10) 
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is useful in solving a set of equations which originally contained only 
three variables. This is particularly true when X, Y, Z are linear with 
constant coefficients, in which case the methods of § 98 may be applied 
with ¢ as independent variable. 

112. Simultaneous differential equations of higher order, as 


dx i da dy dy dx dy 
ea (* aie aa = r(x naa 


cr | (don dr dd ORY RCE ON AS dr dd 
dé (ae) = A(x Pah a all Ee) =e ® ae’ ap 
especially those of the second order like these, are of constant occur- 
rence in mechanics; for the acceleration requires second derivatives 
with respect to the time for its expression, and the forces are expressed 
in terms of the coordinates and velocities. The complete integration of 
such equations requires the expression of the dependent variables as 
functions of the independent variable, generally the time, with a num- 
ber of constants of integration equal to the sum of the orders of the 
equations. Frequently even when the complete integrals cannot be 
found, it is possible to carry out some integrations and replace the 
given system of equations by fewer equations or equations of lower 

order containing some constants of integration. 

No special or general rules will be laid down for the integration of 
systems of higher order. In each case some particular combinations of 
the equations may suggest themselves which will enable an integration 
to be performed.* In problems in mechanics the principles of energy, 
momentum, and moment of momentum frequently suggest combinations 
leading to integrations. Thus if 


gl! — XG, Te = u, alt a Z) 
where accents denote differentiation with respect to the time, be multi- 
plied by dx, dy, dz and added, the result 
ade + y"dy + 2"dz = Xdx + Ydy + Zdz (11) 


contains an exact differential on the left; then if the expression on the 
right is an exact differential, the integration 


(a? + y? + 2”) = [ Xe + Ydy + Zdz+C ara) 


* It is possible to differentiate the given equations repeatedly and eliminate all the 
dependent variables except one. The resulting differential equation, say in « and ¢, may 
then be treated by the methods of previous chapters; but this is rarely successful except 
when the equation is linear. 
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can be performed. This is the principle of energy in its simplest form. 
If two of the equations are multiplied by the chief variable of the other 
and subtracted, the result is 

yx" — xy" = yX — 2xY (12) 
and the expression on the left is again an exact differential; if the 
right-hand side reduces to a constant or a function of ¢, then 


ye! — ny! = if fO+rC (12) 


is an integral of the equations. This is the principle of moment of 
momentum. If the equations can be multiplied by constants as 


la" + my" + nz" =1X +mY+4+nZ, (13) 


so that the expression on the right reduces to a function of ¢, an inte- 
gration may be performed. This is the principle of momentum. These 
three are the most commonly usable devices. 

As an example: Let a particle move in a plane subject to forces attracting it 


toward the axes by an amount proportional to the mass and to the distance from 
the axes; discuss the motion. Here the equations of motion are merely 





Gan, CEO A eS ay 
iat a Peg ee ree or wr ; rT ce 
ae dy =) A 
dx — + dy — =— k(adz ad note | (pees —) =—k(z2 2 4 
Then de +dy 5 (edz + ydy) (5 +(9 (+y*)+C 
@z d?y dz dy 
Al Se ay) dl 4p — 
24 Yaa "ap ie? aes tr ae 


In this case the two principles of energy and moment of momentum give twe 
integrals and the equations are reduced to two of the first order. But as it happens, 
the original equations could be integrated directly as 


2 2 

a ae =— kedz, (7) =— kx? + C2, 2 = & 
dt? at / C2 — kz? 

a dy\? 

Seay =— hy, (AV = iyt e,  —Y___ie=p, 
dt dt V K2 — ky? 


The constants C? and K? of integration have been written as squares because they 
are necessarily positive. The complete integration gives 
ke = Osin (Wkt + Ca), Vky = K sin (Vit aa K,). 
As another example: <A particle, attracted toward a point by a force equal to 
r/m + h?/r> per unit mass, where m is the mass and h is the double areal velocity 
and r is the distance from the point, is projected perpendicularly to the radius vec- 


tor at the distance Vmh; discuss the motion. In polar codrdinates the equations 
of motion are 


dr “| mr mh? md d¢ 
mi——rt— =R=— =a ; = {i — = (0, 
EE (3 : m2 7 r at (" =) bf 
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The second integrates directly as r2d¢/dt = h where the constant of integration h 
is twice the areal velocity. Now substitute in the first to eliminate og. 


@r f2 r h? d2r r (=) v2 
. ee are a 





Oe SSS 
dt? = 8 m2 7 at? m2 


Now as the particle is projected perpendicularly to the radius, dr/dt = 0 at the 
start when r=Vmh. Hence the constant C is h/m. Then 








3 a 
eraileste =dt and —“? ue =dt give _ mbar _ = dd. 
h 72 h & ye 
Cs see piceds em) 
m me iat 
2 
Hence Vmh i a 1 = ore C or 1 1 = (p ar C) 
: ie 1) v2 Am mh 


Now if it be assumed that ¢ = 0 at the start when r = V mh, we find C=0 
Hence 2 = se - is the orbit 
1+¢ 


To find the relation between ¢ and the time, 





madd 


r2d@ = hdt or s =dt or t=mtan=1¢, 





if the time be taken ast =0 when ¢=0. Thus the orbit is found, the expression 
of ¢ as a function of the time is found, and the expression of 7 as a function of the 
time is obtainable. The problem is completely solved. It will be noted that the 
constants of integration have been determined after each integration by the initial 
conditions. This simplifies the subsequent integrations which might in fact be 
impossible in terms of elementary functions without this simplification. 












































EXERCISES 
1. Integrate these equations : 
dx dy dz dx dy dz 
fe) ye te xy (8) ye 2 xyz” 
dg o dz dx dy dz 
(y) == =—, (3) —~=4-—, 
TZ = Y% ry Y2 LE ao+y 
Geo Gh dz dx dy dz 
(e:) -S ==, —= = : 
y Ay 1+2z —1l 8y+4z2 2y+4524 
da. ad dz 
2. Integrate the equations : (a) ae cee oe = Le 
dx d dz dx dy dz 
(8) = =~ = , (7) eC ci Ee 
gi+y? Ary wet yz Y+te e+e w+y 
dz d dz dat dy dz 
(5) < f me aS en BGs a St : 
yt —2at 2yt—aby 2(2?—y") ay—z) y(@—%) z(@—y) 
dx dy dz (n) dx ye dz 
ss = ) = ; ’ 
(5) x(y? — 2) y (22 — x”) 2 (x — y?) x(y? — 2?) y (22 + &*) z(x? + y?) 
di d dz 
(8) ve = dy = eee dt, (c) rs = y = = GU; 
Y—2 ety «e+2 y—-z2 we+ytt e~+ett 
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3. Show that the differential equations of the orthogonal trajectories (curves 
of the family of surfaces F(a, y, z) = C are dx:dy:dz =F: F/:F,. Find the curves 
which cut the following families of surfaces orthogonally : 

(a) aa? + By? + o722 = C, (8) tyz = C, (vy) ¥? = Caz, 
(6) y=a tan (z + C), (e) y= tan Cz, (8) 2 = Czy. 

4. Show that the solution of dx:dy:dz = X:Y:Z, where X, Y, Z are linear 
expressions in @, y, z, can always be found provided a certain cubic equation can 
be solved. 

5. Show that the solutions of the two equations 


d d ? 
a T (ax + by) =T,, ae T (a’a + by) = Ty, 
where T, T,, T, are functions of t, may be obtained by adding the equation as 
d 
a + ly) +AT(e+ ly) = T,4+ IT, 


after multiplying one by l, and by determining ) as a root of 
M— (at d)rA4 al’ —wb=0. 





d 
6. Solve: (a) joe ee er aac & ty 424 by =2, 
dt dt 
(8) tdx = (t — 22) dt, tdy = (tx + ty + 24 — 1) dt, 
Idx mily ndz at 
(y) = =*. 


mn(y—z) nli(¢—2) lm(z—y) ¢t 


7. A particle moves in vacuo in a vertical plane under the force of gravity alone. 
Integrate. Determine the constants if the particle starts from the origin with a 
velocity V and at an angle of a degrees with the horizontal and at the time t= 0. 


8. Same problem as in Ex. 7 except that the particle moves in a medium which 
resists proportionately to the velocity of the particle. 


9. A particle moves ina plane about a center of force which attracts proportion- 
ally to the distance from the center and to the mass of the particle. 


10. Same as Ex. 9 but with a repulsive force instead of an attracting force. 


11. A particle is projected parallel to a line toward which it is attracted with 
a force proportional to the distance from the line. 


12. Same as Ex. 11 except that the force is inversely proportional to the square 
of the distance and only the path of the particle is wanted. 


13. A particle is attracted toward a center by a force proportional to the square 
of the distance. Find the orbit. 


14. A particle is placed at a point which repels with a constant foree under 
which the particle moves away to a distance a where it strikes a peg and is 
deflected off at a right angle with undiminished velocity. Find the orbit of the 
subsequent motion. 


15. Show that equations (7) may be written in the form drxF = 0. Find the 
condition on F or on X, Y, Z that the integral curves have orthogonal surfaces. 
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113. Introduction to partial differential equations. An equation 
which contains a dependent variable, two or more independent varia- 
bles, and one or more partial derivatives of the dependent variable 
with respect to the independent variables is called a partial differential 
equation. The equation 


dz Oz ; Oz Oz 
Oe) yaa Grune Cea), Pies a (14) 


is clearly a linear partial differential equation of the first order in one 
dependent and two independent variables. The discussion of this equa- 
tion preliminary to its integration may be carried on by means of the 
concept of planar elements, and the discussion will immediately suggest 
the method of integration. 

When any point (#,, y,, 2,) of space is given, the coefficients P, Q, R 
in the equation take on definite values and the derivatives p and q 
are connected by a linear relation. Now any planar element through 
(5 Yo» %)) May be considered as specified by the two slopes p and ¢; for 
it is an infinitesimal portion of the plane z— 2, = p(#—a,)+¢(y—y) 
in the neighborhood of the point. This plane contains the line or lineal 
element whose direction is 


GLY ee Oh Tes (15) 


because the substitution of P, Q, R for de=a—x,, dy=y—y,, 
dz=z—z, in the plane gives the original equation Pp + Qq=R. 
Hence it appears that the planar elements defined by (14), of which 
there are an infinity through each point of space, are so related that all 
which pass through a given point of space pass through a certain line 
through that point, namely the line (15). 

Now the problem of integrating the equation (14) is that of grouping 
the planar elements which satisfy it into surfaces. As at each point 
they are alreagly grouped in a certain way by the lineal elements through 
which they pass, it is first advisable to group these lineal elements into 
curves by integrating the simultaneous equations (15). The integrals 
of these equations are the curves defined by two families of surfaces 
F(a, y, 2) =C, and G(a, y, 2) =C,. These curves are called the charac- 
teristic curves or merely the characteristics of the equation (14). Through 
each lineal element of these curves there pass an infinity of the planar ele- 
ments which satisfy (14). Itis therefore clear that if these curves be in 
any wise grouped into surfaces, the planar elements of the surfaces must 
satisfy (14) ; for through each point of the surfaces will pass one of the 
curves, and the planar element of the surface at that point must there- 
fore pass through the lineal element of the curve and hence satisfy (14). 
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To group the curves F(z, y, 2)= C,, G(x, y, 2) = C, which depend 
on two parameters C,, C, into a surface, it is merely necessary to intro- 
duce some functional relation C,=f(C,) between the parameters so 
that when one of them, as C,, is given, the other is determined, and 
thus a particular curve of the family is fixed by one parameter alone 
and will sweep out a surface as the parameter varies. Hence to integrate 
(14), first integrate (15) and then write 


G(x, y, #2) =@[F(a, y,2)] or ®(F, G)=0, (16) 
where ® denotes any arbitrary function. This will be the integral of 
(14) and will contain an arbitrary function ®. 

As an example, integrate (y—z)p + (z—2z)qg=ax—y. Here the equations 


de dy _ 
Yas Sana £H=y 





give a@+y?4+22=C,, r+y+z2=C, 


as the two integrals. Hence the solution of the given equation is 
ety+z2=O(@+y?4+2) or $@?4+y74+2,c2+y+2) =), 
where ® denotes an arbitrary function. The arbitrary function allows a solution 
to be determined which shall pass through any desired curye; for if the curve be 
F(x, y, 2) =, 9g (@, y, 2) = 0, the elimination of x, y, z from the four simultaneous 
equations 
F(a, Y, z=, G (x, Y, 2) =C,, SF (a, Y, 2) =9, g(£, y, 2) =0 
will express the condition that the four surfaces meet in a point, that is, that the 
curve given by the first two will cut that given by the second two ; and this elimi- 
nation will determine a relation between the two parameters C, and C, which will 
be precisely the relation to express the fact that the integral curves cut the given 
curve and that consequently the surface of integral curves passes through the given 
curve. Thus in the particular case here considered, suppose the solution were to 
pass through the curve y = x2, z=; then 
e+y?+2=0,, rt+y+z=0,, ye 2—=c 

give Dita — 05, ga ate Oe. 
whence (CZ + 2C, — C,)? + 8 C7 — 240, — 160, 0, = 0. 
The substitution of C, =a? + y?+ 22 and C,=x2+y+z in this equation will 
give the solution of (y—z)p + (¢—2z)q =x —y which passes through the parabola 
Mf Se Dep 

114. It will be recalled that the integral of an ordinary differ- 
ential equation f(x, y, y',---, y)=0 of the nth order contains n con- 
stants, and that conversely if a system of curves in the plane, say 
F(a, y, Cy +++, C,)=0, contains » constants, the constants may be 
eliminated from the equation and its first » derivatives with respect 
to x. It has now been seen that the integral of a certain partial 
differential equation contains an arbitrary function, and it might be 
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inferred that the elimination of an arbitrary function would give 
rise to a partial differential equation of the first order. To show 
this, suppose F(a, y, z)=[G@(x, y, 2)]. Then 

Fat Fjp=®'-(G,+Gip), Fy, + Fqg='-(G, + Gq) 
follow from partial differentiation with respect to x and y; and 

(FG, — FG) p + (FaGz — F.Gz)q = FG; — FG, 

is a partial differential equation arising from the elimination of 6’. 
More generally, the elimination of n arbitrary functions will give rise 
to an equation of the nth order; conversely it may be believed that 


the integration of such an equation would introduce n arbitrary func- 
tions in the general solution. 
As an example, eliminate from z= 6(ry) + Y («x + y) the two arbitrary func- 

tions 6 and Y. The first differentiation gives 

PHOsryty, GC=t.2t¥, pegay—-2)s, 

2 2 2 
Now differentiate again and let r= ie i= ae j= oe Then 
on ouoy oy? 
r—s=— 8 4+ (y—2)&”.-y, 8—t=@ + (y—@)6”.g. 





These two equations with p — g = (y — x) ®’ make three from which 


x 022 02z fz, 02 «Oz 
ar—(a-+y)s+yt= 2+ (p—g) or #—~—(x£#+y) - Skye = +u(% — =) 
Z—y ou? Oxdy oy? w—y\or oy 





may be obtained as a partial differential equation of the second order free from 
@and v. The general integral of this equation would be z = (ay) + W(x + y). 


A partial differential equation may represent a certain definite type 
of surface. For instance by definition a conoidal surface is a surface 
generated by a line which moves parallel to a given plane, the director 
plane, and cuts a given line, the directrix. If the director plane be taken 
as = 0 and the directrix be the z-axis, the equations of any line of 
the surface axe 

i= C., y= CL, with C,=®(C,) 
as the relation which picks out a definite family of the lines to form a 
particular conoidal surface. Hence z = ®(y/ax) may be regarded as the 
general equation of a conoidal surface of which z = 0 is the director 
plane and the z-axis the directrix. The elimination of @ gives px ++qy=0 
as the differential equation of any such conoidal surface. 

Partial differentiation may be used not only to eliminate arbitrary func- 
tions, but to eliminate constants. For if an equation f(a, y, 2, C,, C,) =0 
contained two constants, the equation and its first derivatives with respect 
to # and y would yield three equations from which the constants could 
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be eliminated, leaving a partial differential equation F(x, y, 2, p, 7) =9 
of the first order. If there had been five constants, the equation with 
its two first derivatives and its three second derivatives with respect 
to x and y would give a set of six equations from which the constants 
could be eliminated, leaving a differential equation of the second order. 
And so on. As the differential equation is obtained by eliminating the 
constants, the original equation will be a solution of the resulting dif- 
ferential equation. 


For example, eliminate from z= Ag? + 2 Bry + Cy? + Dr + Ey the five con- 
stants. The two first and three second derivatives are 
P=L2AL- 2 By DY  g=2 Be 2Cy-— Ek, r=2A, 8s 28 = 2. 
Hence 2=—4ra? — ity? — sry + prt qy 
is the differential equation of the family of surfaces. The family of surfaces do 
not constitute the general solution of the equation, for that would contain two 
arbitrary functions, but they give what is called a complete solution. If there had 
been only three or four constants, the elimination would have led to a differential 
equation of the second order which need have contained only one or two of the 
second derivatives instead of all three ; it would also have been possible to find three 
or two simultaneous partial differential equations by differentiating in different ways. 


115. lf f@y2,C, C)=90 and Fa ye2,¢g)=9 (17) 


are two equations of which the second is obtained by the elimination of 
the two constants from the first, the first is said to be the complete solu- 
tion of the second. That is, any equation which contains two distinct 
arbitrary constants and which satisfies a partial differential equation of 
the first order is said to be a complete solution of the differential equa- 
tion. A complete solution has an interesting geometric interpretation. 
The differential equation F = 0 defines a series of planar elements 
through each point of space. So does f(a, y, z, C,, C,) = 0. For the 
tangent plane is given by 








ile Rae ate of 
De ie — 2%) + aC =e) Oz hs — *%) =9 
with F(X) Yoo @o9 Cy C,) aa 0 


as the condition that C, and C, shall be so related that the surface 
passes through (a,, y,, ¢,). As there is only this one relation between 
the two arbitrary constants, there is a whole series of planar elements 
through the point. As f(x, y, 2, C,, C,) = 0 satisfies the differential equa- 
tion, the planar elements defined by it are those defined by the differen- 
tial equation. Thus a complete solution establishes an arrangement of 
the planar elements defined by the differential equation upon a family 
of surfaces dependent upon two arbitrary constants of integration, 
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From the idea of a solution of a partial differential equation of the 
first order as a surface pieced together from planar elements which 
satisfy the equation, it appears that the envelope (p. 140) of any family 
of solutions will itself be a solution; for each point of the envelope is 
a point of tangency with some one of the solutions of the family, and 
the planar element of the envelope at that point is identical with the 
planar element of the solution and hence satisfies the differential equa- 
tion. This observation allows the general solution to be determined from 
any complete solution. For if in f(a, y, 2, C,, C,)=0 any relation 
C,= ®(C,) is introduced between the two arbitrary constants, there 
arises a family depending on one parameter, and the envelope of the 
family is found by eliminating C, from the three equations 

af, de of 


G=8C) Gotgas f= (18) 








As the relation C, = ®(C,) contains an arbitrary function ®, the result 
of the elimination may be considered as containing an arbitrary func- 
tion even though it is generally impossible to carry out the elimination 
except in the case where @ has been assigned and is therefore no longer 
arbitrary. 

A family of surfaces f(a, y, 2, C,, C,) = 0 depending on two param- 
eters may also have an envelope (p. 139). This is found by eliminat- 
ing C, and C, from the three equations 
Sit oe re 


oc; ra) OC; i 





GCE PAO OR ens 


This surface is tangent to all the surfaces in the complete solution. 
This envelope is called the singular solution of the partial differential 
equation. As in the case of ordinary differential equations (§ 101), the 
singular solution may be obtained directly from the equation ;* it is 
merely necessary to eliminate p and g from the three equations 
F(x, Y, 2, P, 1) = 9, ao <0 

The last two equations express the fact that F(p, 7) = 0 regarded as 
a function of p and ¢ should have a double point (§ 57). A reference 
to § 67 will bring out another point, namely, that not only are all the 
surfaces represented by the complete solution tangent to the singular 
solution, but so is any surface which is represented by the general 
solution. 


* It is hardly necessary to point out the fact that, as in the case of ordinary equations, 
extraneous factors may arise in the elimination, whether of Cy, C, or of p, q. 
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EXERCISES 
1. Integrate these linear equations: 
(a) wep + yeq = ay, (8) a(p+ 9%) =% (7) @p + yg = 27, 
(8) —ypt+aqgt1it+2=0, (e) yp—aq=e?—y?, (5) @+2)p=y, 
(n) 2p — xyq + y? = 0, (9) @—2)p+b—y)q=ce—z%, 
(c) ptang + qtany = tanz, (x) (y2 + 2 — a?) p — 2ayq + 2az=0. 


2. Determine the integrals of the preceding equations to pass through the curves : 


LOUIE (QVeGe enlist for (8) y= 0, 2 = 2, 
LOLI (Gy) Ag for (ey t= 27 — 2 


3. Show analytically that if F(x, y, z) = C, is a solution of (15), it is a solution 
of (14). State precisely what is meant by a solution of a partial differential equa- 
tion, that is, by the statement that F(a, y, z) = C, satisfies the equation. Show that 
the equations 
oF _ 
oz 


0 





VF oF 
pe BO! ie he ee 
fay oy on oy 

are equivalent and state what this means. Show that if F=C, and G=C, are 
two solutions, then # = @(G) is a solution, and show conversely that a functional 
relation must exist between any two solutions (see § 62). 


4. Generalize the work in the text along the analytic lines of Ex. 3 to estab- 
lish the rules for integrating a linear equation in one dependent and four or n 
independent variables. In particular show that the integral of 





PS RE eee m+1 depends on da, _ An _ dz 4 
Ox, O%n, F, Po Pag 
and that if F, = C,,---, F, =C, are n integrals of the simultaneous system, the 


integral of the partial differential equation is @(F,,---, F,) =0. 


5. Integrate: (a) pean fas ++ go = LYzZ, 
ox oy 0z 


ou ou Fi 
(8) vtetw— 4+ @t+uta)—4+(utety“=24+ytz, 
0x cy 0z 
6. Interpret the general equation of the first order F (a, y, 2, p, 7) = 0 as deter- 
mining at each point (2, Yo, 29) of space a series of planar elements tangent to a 


certain cone, namely, the cone found by eliminating p and g from the three simul- 
taneous equations 


Eos Vos Zo, D; q)yi==0) (t— 2X) P+ (Y¥Y—Y%)T=Z— 2B, 
oF oF 
v— %)— —(y— —=0. 
( 0) 24 (Y¥ — Yo) = 
7. Eliminate the arbitrary functions: 


(aq) e+ y+2=8(a? + y? + 2%), (8) (x? + y®, z— zy) =0, 
(y) z=O@+y)+¥(@—y), (5) z= ew (x — y), 


(ec) 2z=y2 4+ 26(0-14 logy), (8) o(®, =, *) = 
y x 
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8. Find the differential equations of these types of surfaces : 
(a) cylinders with generators parallel to the line « = az, y = bz, 
(8) conical surfaces with vertex at (a, b, c), 
(y) surfaces of revolution about the line a: UR TON OIC. 
9. Eliminate the constants from these equations: 
(@) z=(@+4)¥+), (8) a(x? + y2) + 02 =1, 
(1) @-a?+Y—IF+@—97=1, (0) @— a? + Y—0? + OP =®, 
(e€) Ax? + Bay + Cy? + Daz + Hyz = 2. 
10. Show geometrically and analytically that F(a, y, z) + a@(a, y, z)=b is a 
complete solution of the linear equation. 


11. How many constants occur in the complete solution of the equation of the 
third, fourth, or nth order ? 


12. Discuss the complete, general, and singular solutions of an equation of the 
first order F(a, y, 2, U, U,, W,, W,) = 0 with three independent variables. 


13. Show that the planes z = az + by + C, where a and b are connected by the 
relation F(a, b) = 0, are complete solutions of the equation F(p, g) = 0. Integrate: 
(a) pq=1, (8) =p? +1, (vy) P+ =m, 
(5) py=k, (e) klogg+p=0, = (§) 8p? -2q? = 4 pg, 
and determine also the singular solutions. 


14. Note that a simple change of variable will often reduce an equation to the 
type of Ex.13. Thus the equations 


with ae Ao Be, = e*, ape, 
take a simpler form. Integrate and determine the singular solutions: 

(a) qg=2+ pt, = (8) wp? + yg? =2?, (vy) 2=p4q, 

(6) ¢=2yp’, CDE) Gt) ceed aS) ode 

15. What is the obvious complete solution of the extended Clairaut equation 
z=2p+yq4+f (p,q)? Discuss the singular solution. Integrate the equations: 

(a) z=aptygtVp?+P41, (8) <=ept+yqt (D+, 
(7) zap + yg t 9, (3) z=ap + yg —2V pq. 

116. Types of partial differential equations. In addition to the 
linear equation and the types of Exs. 13-15 above, there are several 
types which should be mentioned. Of these the first is the general 
equation of the first order. If F(a, y, 2, p, 7) = 0 is the given equation 
and if a second equation ®(a, y, 2, p, y, «) = 0, which holds simultane- 
ously with the first and contains an arbitrary constant can be found, 
the two equations may be solved together for the values of p and q, and 
the results may be substituted in the relation dz = pdx + qdy to give a 
total differential equation of which the integral will contain the con- 
stant « and a second constant of integration >. This integral will then 
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be a complete integral of the given equation; the general integral may 
then be obtained by (18) of § 115. This is known as Charpit’s method. 
To find a relation & = 0 differentiate the two equations 
F(a, Y % Py = 0, ® (2, Y; ©) Py 1 a) = 0 (19) 
with respect to # and y and use the relation that dz be exact. 





Fi+ Fip + F; 2p (ot 0, ®;; 
W1 Pp +o wits afta Re 
Bet Fig + Fy P+ GX, ®,, 
By bai + 0; P+ eo 0, sue 
ety Fo, — O1F%. 


Multiply by the SESS on the right and add. Then 


oe , O® 
Py Ox aa Cy 


Now this is a linear equation for ® and is equivalent to 


7 / y ; _ C® 
(F, +P) + +4F) — (pF, +7) = =0. (20) 








dp dx dy dz d® 91) 
Ripe Erg) =f Sr Sree os 


Any integral of this system containing p or g and a will do for %, and 
the simplest integral will naturally be chosen. 


As an example take zp(e+y)+p(q—p)—22=0. Then Charpit’s equa- 

tions are 
dp a dq a dx 
—zpt+p(c+y) z—2zeq+pq(et+y) 2p—q—z(e+y) 
OR dz 
—p 2p? —2pq— pze(e+ y) 

iow to combine these so as to get a solution is not very clear. Suppose the suk 
stitution z = e*’, p = e*’p’, gq = e*’q’ be made in the equation. Then 


ye (e+ y)+ p’(Yv —p’)—-1=0 


is the new equation. For this Charpit’s simultaneous system is 











dp’ iy dq’ + dr ey dz 








yo po Qe — go — (Mey) 2 2p? —2 2 pq — p (e+ y) 





The first two equations give at once the solution dp’ = dq’ or q = p’ + a. Solving 
yety)+p(a¢—p)—1=0 and g=p’+a, 


, , 1 dix + dy 
i a ’ q = —— Ly iz’ = - i 
: ate+y : ChE Ay atoty ; oe 
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Then 2 =log(a+a2+y)+ay+b or logz=log(at+aty)+tay+b 
is a complete solution of the given equation, This will determine the general 
integral by eliminating a@ between the three equations 

z=ewtatety), b=f(a), 0=Y+s/(a))(a+e+y) +1, 


where f(a) denotes an arbitrary function. The rules for determining the singular 
solution give z= 0; but it is clear that the surfaces in the complete solution can- 
not be tangent to the plane z = 0 and hence the result z = 0 must be not a singular 
solution but an extraneous factor. There is no singular solution. 


The method of solving a partial differential equation of higher order 
than the first is to reduce it first to an equation of the first order and 
then to complete the integration. Frequently the form of the equation 
will suggest some method easily applied. For instance, if the deriva- 
tives of lower order corresponding to one of the independent variables 
are absent, an integration may be performed as if the equation were 
an ordinary equation with that variable constant, and the constant of 
integration may be taken as a function of that variable. Sometimes a 
change of variable or an interchange of one of the independent variables 
with the dependent variable will simplify the equation. In general the 
solver is left mainly to his own devices. Two special methods will be 
mentioned below. 

117. If the equation is linear with constant coefficients and all the 
derivatives are of the same order, the equation is 


(a.De "a, DE-*D, + => 4-¢,, _;D, De" + a,,D;)e = Ra, y): (22) 
Methods like those of § 95 may be applied. Factor the equation. 
(Dz — &Dy) (Dz — %,Dy) +++ (Dz — &Dy) # = R(x, y). (22!) 
Then the equation is reduced to a succession of equations 
Dz — «Dp = R(a, y), 
each of which ‘s linear of the first order (and with constant coefficients). 
Short cuts analogous to those previously given may be developed, but 
will not be given. If the derivatives are not all of the same order but 
the polynomial can be factored into linear factors, the same method will 
apply. For those interested, the several exercises given below will serve 


as a synopsis for dealing with these types of equation. 
There is one equation of the second order,* namely 
Pie eC te ee Oe 


8 
eat at ae 








(23) 


* This is one of the important differential equations of physics; other important equa 
tions and methods of treating them are discussed in Chap. XX. 
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which occurs constantly in the discussion of waves and which has there- 
fore the name of the wave equation. The solution may be written down 
by inspection. For try the form 

u(a, y, % t) = F(ax + by + cz — Vt) + G(ae + by + cz + Vt). (24) 
Substitution in the equation shows that this is a solution if the relation 
a? + 6? + ¢ =1 holds, no matter what functions F and G may be. Note 
that the equation 

ax + by + cz —Vt= 0, P+ + == 1; 

is the equation of a plane at a perpendicular distance Vt from the origin 
along the direction whose cosines are a, b, e. If ¢ denotes the time and 
if the plane moves away from the origin with a velocity V, the function 
F(ax + by + cz — Vt) = F(0) remains constant; andif G = 0, the value 
of w will remain constant. Thus w= F represents a phenomenon which 
is constant over a plane and retreats with a velocity V, that is, a plane 
wave. In a similar manner w = @ represents a plane wave approaching 
the origin. The general solution of (23) therefore represents the super- 
position of an advancing and a retreating plane wave. 


To Monge is due a method sometimes useful in treating differential equations 
of the second order linear in the derivatives r, s, ¢; it is known as Monge’s method. 
Let Rr+8s+ Tt=V (25) 
be the equation, where R, S, T, V are functions of the variables and the derivatives 
py and q. From the given equation and 

dp = rdx + sdy, dg = sdx + tdy, 
the elimination of r and t gives the equation 
s (Rdy? — Sdzdy + Tda*) — (Rdydp + Tdxdq — Vdxdy) = 0, 
and this will surely be satisfied if the two equations 
Rdy? — Sdxdy + Tdx? = 0, Rdydp + Tdxdg — Vdxdy = 0 (25) 
can be satisfied simultaneously. The first may be factored as 
dy — 7, (%, Y, 2; 2, g) da = 0, dy — fy (x, y, 2, p, g)dz = 0. (26) 


The problem then is reduced to integrating the system consisting of one of these fac- 
tors with (25’) and dz=pdax + qdy, that is, a system of three total differential equations. 
If two independent solutions of this system can be found, as 


Uy (@, Y, 2), 9) = Ci, Ug (x, Y, 2, D, g) = Cy, 

then u, = ® (uy) is a first or intermediary integral of the given equation, the general 
integral of which may be found by integrating this equation of the first order. If 
the two factors are distinct, it may happen that the two systems which arise may 
both be integrated, Then two first integrals u, = © (Uy) and v, = WV (vy) will be found, 
and instead of integrating one of these equations it may be better to solve both for 
p and g and to substitute in the expression dz = pdx + qdy and integrate. When, 
however, it is not possible to find even one first integral, Monge’s method fails. 
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As an example take (x + y) (r—t) =— 4p. The equations are 
(x + y)dy?—(@+y)dx2=0 or dy—dx=0, dy + dx = 0 
and (x + y) dydp — (x + y) dxdq + 4pdady = 0. (A) 


Now the equation dy — dx = 0 may be integrated at once to give y = a + C7.) Lhe 
second equation (A) then takes the form 


2adp + 4 pdx — 2adq +,C, (dp — dq) = 0; 
but as dz = pdx + qdy = (p+ q) dx in this case, we have by combination 
2 (xdp + pdx) — 2(xdq + qdx) + C, (dp — dq) + 2dz =0 


or 2e+C,)(p—g)+2z2=C, or (@+y)(p—Q)+2z2=C,. 
Hence (@+y)(p—g)+2z2=8(y—2) (27) 
is a first integral. This is linear and may be integrated by 

dx dy dz SEs dz 








One -F1y/)— Ke, 


ety ety B(y—2)—2z Tit oi ih, 2 Day— 27, 


This equation is an ordinary linear equation in z and x. The integration gives 


Qa 


2x 2x 
Keim f eho iC, — 22) de + Ky 


2a 


ee Aes 
Hence (et nedti— [eRe ~ 2) d= K, = ¥UK)=¥ 0 +Y 


is the general integral of the given equation when K,, has been replaced by x + y 
after integration, —an integration which cannot be performed until @ is given. 

The other method of solution would be to use also the second system containing 
dy + dx = 0 instead of dy —dx=0. Thus in addition to the first integral (27) a 
second intermediary integral might be sought. The substitution of dy + dx = 0, 
y + 2 =C, in (A) gives C, (dp + dq) + 4pde =0. This equation is not integrable, 
because dp + dq is a perfect differential and pdx is not. The combination with 
dz = pdx + qdy = (p — q) dx does not improve matters. Hence it is impossible to 
determine a second intermediary integral, and the method of completing the 
solution by integrating (27) is the only available method. 

Take the equation ps — qr =0. Here S=p, R=—q, T=V=0. Then 


— qdy?*pdady =0 or dy=0, pdx+qdy=0 and — qdydp=0 
are the equations to work with. The system dy = 0, qdydp = 0, dz = pdx + qdy, 
and the system pdz + qdy = 0, gdydp = 0, dz = pdx + qdy are not very satisfactory 
for obtaining an intermediary integral u, = @(u,.), although p = ®(z) is an obvious 
solution of the first set. It is better to use a method adapted to this specia 
equation. Note that 


2 (2)-= =", and 2 (2) =0 gives 1 — fiy). 
da \p Zi ow \p p 


qd or any 
124 ie oe —=— 
By (11),p.124, 4 (=); then F =-su) 


and a=— [fly)dy + ¥ (2) = Fy) + ¥Y), 
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EXERCISES 


1. Integrate these equations and discuss the singular solution: 


(a) pt + gt =22, (8) (p? + @2) a = pz, (”) (p+ (vt +m) =1, 


(5) py = pu + qy, (ce) P+ @=a2+y, (5) xp? —2zp + ay =0, 
(7) Gf = 24p— 4), (9) ¢(p7z + g?) =1, (1) p+ @)=a(z—©), 
(«) ap(1+ q) = @, QO) 97 (p? —1)=2%p?, = (n) (PP? 4+ Pt 1I=He, 
(») p=(@ + 9), (0) pz=1+q, (7) z—py=0, (p) g=apt+p*. 


2. Show that the rule for the type of Ex. 18, p. 273, can be deduced by Charpit’s 
method. How about the generalized Clairaut form of Ex. 15 ? 


3. (a) For the solution of the type f,(, p) =f,(y, q), the rule is: Set 
Ff, (2, Pp) Sie q) =d, 
and solve for p and q as p = g,(z, a), ¢ = g,(y, @) ; the complete solution is 


Z= f ate, a) dat + f glu, a) dy + b. 


(8) For the type F(z, p, g) = 0 the rule is: Set X = x + ay, solve 


dz dz dz dz 
—,a—-—) for —~= d let 
F(z, a ) or o(Z, a), and le lp aa 





=J\%, a); 
BELG ax hehe 
the complete solution is © + ay+b=f/(z, a). Discuss these rules in the light of 
Charpit’s method. Establish a rule for the type F(# + y, p, g) = 0. Is there any 
advantage in using the rules over the use of the general method ? Assort the exam- 
ples of Ex. 1 according to these rules as far as possible. 


4, What is obtainable for partial differential equations out of any characteristics 
of homogeneity that may be present ? 


5. By differentiating p = f(x, y, z, g) successively with respect to 2 and y show 
that the expansion of the solution by Taylor’s Formula about the point (x9, Yo, 29) 
may be found if the successive derivatives with respect to y alone, 

0z Oz 08z onz 
; ; oe 
oy oy? ey? oy” 








; sees 


are assigned arbitrary values at that point. Note that this arbitrariness allows the 
solution to be passed through any curve through (x, Yy, 2) in the plane z = zp. 


6. Show that F(z, y, z, p, q) = 0 satisfies Charpit’s equations 

GE dz rs dp & dq 

~ Fo (OR eer) Feige oe Bee 
where wu is an auxiliary variable introduced for symmetry. Show that the first 
three equations are the differential equations of the lineal elements of the cones of 
ix. 6, p. 272. The integrals of (28) therefore define a system of curves which have 
a planar element of the equation 7 = 0 passing through each of their lineal tan- 
gential elements. If the equations be integrated and the results be solved for the 
variables, and if the constants be so determined as to specify one particular curve 
with the initial conditions x9, ¥), 2), Pos ps then 


Ohh = 








(28) 


G=G(U, Loy Yor 2%» Por Gs Y=EYC*),Z=20++), P=), G=qle) 
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Note that, along the curve, g=f(p) and that consequently the planar elements 
just mentioned must lie upon a developable surface containing the curve (§ 67). The 
curve and the planar elements along it are called a characteristic and a characteristic 
strip of the given differential equation. In the case of the linear equation the 
characteristic curves afforded the integration and any planar element through 
their lineal tangential elements satisfied the equation ; but here it is only those 
planar elements which constitute the characteristic strip that satisfy the equation. 
What the complete integral does is to piece the characteristic strips into a family 
of surfaces dependent on two parameters. 


7. By simple devices integrate the equations. Check the answers: 





O72 Onz ez © 
(a) aa? = f(x), (8) ayn 0, (7) andy re a, 
(5) s+ pf) =9(y), (€) ar = ay, (5) er =(n— Vp. 


8. Integrate these equations by the method of factoring: 
(a) (D2- a2 Di) 2 = 0, (GB) DD) e105 (vy) (D.DF De 0, 
(5) (DL +3 D,D,+2D2)2z=xu+y, (e) (D2—D,D,— 6D?)z = ay, 
(¢) (DR — Dj — 8 Dz + 3 D,y)z = 0, (n) (Di - Di 2 Dele —e—*, 
9. Prove the operational equations : 


(a) etPy p(y) = (1+ axD, + .072?D) +---)o(y) = oly + aa), 
1 


1 
(8) eee = i eae = e2tDy oy) = o(y + ae), 
ee y fa 


(7) oo R(x, y) = er2Py ['e- ebPy R(E, y) ae = f'R(Ey + an — ad). 


10. Prove that if [(D, — a,D,)™-.+.(Dz — a,Dy)"*]z = 0, then 
B= Py(Y + Ay) + LHyo(Y + yL) +--+ MTP mY + AL) ++ 
+ Pei(y + AL) + CB(Y + AL) ++ + L™EATDem(Y + AR), 
where the ®’s are all arbitrary functions. This gives the solution of the reduced equa- 
tion in the simplest case. What terms would correspond to (D,— aD, — B)™z = 0? 
11. Write the solutions of the equations (or equations reduced) of Ex. 8. 


12. State the rule of Ex. 9 (y) as: Integrate R(x, y — ax) with respect to « and 
in the result change y to y + aw. Apply this to obtaining particular solutions of 
Ex. 8 (5), (ec), (n} with the aid of any short cuts that are analogous to those of 
Chap. VIII. 


13. Integrate the following equations: 
(a) (D2 — D2, + Dy—1)z= cos (a + 2y) + e%, (8) x72 + Qays + yt? = a + y2, 


(y) (Di + Dry + Dy —1)2= sin (@ + 2y), (3) r—t— 8p +3q=ert2, 
(ce) (D3 —2.D,D? + Di)z = 2-2, (f) r—t+p+8q—2z2=er-9— xy, 


(n) (D2 — D,Dy — 2D? + 2D,+ 2 D,)z = e2@+8y 4 sin (2% + y) + xy. 
14. Try Monge’s method on these equations of the second order : 
(a) gr —2pgs + pt = 0, (8) r— at = 0, (vy) r+8=—pD, 
(6) q+ q)r—(p+qt 2p9)8+p(l+p)t= 0, (s) ar + 2ays + y°t = 0, 
(¢) (0 + cq)2r — 2(b + eg) (a+ cp)s+(a+epyt=0, (nm) r+ ka*t = 2.as. 
Yf any simpler method is available, state what it is and apply it also. 
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15. Show that an equation of the form Rr + Ss + Tt + U (rt — s?) = V neces- 
sarily arises from the elimination of the arbitrary function from 
Uy (2, Y, 2, P, 7) =S[Me(2, Y, 2 P, Y))- 
Note that only such an equation can have an intermediary integral. 


16. Treat the more general equation of Ex. 15 by the methods of the text and 
thus show that an intermediary integral may he sought by solving one of the systems 


Udy + r, Td + »,Udp = 0, Uda + »,Rdy + »,Udg = 0, 
Ud + »,Rdy + »,Udg = 0, Udy +r, Tdx + ,Udp = 0, 
dz = pdx + qdy, dz = pdx + qdy, 


where \, and A, are roots of the equation \7(RT + UV) + AUS + U?=0. 


17. Solve the equations : (a) 2% —rt=0, (8) 8s? — rt = a?, 
(y) ar + bs + ct + e(rt — 8*) =h, (6) xqr + ypt + xy (s* — rt) = pa 


PART UI. INTEGRAL CALCULUS 


GUAP TER ax. 
ON SIMPLE INTEGRALS 


118. Integrals containing a parameter. Consider 


B= [ 7, eae, (1) 


a definite integral which contains in the integrand a parameter a. If 
the indefinite integral is known, as in the case 


Tv 


Tr 
se 2 UE ae gas 
cos aadx = — sin ax, COS aade = — sin ax| ==) 
a 0 a 0 a 


it is seen that the indefinite integral is a function of x and a, and that 
the definite integral is a function of @ alone because the variable x 
disappears on the substitution of the limits. If the limits themselves 
depend on a, as in the case 


3 1 
cos axadx = — sin ax 
ps a 


the integral is still a function of a. 

In many instances the indefinite integral 
in (1) cannot he found explicitly and it then 
becomes necessary to discuss the conti- 
nuity, differentiation, and integration of the 
function ¢ (a) defined by the integral with- 
out having recourse to the actual evaluation 
of the integral; in fact these discussions 
may be required in order to effect that 
evaluation. Let the limits x, and a, be taken 
as constants independent of a. Consider the range of values x, Sa Sa, 
for x, and let a,=a=a, be the range of values over which the func- 
tion #(@) is to be discussed. The function f(x, a) may be plotted as 
the surface z = f(x, @) over the rectangle of values for (a, a). The 
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a 


= ; (sin a? — sin 1), 





Z 
a 
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value $(a;) of the function when a = a; is then the area of the section 
of this surface made by the plane a=a,. If the surface f(a, a) is con- 
tinuous, it is tolerably clear that the area (a) will be continuous in a. 
The function (a) is continuous if f(a, @) is continuous tn the two varia- 
bles (a, @) 


To discuss the continuity of ¢ (a) form the difference 
g(a + Aa) — (a) = f [LF (@, «+ Aa) —F(@, @)]de. (2) 
a 


Now ¢(a) will be continuous if the difference ¢(a + Aw) — ¢(@) can be made as 
small as desired by taking Aq sufficiently small. If f(z, y) is a continuous func- 
tion of (x, y), it is possible to take Az and Ay so small that the difference 

[f(@@+ Av, y+ Ay)—f(@,y)|<e, |Ar]<8, [Ay|<6 


for all points (x, y) of the region over which f(z, y) is continuous (Ex. 3, p. 92). 
Hence in particular if f(z, a) be continuous in (2, @) over the rectangle, it is pos- 
sible to take Aw so small that 


| f(t, a+ Aa) —f(x, a)|<e, |Aa]<6 
for all values of e and aw. Hence, by (65), p. 25, 


|e (a+ Ae) — $(a)|=| f "Lf @, «+ Aa) —F(@, a)]ae 








eel 
<f edz = e(r, — 2). 


It is therefore proved that the function ¢(q@) is continuous provided f(z, a) is con- 
tinuous in the two variables (x, ~); for e(x, — %)) may be made as small as desired 
if e may be made as small as desired. 

As an illustration of a case where the condition for continuity is violated, take 


1 
= cotta if a0; and —4(0) =0. 
0 





Here the integrand fails to be continuous for (0, 0); it becomes infinite when 
(x, a) = (0, 0) along any curve that is not tangent to a= 0. The function ¢ (a) is 
defined for all values of a0, is equal to cot-l1@ when a + 0, and should there- 
fore be equal to 47 when a = 0 if it is to be continuous, whereas it is equal to 0. 
The importance of the imposition of the condition that f(x, @) be continuous is 
clear. It should not be inferred, however, that the function ¢(a@) will necessarily 
be discontinuous when f(x, a) fails of continuity. For instance 





1 -ee-- A, 
~(a) = be ais a ke 6(0) =>. 


This function is continuous in @ for all values a0; yet the integrand is dis- 
continuous and indeed becomes infinite at (0, 0). The condition of continuity 
imposed on f(, @) in the theorem is sufficient to insure the continuity of ¢(a) 
but by no means necessary; when the condition is not satisfied some closer exami- 
nation of the problem will sometimes disclose the fact that ¢ (@) is still continuous. 


In case the limits of the integral are functions of a, as 


«= 0,(@) 
$ (a) =f File, a) de, @,Sa38a,, (3) 


Xp = Io(@) 
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the function ¢(a) will surely be continuous if f(a, @) is continuous 
over the region bounded by the lines a= a,, a =a, and the curves 
X= 9,(@), x, = 9,(@), and if the functions g,(@) and g,(@) are continuous. 


For in this case 





o(a+ Aa)—9(a)= f sae °F @ + Aa) de 







(aa, 


ener io 
+ if a F(x, a + Aa) dx J KW 


oly ero a + Aa) —f (0, a)}de. ects 


The absolute values may be taken and the inte- 4 
grals reduced by (65), (65’), p. 25. 


|p (a + Aa)— $(@)|<€]9,(a) — 99(@)| +1 P(E, & + Ac) |[Agy] +] P(E, « + Aa)|| Ago), 
where £ and é, are values of x between gy and g) + Ago, and g, and g, + Ag,. By 
taking Aw small enough, g,(a@ + Aa) — g,(a@) and g)(a@ + Aa) — gy (a) may be made 
as small as desired, and hence A¢ may be made as small as desired. 


a ihe Ore a\ dom f TF ey a Ne) de 


9)(@ + Aa) 





119. To find the derivative of a function (a) defined by an integral 
containing a parameter, form the quotient 


Ad _ $ (a + Aa) — $(a) 


Aa Aa 
1 g,(@ + Aa) 9,0 
val F(a, @ + Aa) dx — he. opal, 
9) (a@ + Aa) Ip (@) 
SD (Cg i F(@, @) da otf L(®, & + Aa) 
ies 99 (a) I+ Ado Oe 


i ee BEEN) 
Aa ae 


The transformation is made by (63), p.25. A further reduction may 
be made in the last two integrals by (65'), p. 25, which is the Theorem 
of the Mean for integrals, and the integrand of the first integral may be 
modified by the Theorem of the Mean for d ives (p. 7, and Ex. 14, 
p- 10). Then 


A oS ; 
As ae a + 04a) dx — f(§; a+ Aa) ree a + Aa) a = 
Ig (@ 
dp _ ee of 
and da - Io (@) ag Oe SI a fe - a J Sy a) aa @) 


A critical examination of this work shows that the derivative ¢'(@) 
exists and may be obtained by (4) in case sts and is continuous 
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in (a, @) and g,(@), g,(@) are differentiable. In the particular case that 
the limits gy, and g, are constants, (4) reduces to Leibniz’s Rule 


e_- i [Fe a) de = sik hfe (4") 


which states that the derivative of a function defined by an integral 
with fixed limits may be obtained by differentiating under the sign of 
integration. The additional two terms in (4), when the limits are varia- 
ble, may be considered as arising from (66), p. 27, and Ex. 11, p. 30. 

This process of differentiating under the sign of integration is of 
frequent use in evaluating the function (a) in cases where the indefi- 
nite integral of f(z, w) cannot be found, but the indefinite integral of 
Jf, can be found. For if 


$(«) = if “40, ade, then alle fide = (a). 


Now an integration with respect to @ will give ¢ as a function of a 
with a constant of integration which may be determined by the usual 
method of giving @ some special value. Thus 


Ue db ' 7 log ax : 
= cee) = de = da. 
$ (2) i log a oes ae , gz == if — 











dp ae +1) — 1 = 
Hence ce ei eee Se $(@) =log(@+1)+C. 
it 
But #(0)= f Ode =0 and (0)=log1+C. 
0 





eae 
Hence = $(a) = dh A - dx = log (a +1). 
0 5 


In the way of comment upon this evaluation it may be remarked that the fune- 
tions (x* — 1)/log@ and «x are continuous functions of (x, @) for all values of z in 
the interval 0=2=1 of integration and all positive values of @ less than any 
assigned value, that is, 0=a@= AK. The conditions which permit the differen- 
tiation under the sign of integration are therefore satisfied. This is not true for 
negative values of a. When a<0 the derivative x* becomes infinite at (0, 0). The 
method of evaluation cannot therefore be applied without further examination. 
As a matter of fact ¢(@) =log(@ +1) is defined for a+—1, and it would be 
natural to think that some method could be found to justify the above formal 
evaluation of the integral when —1<a@=K (see Chap. XTII). 

To illustrate the application of the rule for differentiation when the limits are 
functions of a, let it be required to differentiate 


a Geol | 1 Qa _ “= 
o(a)= f a, ffs $0 fees 
C a@ 


log x log @ log @ 
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a+ 
or dp _«@ Jertima]+ 1 [ ae— ae — a +1], 
da a+l log @ 








Tiis formal result is only good subject to the conditions of continuity. Clearly a 
must be greater than zero. This, however, is the only restriction. It might seem at 
first as though the value x = 1 with logz=0 in the denominator of («*—1)/loga 
would cause difficulty ; but when « = 0, this fraction is of the form 0/0 and has a 
finite value which pieces on continuously with the neighboring values. 


120. The next problem would be to find the integral of a function 
defined by an integral containing a parameter. The attention will be 
restricted to the case where the limits a, and a, are constants. Consider 


the integrals : ee 
i $ (a) da -[ f ‘f(a, a) dx: da, 


where a may be any point of the interval a = @ =a, of values over 
which $(@) is treated. Let 


(a) =| | £6, a) da- dx. 


Then w@=[ af Fe, a)da- dx -| re a)dx = $(a) 


by (4'), and by (66), p. 27; and the differentiation is legitimate if f(a, a) 
be assumed continuous in (a, a). Now integrate with respect toa. Then 


i) 


0 


“B'(a) = ®(a) — ®(a,) -| +s (a) da. 


But 6(a,)= 0. Hence, on substitution, 


(a) = f a ik et ip (s@yae i ‘ i “Fee, Ode da. (B) 


Hence appears the rule for integration, namely, integrate under the 
sign of integration. The rule has here been obtained by a trick from 
the previous rule of differentiation; it could be proved directly by 
considering the integral as the limit of a sum. 

It is interesting to note the interpretation of this integration on the 
figure, p. 281. As (a) is the area of a section of the surface, the 
product ¢(a)da is the infinitesimal volume under the surface and 
included between two neighboring planes. The integral of $(@) is 
therefore the volume * under the surface and boxed in by the four 


* For the ‘volume of a solid with parallel bases and variable cross section” see 
Ex. 10, p. 10, and § 35 with Exs. 20, 23 thereunder. 
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planes d=@,, ¢=a,07=a,, 2=—a@, The geometric Big miicance: of 
the reversal of the order of (eeeations as 


1 | ae j OG) Cae Oe - x, a)dx- da, 
? 
%% ay a ro 


is in this case merely that the volume may be regarded as generated 
by a cross section moving parallel to the za-plane, or by one moving 
parallel to the zx-plane, and that the evaluation of the volume may 
be made by either method. If the limits #, and x, depend on a, the 
integral of ¢(a) cannot be found by the simple rule of integration 
under the sign of integration. It should be remarked that integration 
under the sign may serve to evaluate functions defined by integrals. 


As an illustration of integration under the sign in a case where the method leads 
to a function which may be considered as evaluated by the method, consider 


z 1 b bd b+1 
o(a) =f eat a ree Jf e(@)da= f = = log an 




















+1 +1 a+l 
b uf b il ge a=b 7 ee ae 
But ajda = . xed da = f dx = f 
J, #6 ) 0 J, - 0 log tja=a log x 
1yb — va 
Hence i poate: see at Ue d), a= 0, b=0. 
On log a+1 


In this case the integrand contains two parameters a, 6b, and the function defined 
is a function of the two. If a =0, the function reduces to one previously found. 
It would be possible to repeat the integration. Thus 





eo eel 1 4 d 
ik ees = log (a +1), i og (a +1)da =(a +1) log(a+1)—a. 


f age — | 1lgz—1—aqloezr 
i da. da = f es Sea aR at ye vA =e 
i i log x 0 (log a)? Wy (@ + 1) log (@ a 1) Qa 





This is a new form. If here a be set equal to any number, say 1, then 


_—— = 2 lor 2—1, 
0 (log a)? : 

In this way there has been evaluated a definite integral which depends on no 
parameter and which might have been difficult to evaluate directly. The introduc- 
tion of a parameter and its subsequent equation to a particular value is of frequent use 
in evaluating definite integrals. 











EXERCISES 
1. Evaluate directly and discuss for continuity, 0S a1: 
ae es da 
(a) fo () f —=—, 
a 0 Vet ar 0 Va? Ver + 22 


2. If f(x, a, B) is a function containing two parameters and is continuous in 
the three variables (x, a, 8) when’, SxS2,qa5eHs8 @, By = 8B = B,, show 


vy 
if J (x, a, B) dx = $ (a, B) is continuous in (a, B). 
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3. Differentiate and hence evaluate and state the valid range for a: 
1+ V1— a? 
Sa a a 

2 
mlogat a = 1 
0, a= il 


(@) ie log (1+ @ cosa) dx = w log 


(8) fog (1 —2 a cose + 2) Oe { 


4. Find the eRe without previously integrating : 


(a) (ie “tan axdx, (8) tf “tant de, (y) {hs a a dx. 





5. Extend the assumptions and the work of Ex. 2 to find the partial deriva- 
tives ¢, and og and the total differential d¢ if z) and x, are constants. 


6. Prove the rule for integrating under the sign of integration by the direct 
method -of treating the integral as the limit of a sum. 


7. From Ex. 6 derive the rule for differentiating under the sign. Can the com- 
plete rule including the case of variable limits be obtained this way ? 


9 (@, a) 
8. Note that the integral f° F(x, &) dx will be a function of («, a). Derive 
bz 
formulas for the partial derivatives with respect to z and a. 
ax d 8 
9. Differentiate : (@) ~—f sin(w + a)dz, (8) oY" ate, 
6ado dz Jo 


10. Integrate under the sign and hence evaluate by subsequent differentiation: 


1 x 1 
(a) Hf x* log zdz, (B) if * xsin ard, (y) if x sec? axda. 


11. Integrate or differentiate both sides of these equations: 


1 1 1 n! 
ctdz = ——— to show x¢ (log x)"dx = (— 1)” —____ 
(a) fade =—— Uh A oe as perenne 
© daz w1-3-5-+-(2n—1 
(8) f —— to show 2 = ( cay 
0 @+a we 0 (a + ant 22-4-6+--2n-art? 


2 a © e—an__ e—Bu 1 Br + my | 
—an LORS NON { Sah SS SNE: (SS 
(7) Ik ak a at + m? 0 awsecme 2 °\a2+ m? 





> 
fe) - m © e—ar__ e Ba B a 
(6) if e-@= sin madz = ———-. to show f —_———_ dy = tan-! — — tan—1_, 
atm 0 x CSC ML m m 


OE One 
(e€) if —— to find f-" Sn eek » [roe pdt Se ea 
a— cose Vai —1 a a— cosa 


a 7 eo dutl [fees (oa 
(2) vo 1+2 £sin7e 0 142 0 (14+) loge 











Note that in (8)-(6) the integrals extend to infinity and that, as the rules of 
the text have been proved on the hypothesis that the interval of integration is 
finite, a further justification for applying the rules is necessary ; this will be 
treated in Chap. XIII, but at this point the rules may be applied formally 
without justification. 
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12, Evaluate by any means these integrals: 











7 4 
16° 4 
5 log (1+ cos a cos @) ] ae ) 
ae = — a) 
(8) G tone 2\4 
(7) fre (a? cos?x + fp? sin? x) dx = log TF, 
0 
e ax a a 
(8) if xre- pple alee ea 
6 ? lop athens dt pip rite b<a 
1 —bdsing sing a 
ne [rie =7sin—-1k, 
cosa 


a+ a 4 
(9) fos r(at a) ae = f ‘log f(e) dz =f log aa + f log f (2) dz. 


121. Curvilinear or line integrals. It is familar that 


b b 
A= f itn = fi Ff e)dx 


is the area between the curve y = f(x), the a-axis, and the ordinates 
“2=a,x=b. The formula may be used to evaluate more complicated 
areas. For instance, the area between the parabola 7? = x and the semi- 
cubical parabola 7? = 2? is 


ai i 1 = 1 1 
A =| a2dx =k a2dx = if ydx — (i ydx, 
0 PdJ0 S/0 


where in the second expression the subscripts P and S denote that the 
integrals are evaluated for the parabola and semicubical parabola. As 
a change in the order of the limits changes the sign of 


the integral, the area may be written | 244.1) 


1 0 0 1 | fi 
A= i ydx + if ydx = — [ ydx — it yd, / # 
PJ SJ P/1 s/o Miler Be 


: ¥ x 
and is the area bounded by the closed curve formed 


of the portions of the parabola and semicubical parabola from 0 to 1. 

In considering the area bounded by a closed curve it is convenient to 
arrange the limits of the different integrals so that they follow the curve 
in a definite order. Thus if one advances along P from 0 to 1 and re- 
turns along S from 1 to 0, the entire closed curve has been described 
in a uniform direction and the inclosed area has been constantly on the 
right-hand side; whereas if one advanced along S from 0 to 1 and 
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returned from 1 to 0 along P, the curve would have been described 
in the opposite direction and the area would have been constantly 
on the left-hand side. Similar considerations apply to more general 
closed curves and lead to the definition: If a closed curve which 
nowhere crosses itself is described in such a direction as to keep the 
inclosed area always upon the left, the area is considered as positive ; 
whereas if the description were such as’to leave the area on the right, 
it would be taken as negative. It is clear that to a person standing in the 
inclosure and watching the description of the boundary, the descrip- 
tion would appear counterclockwise or positive in the first case (§ 76). 
In the case above, the area when positive is 


A =-| ah yd + af is] = “af yd, (6) 


where in the last integral the symbol O denotes that the integral is to 
be evaluated around the closed curve by describing the 
curve in the positive direction. That the formula holds 
for the ordinary case of area under a curve may be 
verified at once. Here the circuit consists of the con- 
tour ABB'A'A. Then 


fe =i yda +f ydx +f ydx +f ydx. 


The first integral vanishes because 7 = 0, the second and fourth vanish 
because a is constant and dz = 0. Hence 


A’ Br 
= f yae -—[ yd ={ ydix. 
Oo 3B? A’ 


It is readily seen that the two new formulas 


*A = f aay and A= Lf (oay -- yda) (7) 
fo) 


also give the area of the closed curve. The first is proved as (6) was 
proved and the second arises from the addition of the two. Any one 
of the three may be used to compute the area of the closed curve; the 
last has the advantage of symmetry and is particularly useful in finding 





the area of a sector, because along the lines issuing from the origin 
y:a=dy:dz and «dy —ydx = 0; the previous form with the integrand 
ady is advantageous when part of the contour consists of lines parallel 
to the z-axis so that dy =0; the first form has similar advantages 
when parts of the contour are parallel to the y-axis. 
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The connection of the third formula with the vector expression for 
the area is noteworthy. For (p. 175) 


dA = }frxdt, Ae yf rear, 
° 
and if r=ai+yj, dr=idz + jdy, 


then = a= f rxdt =4k 4) (ady — ydz). 


The unit vector k merely calls attention to the fact that the area hes 
in the xy-plane perpendicular to the z-axis and is described so as to 
appear positive. 

These formulas for the area as a curvilinear integral taken around 
the boundary have been derived from a simple figure whose contour 
was cut in only two points by a line parallel to the axes. The exten- 
sion to more complicated contours is easy. In the first place note that 
if two closed areas are contiguous over a part of their contours, the inte- 
gral around the total area following both contours, but omitting the part 


in common, is equal to the sum of the integrals. For 5 


ifs [ees [Os | heel et ieee i 
PRSP PQRP PR RSP PQR RP QRSP 


since the first and last integrals of the four are in oppo- 

site directions along the same line and must cancel. But @ 

the total area is also the sum of the individual areas and hence the 
integral around the contour PQRSP must be the total area. The for- 
mulas for determining the area of a closed curve are therefore applicable 
to such areas as may be composed of a finite number of areas each 
bounded by an oval curve. 


If the contour bounding an area be expressed in parametric form as z= f(t), 
y = ¢(t), the area may be evaluated as 


{ror Oat =— fomrou=s{ (FOr )-e Or Ola, (7) 


where the limits for ¢ are the value of ¢ corresponding to any point of the contour 
and the value of ¢ corresponding to the same point after the curve has been 
described once in the positive direction. Thus in the case of the strophoid 
; ot—2 
y? = a" 
a+e 
cuts the curve in the double point at the origin and in only one other point; the 
codrdinates of a point on the curve may be expressed as rational functions 
x= a(l— t)/(1+ &), y = at(1 — )/(14 &) 
of t by solving the strophoid with the line ; and when ¢ varies from — 1 to +1 the 
point («, y) describes the loop of the strophoid and the limits for ¢ are — 1 and +1. 





» theline y= t& 
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122. Consider next the meaning and the evaluation of 


ry 
{i [P (a, y)dx + Q(a, y)dy], where y=/(x). (8) 
CYa,b 


This is called a curvilinear or line integral along the curve C or y = =f (@) 
from the point (a, b) to (a, y). It is Ea to eliminate y by the rela- 
tion y = f(#) and write 


ff [P@ SO) + A@ S@O)F@I ee. (9) 


The integral then becomes an ordinary integral in # alone. If the curve 
had been given in the form x = f(y), it would have been better to con- 
vert the line integral into an integral in y alone. The method of evaluat- 
ing the integral is therefore defined. The differential of the integral 
may be written as 


xy 
d i (Pda + Qdy) = Pdx + Qdy, (10) 


»b 


where either x and dx or y and dy may be eliminated by means of the 
equation of the curve C. For further particulars see § 123. 

To get at the meaning of the line integral, it is necessary to con- 
sider it as the limit of a sum (compare $16). Suppose that the curve 
C between (a, 6) and (a, y) be divided into n parts, that Aa, and Ay; 
are the increments corresponding to the ith part, and that (€,, 7) is 
any point in that part. Form the sum 


c= > [P (E:, ) Ax; + Q(E, 0) Ayi]- (11) 


If, when n becomes infinite so that Av and Ay each 
approaches 0 as a limit, the sum o approaches a 
definite limit independent of how the individual 
increments Ax, and Ay; approach 0, and of how the 
point (€;, n:) is chosen in its segment of the curve, 
then this limit is defined as the line integral 





x,y 
lim: go = f [P(@, y) dx + Q(a, y) dy]. (12) 
Cab 


It should be noted that, as in the case of the line integral which gives 
the area, any line integral which is to be evaluated along two curves 
which have in common a portion described in opposite directions may 
be replaced by the integral along so much of the curves as not repeated ; 
for the elements of o corresponding to the common portion are equal 
and opposite. 
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That ¢ does approach a limit provided P and Q are continuous functions of (2, y) 
and provided the curve C is monotonic, that is, that neither Az nor Ay changes its 
sign, is easy to prove. For the expression for may be written 


7 =D) [P (i, FE) Ate + QF (mi), mi) Ave] 


by using the equation y = f(x) or® =f—1(y) of C. Now as 
fr ay 
f P@s@)de and f QW, nay 


are both existent ordinary definite integrals in view of the assumptions as to con- 
tinuity, the sum ¢« must approach their sum as a limit. It may be noted that this 
proof does not require the continuity or existence of f’(x) as does the formula (9). 
In practice the added generality is of little use. The restriction to a monotonic 
curve may be replaced by the assumption of a curve C' which can be regarded as 
made up of a finite number of monotonic parts including perhaps some portions of 
lines parallel to the axes. More general varieties of C are admissible, but are not 
very useful in practice (§ 127). 


Further to examine the line integral and appreciate its utility for 
mathematics and physics consider some examples. Let 


Fa, y)=X(@, y)+ 1Y@, y) 
be a complex function (§ 73). Then 


2>2 ny 
i FQ, y)de= [ [XQ y)+ iY, —)][dr + tay] 
CYU2z=ce CYa,b 
ay iY (18) 
= (Xda — Ydy)+i% ie (Ydzx + Xdy). 
CYa,b CYa,b 


It is apparent that the integral of the complex function is the sum of two 
line integrals in the complex plane. The value of the integral can be 
computed only by the assumption of some definite path C of integra- 
tion and will differ for different paths (but see § 124). 

By definition the work done by a constant force F acting on a particle, 
which moves a distance s along a straight line inclined at an angle @ to 
the force, is W = Fs cos 6. If the path were curvilinear and the force 
were variable, the differential of work would be taken 
as dW = F' cos 6ds, where ds is the infinitesimal are 
and 6 is the angle between the are and the force. 


Hence 
w= faw =f- F cos 6ds = 0 F.dr, 
a,b ee oy 


where the path must be known to evaluate the integral and where 
the last expression is merely the equivalent of the others when the 
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notations of vectors are used (p. 164). These expressions may be con- 
verted into the ordinary form of the line integral. For 


Fe Xi + ¥j, dr = idx + jdy, Fedr = Xdx + Ydy, 
ay x,y 
and W = F cos 6ds = (Xdx + Ydy), 
a,b a,b 
where X and Y are the components of’ the force along the axes. It is 
readily seen that any line integral may be given this same inter- 
pretation. If 


ry 
T= Pdx-+Qdy, form F=Pi-+ Qj. 
a,b 
4 LY ey 
Then l= 1f Pdx + Qdy = if F cos 6ds. 
a,b a,b 


To the principles of momentum and moment of momentum (§ 80) may now be 
added the principle of work and energy for mechanics. Consider 


2, 


d?r 2 
m—=F and m vs 
at? 


-dr = Fedtr = dW. 
dt? 








d (J dr zai ld’r dr ildr dr dr dr 
Then = . = . + ° = a 
dt \2 dt dt; PON he — Dake whe dt? dt 
2 
or d (; *) = Car and sd ( mv?) =dW. 
2 dt? 2 
1 r 
Hence =mv? — swe? = ie F.dr = W. 
2 2 ies 


In words: The change of the kinetic energy 4 mv? of a particle moving under the 
action of the resultant force F is equal to the work done by the force, that is, to the line 
integral of the force along the path. If there were several mutually interacting 
particles in motion, the results for the energy and work would merely be added as 
D4mv? — D4 mv? = 2W, and the total change in kinetic energy is the total work 
done by all the forces. The result gains its significance chiefly by the consideration 
of what forces may be disregarded in evaluating the work. As dW = F-dr, the 
work done will be zero if dr is zero or if F and dr are perpendicular. Hence in 
evaluating W, forces whose point of application does not move may be omitted 
(for example, forces of support at pivots), and so may forces whose point of appli- 
cation moves normal to the force (for example, the normal reactions of smooth curves 
or surfaces). When more than one particle is concerned, the work done by the 
mutual actions and reactions may be evaluated as follows. Let r,, r, be the vectors 
to the particles and r, — r, the vector joining them. The forces of action and re- 
action may be written as + ¢(r, — f,), as they are equal and opposite and in the line 
joining the particles. Hence 


dW=dW,+dw,=c(t, —1%,)edr, — ¢(r, — Iq) edt, 
= ¢e(r, — r,)ed (tr, — 1.) = Fed [ (1, — F,)-(T, — 1) ] = hedris, 





where r,, is the distance between the particles. Now dW vanishes when and only 
when dr,, vanishes, that is, when and only when the distance between the particles 


~ 
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remains constant. Hence when a system of particles is in motion the change in the 
tutal kinetic energy in passing from one position to another is equal to the work done by 
the forces, where, in evaluating the work, forces acting at fixed points or normal to the 
line of motion of their points of application, and forces due to actions and reactions of 
purticles rigidly connected, may be disregarded. 

Another important application is in the theory of thermodynamics. If U, p, v 
are the energy, pressure, volume of a gas inclosed in any receptacle, and if dU and 
dw are the increments of energy and volume when the amount dH of heat is added 


to the gas, then 
dH =dU+ dv, and hence H = fav + pdv 


is the total amount of heat added. By taking p and v as the independent variables, 


H= {|F a + (= +2) aw | = {ir (w, v)dp + g(p, v)dv]. 


The amount of heat absorbed by the system will therefore not depend merely or 
the initial and final values of (p, v) but on the sequence of these values between 
those two points, that is, upon the path of integration in the pv-plane. 


123. Let there be given a simply connected region (p. 89) bounded by 
a closed curve of the type allowed for line integrals, and let P (a, y) and 
Q(«, y) be continuous functions of (x, y) over this region. Then if the 
line integrals from (a, >) to (x, y) along two paths 


L,Y Dig 
fl Pdx + Qdy = if Pdx + Qdy 
CJa,b TeY/a,b 


are equal, the line integral taken around the combined path 


ry a,b 
i + ali = [Pao + Qdy = 0 
CYa,b TY a2,y O 


vanishes. This is a corollary of the fact that if the order of description 
of a curve is reversed, the signs of Av; and Ay; and hence of the line 
integral are also reversed. Also, conversely, if the in- 

tegral around the closed circuit is zero, the integrals (ay 


from any point (a, 6) of the circuit to any other point (3 
(x, y) are equal when evaluated along the two different fae) 


parts of the circuit leading from (a, b) to (a, y). 

The chief value of these observations arises in their application to 
the case where P and Q happen to be such functions that the line inte- 
gral around any and every closed path lying in the region is zero. In 
this case if (a, b) be a fixed point and (a, y) be any point of the region, 
the line integral from (a, >) to (@, y) along any two paths lying within 
the region will be the same; for the two paths may be considered as 
forming one closed path, and the integral around that is zero by hy- 
pothesis. The value of the integral will therefore not depend at all on 
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the path of integration but only on the final point (a, y) to which the 
integration is extended. Hence the integral 


ayy 
i [P (a, y)da + Q (a, yydy\= F (a, )s (14) 
a,b 


extended from a fixed lower limit (a, /) to a variable upper limit (a, y), 
must be a function of (a, y). , 

This result may be stated as the theorem: The necessary and suffi- 
cient condition that the line integral 


yy 
fi [P (a, y)dx + Q(a, y) dy] . 
a,b 


define a single valued function of (x, y) over a simply connected region 
is that the circuit integral taken around any and every closed curve in 
the region shall be zero. This theorem, and in fact all the theorems on 
line integrals, may be immediately extended to the case of line integrals 
in space, 
ay 2 
i [P@, y, 2)de +Q@, y, 2)dy +R, y, 2)dz]. (15) 
a,b, e 
Tf the integral about every closed path is zero so that the integral from 
a fixed lower limit to a variable upper limit 


F@, y)= i P(x, yyda + Q(a, y) dy 
a,b 


defines a function F(x, y), that function has continuous first partial 
derivatives and hence a total differential, namely, 








OF OF F 
poe iP By =Q; dF = Pdxz + Qdy. (16) 
To prove this statement apply the definition of a derivative. 
rf a+ Ax, y xy 
{t Pda + Qdy =f Pdx + Qdy 
Ee fee ia oe ae ; 
Ox iS Aa = LL = Av =0 Ax 


Now as the integral is independent of the path, the integral to 
(a+ Ax, y) may follow the same path as that to (a, y), except for 
the passage from (a, y) to (x + Az, vy) which may be taken along the 
straight line joining them. Then Ay = 0 and 


AF _ 1 
Az Az 





otha, y i 
i PQ, y)dx = PE, y) Av = PE, y), 


Ax 
Ly 
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by the Theorem of the Mean of (65'), p.25. Now when Ax = 0, the 
value € intermediate between # and # + Az will approach x and P(E, y) 
will approach the limit P(«, y) by virtue of its continuity. Hence 
AF/Ax approaches a limit and that limit is P(x, y)=0F/éx. The other 
derivative is treated in the same way. 

Tf the integrand Pdx + Qdy of a line integral is the total differential 
dF of a single valued function F (x, y), then the integral about any closed 
circuit is zero and 


Ly “Ly,y 
i Pdx + Qdy -[ dF = F(x, y) — F(a, b). (17) 


b a,b 
If equation (17) holds, it is clear that the integral around a closed path 
will be zero provided F(a, y) is single valued; for F'(#, y) must come 
back to the value (a, 6) when (*, 7) returns to (a, 6). If the function 
were not single valued, the conclusion might not hold. 


To prove the relation (17), note that by definition 


jar = { Pax + Qdy = lim) [P (&, ni) Avi + Q (Ei, ni) Ayi] 


and AF, = P (&, ni) Avi + Q(&, ni) Axi + €, Ati + €,AYi, 

where e, and e, are quantities which by the assumptions of continuity for P and Q 
may be made uniformly (§ 25) less than e for all points of the curve provided Ax; 
and Ay; are taken small enough, Then 


De (PiAt; + QAui) — >) AR | < e>) (\Ari] + An); 
and since ZAF; = F(x, y) — F(a, 6), the sum =P;Ar; + Q;Ay; approaches a limit, 
and that limit is 
ry 
lim> [P:Aa; + QAyi] = jk | Par + Qdy = F(a, v) — F(a, d). 


L 





EXERCISES 
1. Find the area of the loop of the strophoid as indicated above. 
2. Find, from (6), (7), the three expressions for the integrand of the line inte- 
grals which give the area of a closed curve in polar coérdinates. 
3. Given the equation of the ellipse « = a cost, y = Dsint. Find the total area, 
the area of a segment from the end of the major axis to a line parallel to the minor 


axis and cutting the ellipse at a point whose parameter is ¢, also the area of a sector, 


4, Find the area of a segment and of a sector for the hyperbola in its parametric 
form « = a cosht, y = bsinht. 


5. Express the folium 23 + y3 = 3 azy in parametric form and find the area of 
the loop. 


6. What area is given by the curvilinear integral around the perimeter of the 
closed curve r=asin?4¢? What in the case of the lemniscate 72 = a? cos 2 ¢ 
described as in making the figure 8 or the sign 0 ? 
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7. Write for y the analogous form to (9) for a. Show that in curvilinear 
codrdinates = $(u, v), y =w(u, v) the area is 
av]. 


1 ¢ wy o 
Ae 
ple Ye by 


8. Compute these line integrals along the paths assigned : 


du + 














vit 
(a) J.) ude + pray, =e Or ly eo OP 7 = a, 
~1,1 
(8) Ie (x? + y) dx + (w + y?) dy, (PSO OF eR OP wPsak 
ony 
(y) tt pty, y=logz or y=0 and w=e, 
1,0 
chee 
(3), x sin ydx + y cosady, Y = nr SOT c= Oe and 47 = 7, 
Jo, 0 


1+i 
(e) (o—iy)dz, y=a% or 2=0 and y=1 or y=0 and z=1, 
2=0 


=F 
(¢) ie (a? — (1 + i) ay + y*) dz, quadrant or straight line. 


9. Show that ff Pdz + Qdy = if Vv PP? + @? cos dds by working directly with the 
figure and without the use of vectors. 


10. Show that if any circuit is divided into a number of circuits by drawing 
lines within it, as in a figure on p. 91, the line integral around the original circuit is 
equal to the sum of the integrals around the subcircuits taken in the proper order. 


11. Explain the method of evaluating a line integral in space and evaluate : 
ity 
(a) af xzdxz + 2ydy + zdz, OP See Bae (OR Vea an. 
0, 0, 0 
X,Y, 2 Lz 
(B) y logadxz + y?dy + 7 es sii Me Bete Oe = lho, SE. 
1 : 
12. Show that oh Pdz + Qdy + Rdz = if VP? + Q + R? cos bds. 


13. A bead of mass m strung on a frictionless wire of any shape falls from one 
point (£2), Yo, Zo) to the point (,, y,, Z,) on the wire under the influence of gravity. 
Show that mg(g, — 2) is the work done by all the forces, namely, gravity and 
the normal reaction of the wire. 


14. Ife=f(t), y= 9/(t), and f(t), g(t) be assumed continuous, show 





Se) tl dat +) 
Vette dz + Q(a, y)dy = Ie Q dt, 
(he (c, y) dx + Q(a, y)dy fil rea, 


where f(t,) = aandg(t)) =». Note that this proves the statement made on page 290 
in regard to the possibility of substituting in a line integral. The theorem is also 
needed for Exs. 1-8. 


15. Extend to line integrals (15) in space the results of § 128. 


16. Angle as a line integral. Show geometrically for a plane curve that 
dp = cos(r, n)ds/r, where r is the radius vector of a curve and ds the element of 
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are and (r, n) the angle between the radius produced and the normal to the curve, 
is the angle subtended at r = 0 by the element ds. Hence show that 


cos (7, n) 1dr dlogr 
= | ———ds= | -— ds= ‘ 
@ fh —- ih ds af = as, 


rdn Nn 





where the integrals are line integrals along the curve and dr/dn is the normal 
derivative of r, is the angle ¢ subtended by the curve at r=0. Hence infer that 


(aoe or (Set or {-Fasee 
o dn o dn o dn 











according as the point r=0 is within the curve or outside the curve or upon 
the curve at a point where the tangents in the two directions are inclined at the 
angle @ (usually 7). Note that the formula may be applied at any point (é, 7) if 
v2 = (£ — x)? + (n— y)? where (a, y) is a point of the curve. What would the inte- 
gral give if applied to a space curve ? 


17. Are the line integrals of Ex. 16 of the same type [ P(e, y) dx + Q(x, y) dy 


as those in the text, or are they more intimately associated with the curve ? Cf. §155. 


0,1 0,1 
18. Compute (a) f (x — y) ds, (8) f xyds along a right line, along a quad- 
1,0 —1,0 


rant, along the axes. 


124. Independency of the path. It has been seen that in case the 
integral around every closed path is zero or in case the integrand 
Pdx + Qdy is a total differential, the integral is independent of the 
path, and conversely. Hence if 








Fe OF OF 
F(x, y) =-[ Pdx + Qdy, then = P, 2 = @, 
a,b - z 
ae OF 0Q PE > eP OP  @Q 
Oxdy Cx.’ Gyéx by’ dy ba 


provided the partial derivatives P; and Q/ are continuous functions.* 
It remains to prove the converse, namely, that: Jf the two partial 
derivatives P, and Q, are continuous and equal, the integral 


Uy 
i Pdz+ Qdy with P)/=Q; (18) 
a,b 
is independent of the path, is zero around a closed path, and the quantity 
Pdx + Qdy is a total differential. 

To show that the integral of Pdx + Qdy around a closed path is zero 
if P;, = Q;, consider first a region R such that any point (a, 7) of it may 


* See §52. In particular observe the comments there made relative to differentials 
which are or which are not exact. This difference corresponds to integrals which are 
and which are not independent of the path. 
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be reached from (a,b) by following the lines y=b and «=a. Then 
define the function F(a, y) as 


Fe n=f P@daet {ea nay (9) 


for all points of that region R. Now 
as OF 


0 ue 
PHAM, FeaP@D+a [ ee dey 
b 


FOND YOP 
But ae ae, dy = a ay =[ eileen 
b 


This results from Leibniz’s rule (4') of $119, which may be applied 
since Q, is by hypothesis continuous, and from the assumption Qf = P7. 
Then aR 

ae = P(x, 6) + P(@, y) — P(@, b) = P(@, y). 


Hence it follows that, within the region specified, Pdx + Qdy is the 
total differential of the function F'(«, ) defined by (19). Hence along 
any closed circuit within that region R the integral of Pdx + Qdy is 
the integral of dF and vanishes. 








y 





It remains to remove the restriction on the type of region within which the 
integral around a closed path vanishes. Consider any closed path C which lies 
within the region over which Pe and Q; are equal continuous functions of (a, y). 
As the path lies wholly within RF it is possible to rule R so finely that any little 
rectangle which contains a portion of the path shall lie wholly within R. The 
reader may construct his own figure, possibly with reference to that of § 128, where 
a finer ruling would be needed. The path C may thus be surrounded by a zigzag 
line which lies within R. Each of the small rectangles within the zigzag line is a 
region of the type above considered and, by the proof above given, the integral 
around any closed curve within the small rectangle must be zero. Now the circuit 
C may be replaced by the totality of small circuits consisting either of the perim- 
eters of small rectangles lying wholly within C or of portions of the curve C and 
portions of the perimeters of such rectangles as contain parts of C. And if C be so 
replaced, the integral around C is resolved into the sum of a large number of inte- 
erals about these small circuits; for the integrals along such parts of the small 
circuits as are portions of the perimeters of the rectangles occur in pairs with oppo- 
site signs.* Hence the integral around C is zero, where C is any circuit within R, 
Hence the integral of Pdx + Qdy from (a, b) to (x, y) is independent of the path 
and defines a function F(x, y) of which Pdx + Qdy is the total differential, As 
this function is continuous, its value for points on the boundary of 2 may be defined 
as the limit of F(z, y) as (x, y) approaches a point of the boundary, and it may thereby 
be seen that the line integral of (18) around the boundary is also 0 without any fur- 
ther restriction than that sa and @/ be equal and continuous within the boundary. 


* See Ex. 10 above. It is well, in connection with §§ 123-125, to read carefully the 
work of §§ 44-45 dealing with varieties of regions, reducibility of circuits, ete. 
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It should be noticed that the line integral 


Ly xz y 
i) Pdx + Qdy -[ P (a, 6) dx +f Q(x, y) dy; (19) 
a,b a b 
when Pdx + Qdy is an exact differential, that is, when P/ = Q), may be 
evaluated by the rule given for integrating an exact differential (p. 209), 
provided the path along y=¢ and # = & does not go outside the region. 
If that path should cut out of &, some other method of evaluation would 
be required. It should, however, be borne in mind that Pdx + Qd;z; 
is best integrated by inspection whenever the function F, of which 
Pdz + Qdy is the differential, can be recognized ; if / is multiple valued, 
the consideration of the path may be required to pick out the par- 
ticular value which is needed. It may be added that the work may be 
extended to line integrals in space without any material modifications. 
It was seen (§ 73) that the conditions that the complex function 


F(e, yy=X(@, yy +4Y @, y), z=a2+uy, 
be a function of the complex variable z are 
XU Yiand XL = Y,. (20) 


If these conditions be applied to the expression (13), 


oer ay 
ih ERR, a= i Xdx — Ydy +7% Ht Ydx + Xdy, 
a,b a,b 


for the line integral of such a function, it is seen that they are pre- 
cisely the conditions (18) that each of the line integrals entering into 
the complex line integral shall be independent of the path. Hence 
the integral of a function of a complex variable is independent of the 
path of integration in the complex plane. and the integral around a 
closed path vanishes. This applies of course only to simply connected 
regions of the plane throughout which the derivatives in (20) are equal 
and continuous. 
If the notations of vectors in three dimensions be adopted, 


[Xue + Ydy + Zdz = [ Pear, 


where F= Xi+ Yj+ Zk, dr = idx + jdy + Kdz. 


In the particular case where the integrand is an exact differential and 
the integral around a closed path is zero, 








Xda + Ydy + Zdz =F edr = dU = dr-VU, 
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where U is the function defined by the integral (for VU see p. 172), 
When F is interpreted as a force, the function V=—U such that 
ee OV OV 


F=—-VV or X=-—-—~; YS Le 
OX 





is called the potential function of the force F. The negative of the 
slope of the potential function is the force F and the negatives of the 
partial derivatives are the component forces alony the axes. 


If the forces are such that they are thus derivable from a potential function, 
they are said to be conservative. In fact if 


2: 2 
Ls Cat =— av =—aY, 














Ma =F=—V V, m 
fim d?r ‘ mdr dr|\n =a 
. = . — ’ 
and See 2 dt dt|,, x 
ee ae oe J ” m em 
or BC) Vo a or He tay et Vo, 


Thus the sum of the kinetic energy $mv? and the potential energy V is the same 
at all times or positions. This is the principle of the conservation of energy for the 
simple case of the motion of a particle when the force is conservative. In case the 
force is not conservative the integration may still be performed as 


™ (2 y2) = [ F.dr =W, 
2 a 


where W stands for the work done by the force F during the motion. The result is 
that the change in kinetic energy is equal to the work done by the force; but dW 
is then not an exact differential and the work must not be regarded as a function 
of (x, y, z), —it depends on the path. The generalization to any number of particles 
as in § 123 is immediate. 


125. The conditions that P/ and Q; be continuous and equal, which 
insures independence of the path for the line integral of Pda + Qdy, 
need to be examined more closely. Consider two examples: 

° 








—Yy He 
coe Pd al = —otie dy » 
First fd a+ Qdy Pay Be rags he 
4 oP oy? — 2? i. ae 
where oy = (a2 al y?)2” on si (@? =e y?)? 


It appears formally that P/ = Qf. If the integral be calculated around a square of 
side 2a surrounding the origin, the result is 


+ta4 adzx +a ady ee (ee =2f"" ade 
iy ela a + y? +a 0? + a? ta a+ y? a v2 +a? 


a +a f 
es a adé Agee 
-¢ @+y? ae 

















Tes 





2 ese 
7: a e244? 2 
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The integral fails to vanish around the closed path. The reason is not far to seek, 
the derivatives ds and Q’ are not defined for (0, 0), and cannot be so defined as 
to be continuous functions of (x, y) near the origin. As a matter of fact 


eye q . zy 
i. x,y ydx ady = dtan-1 ¥ = tan Z 
Pa: 2 =e y? 2 ah y? a,b x x 


LY 
, 
a,b 











and tan-1(y/z) is not a single valued function ; it takes on the increment 2 7 when 
one traces a path surrounding the origin (§ 45). 
Another illustration may be found in the integral 





f%s fa’. (a ‘f= 

aa xv + iy xv? + y? x? + y? 

taken along a path in the complex plane. At the origin z= 0 the integrand 1/z 
becomes infinite and so do the partial derivatives of its real and imaginary parts. 
If the integral be evaluated around a path passing once about the origin, the 
result is 


if ies | jos @? + vf) + ian [nt = 2a. (21) 
O%@ 2 x ja,b 

In this case, as in the previous, the integral would necessarily be zero about any 
closed path which did not include the origin ; for then the con- 
ditions for absolute independence of the path would be satisfied. 
Moreover the integrals around two different paths each encircling 
the origin once would be equal; for the paths may be considered 
as one single closed circuit by joining them with a line as in the 
device (§ 44) for making a multiply connected region simply con- 
nected, the integral around the complete circuit is zero, the parts 
due to the description of the line in the two directions cancel, 
and the integrals around the two given circuits taken in opposite directions are 
therefore equal and opposite. (Compare this work with the multiple valued nature 
of log z, p. 161.) 





Suppose in general that P(a, y) and Q(a, y) are single valued func- 
tions which have the first partial derivatives Pj and Q{ continuous 
and equal over a region R except at certain points 4, B,---. Surround 
these points with small circuits. The remaining portion of R is such 
that P; and Q; are everywhere equal and continuous; but the region 
is not simply connected, that is, it is possible to draw in the region 
circuits which cannot be shrunk down to a point, owing to the fact 
that the circuit may surround one or more of the regions which have 
been cut out. Ifa circuit can be shrunk down to a point, that is, if it 
is not inextricably wound about one or more of the deleted portions, 
the integral around the circuit will vanish; for the previous reasoning 
will apply. But if the circuit coils about one or more of the deleted 
regions so that the attempt to shrink it down leads to a circuit which 
consists of the contours of these regions and of lines joining them, the 
integral need not vanish ; it reduces to the sum of a number of integrals 
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taken around the contours of the deleted portions. If one circuit 
can be shrunk into another, the integrals around the two circuits are 
equal if the direction of description is the same; for a line connecting 
the two circuits will give a combined circuit which can be shrunk down 
to a point. 

The inference from these various observations is that in a multiply 
connected region the integral around a circuit need not be zero and 
the integral from a fixed lower limit (a, 0) to a variable upper limit 
(x, y) may not be absolutely independent of the path, but may be dif: 
ferent along two paths which are so situated relatively to the excluded 
regions that the circuit formed of the two paths from (a, 6) to (a, y) 
cannot be shrunk down to a point. Hence 


x,y 
FACE, Y y= i Pdx + Qdy, P, = Q (generally), 
a,b 


the function defined by the integral, is not necessarily single valued. 
Nevertheless, any two values of F(#, y) for the same end point will 
differ only by a sum of the form 


F(a, y) — Fy@, y) = mI, + ml, ++ - 


where J,, J,,. .. are the values of the integral taken around the con- 
tours of the excluded regions and where m,, m,... are positive or 
negative integers which represent the number of times the combined 
circuit formed from the two paths will coil around the deleted regions 
in one direction or the other. 

126. Suppose that f(z) = X (a, y) + 7Y(a, y) isa single valued funce- 
tion of z over a region & surrounding the origin (see figure above), and 
that over this region the derivative /'(z) is continuous, that is, the 


relations X/=—Y; and X/;=Y, are fulfilled at every point so that 
no points of & need be cut out. Consider the integral 

, HiOha, 2 Vpn ; b 

i : dex [py tm) (22) 


over paths lying within Rk. The function f(z)/z will have a contin- 
uous derivative at all points of R except at the origin ze = 0, where the 
denominator vanishes. If then a small circuit, say a circle, be drawn 
about the origin, the function f(z)/z will satisfy the requisite condi. 
tions over the region which remains, and the integral (22) taken around 
a circuit which does not contain the origin will vanish. 

The integral (22) taken around a circuit which coils once and only 
once about the origin will be equal to the integral taken around the 
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small cirele about the origin. Now for the circle, 


6 ae [ EE ad OD | ea gee 


where the assumed continuity of f(z) makes |y(z)| < « provided the 
circle about the origin is taken sufficiently small. Hence by (21) 


[Pen [Paarmrote 
O o * 
| 


QT 
fis f ide] ef 0 = 2 me. 
o 12) 0 


Hence the difference between (22) and 2 7if(0) can be made as small 
as desired, and as (22) is a certain constant, the result is 








with [é|= 











if LO) az = 2 wif (0). (23) 
are 


A function f(z) which has a continuous derivative f'(z) at every 
point of a region is said to be analytic over that region. Hence if the 
region includes the origin, the value of the analytic function at the 
origin is given by the formula 

1 "(z) 
F(0) = LE dz, 


2 ti zZ 
fo) 








23Nn 
(23 
where the integral is extended over any circuit lying in the region and 


passing just once about the origin. It follows likewise that if z = a is 
any point within the region, then 


1 “(2 
{o=5— jf LO a, (24) 
[@) 





a 


where the circuit extends once around the point @ and lies wholly within 
the region. This important result is due to Cauchy. 

A more convenient form of (24) is obtained by letting ¢ = e repre- 
sent the value of 2 along the circuit of integration and then writing 
a =z and regarding 2 as variable. Hence Cauchy’s Integral: 


1 ‘(t 
OQ =a ie LO at, (25) 


t—2z 
fe) 





This states that if any circuit be drawn in the region over which f (2) 
is analytic, the value of f(z) at all points within that circuit may be ob- 
tained by evaluating Cauchy's Integral (25). Thus f(z) may be regarded 
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as defined by an integral containing a parameter 2; for many pur- 
poses this is convenient. It may be remarked that when the values of 
J(#) are given along any circuit, the integral 


may be regarded as defining f(z) for all points At 
within that circuit. Uf 
To find the successive derivatives of f(z), it 


is merely necessary to differentiate with respect 
to z under the sign of integration. The condi- i} 
tions of continuity which are required to justify 
the differentiation are satisfied for all points z “Of 4 ; 
actually within the circuit and not upon it. Then 


oma one i ny 
ff (2) = Pelt tsast ean ip (2) oe eae 


Qri ) (¢—2) 


_ As the differentiations may be performed, these formulas show that an 
analytic function has continuous derivatives of all orders. The definition 
of the function only required a continuous first derivative. 

Let @ be any particular value of z (see figure). Then 


























il ea al peers il 
ee Re (Ba) es ae 
t—a 
(2— a)" 
red : — (@@—ay , (=p 
er ee C6 = at! ee se wyatt a 


i 


t~—a 


1 fre 1 (ft) Lee Foe 
‘i Srpen leas tao [Petia [ e-9 Ce oe 


Ne t@) i aii _LO8 
tm [e-s Wire a pee @) a)" dt + R,, 


ik Aen n i) 
with He ee!) J dt. 
2 177 oi = a) Serer 
t—a 














Now ¢ is the variable of integration and z — a is a constant with respect 
to the integration. Hence 


: Aor (z — a)? a] 
fe) =f) +e— or + G™ pr@ 


(2 — a)"— 
—1)! 


This is Taylor’s Formula for a function i a complex variable. 


(26) 


suede? - fO-D(a) + Ry. 
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EXERCISES 


1. P,=,, Y=R,, RB, =P, and if these derivatives are continuous, show 
that Pdz + Qdy + Rdz is a total differential. 


2. Show that ip 98 (a, y, «dx + Q(x, y, a) dy, where C is a given curve, 
CYa,b 


defines a continuous function of a, the derivative of which may be found by differ- 
entiating under the sign. What assumptions as to the continuity of P, Q, P,, Qj 
do you make ? 


dz xu gedr + ade + ydy 2,y — ydx + «dy 
= ee Oa en ase 
Sa ce ee =f ay =o Pty 


definition of log z, draw paths which make log (4 + 4-V— 3) =477i, 2}.7i, — 1} ai. 





4. Study ik es 
0 ge — 


— 1, or both. Draw a closed path surrounding both and making the integral vanish. 


- with especial reference to closed paths which surround + 1, 


5. If f(z) is analytic for all values of z and if | f(z)| < K, show that 


Fo-10)= f 70] <7] a= f, = = tt, 


taken over a circle of large radius, can be made as small as desired. Hence infer 
that f(z) must be the constant f(z) = (0). 





6. If G(z) =a) + a2 +--+ + a2” is a polynomial, show that f(z) = 1/G (z) must 
be analytic over any tees which does not include a root of G (z) = 0 either within 
or on its boundary. Show that the assumption that G(z)=0 has no roots at all 
leads to the conclusion that f(z) is constant and equal to zero. Hence infer that 
an algebraic equation has a root. 


7. Show that the absolute value of the remainder in Taylor’s Formula is 


e (i S(t) at ae Se ME 

o (¢— a)" (t—2) 27 p"p—rT 
for all points z within a circle of radius r about a as center, when p is the radius 
of the largest circle concentric with @ which can be drawn within the cireuit about 
which the integral is taken, M is the maximum value of f(t) wpon the circuit, and 
L is the length of the circuit (figure above). 








8. Examine for independence of path and in case of independence integrate : 
(a) if xyde + xy2dy, (8) He ry2dx + x2ydy, (y) f rdy + ydx, 
(5) Ie (x? + wy) dx + (y? + xy) dy, (e) if y cos ady + Ly? sin xdz. 


9. Find the conservative forces and the potential ; 
(a) X= — : a ee ¥ ek ~ a 
(x? + y?)2 (x? + y*)2 (x? + y?)2 
(8) X=—ne, Y= — rw, (ap) A Lean rang 
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10. If R(r, ¢) and &(r, ¢) are the component forces resolved along the radius 
vector and perpendicular to the radius, show that dW = Rar + réd¢ is the differ- 
ential of work, and express the condition that the forces R, © be conservative. 


11. Show that if a particle is acted on by a force R = — f(r) directed toward 
the origin and a function of the distance from the origin, the force is conservative. 


12. If a force follows the Law of Nature, that is, acts toward a point and varies 
inversely as the square r? of the distance from the point, show that the potential 
is — k/r. 


13. From the results F = — VV or V = — if Fedr = i Xdx + Ydy + Zdz show 


that if V, is the potential of F, and V, of F, then V=V,+ V, will be the 
potential of F = F, + F,, that is, show that for conservative forces the addition of 
potentials is equivalent to the parallelogram law for adding forces. 


14. If a particle is acted on by a retarding force — kv proportional to the 
velocity, show that R = } kv? is a function such that 
oR eR oR 
eaten kz, — =— kvy, ae Se kvz, 
Ox Oy Ovz 


aW = — kvedr = — k (vzdz + v,dy + v2). 


Here R is called the dissipative function ; show the force is not conservative. 


15. Pick out the integrals independent of the path and integrate: 
(a) f yzdx + xzdy + xydz, (8) it ydx/z + «dy/z — xydz/z?, 
(y) fre (da+dy+dz), (8) i log (wy) dw + ady + ydz. 


16. Obtain logarithmic forms for the inverse trigonometric functions, analogous 
to those for the inverse hyperbolic functions, either algebraically or by considering 
the inverse trigonometric functions as defined by integrals as 


” 2 dz a, a dz 
tan ea - ae sin=12,= —————3+-- 
o Absa 0 V1 22 


17. Integrate these functions of the complex variable directly according to the 
rules of integration for reals and determine the values of the integrals by 
substitution : 





9 


ee 2% 1+ 3 
(a) I 2e2= Ue, (B) if cos 8 zdz, (7) i (1 + 2?)—1dz, 


Ua (ahs 2 dz 2-i qe 
a ree AON) Vomit ORD gre 


In the case of multiple valued functions mark two different paths and give two values. 








18. Can the algorism of integration by parts be applied to the definite (or indefi- 
nite) integral of a function of a complex variable, it being understood that the 
integral must be a line integral in the complex plane? Consider the proof of 
Taylor’s Formula by integration by parts, p. 57, to ascertain whether the proot is 
valid for the complex plane and what the remainder means. 
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19. Suppose that ina plane at r = 0 there is a particle of mass m which attracts 
according to the law F=m/r. Show that the potential is V = mlogr, so that 
F=—VvV. The induction or flux of the force F outward across the element ds of 
a curve in the plane is by definition — Fcos(F, n)ds. By reference to Ex. 16, 
p. 297, show that the total induction or flux of F across the curve is the line integral 
(along the curve) 








log 
— { Foos (F, n)ds=m f RE eet elas 
dn dn 
and m=—— { Feos(F, midis ee ie oF 
27 Jo ; 2mr/o dn 


where the circuit extends around the point r= 0, is a formula for obtaining the 
mass m within the circuit from the field of force F which is set up by the mass. 


20. Suppose a number of masses m,, m,,--+, attracting asin Ex. 19, are situated 
at points (£,, 7), (& 2), -+- in the plane. Let 
FHFj+ Rote, VEVytVet-::, Vi=mlog[(&i—2z)? + m—y)?7] 
be the force and potential at (x, y) due to the masses. Show that 


=i 1 dV , 
= (seas (i nds —— { —a= m= 
ae eu) a o dn pa ; z 


where > extends over all the masses and  ’ over all the masses within the circuit 
(none being on the circuit), gives the total mass M within the circuit. 


3s! 
2 


127. Some critical comments. In the discussion of line integrals 
and in the future discussion of double integrals it is necessary to speak 
frequently of curves. For the usual problem the intuitive conception 
of a curve suffices. A curve as ordinarily conceived is continuous, has 
a continuously turning tangent line except perhaps at a finite number 
of angular points, and is cut by a line parallel to any given direction in 
only a finite number of points, except as a portion of the curve may 
coincide with such a line. The ideas of length and area are also appli- 
cable. For those, however, who are interested in more than the intuitive 
presentation of the idea of a curve and some of the matters therewith 
connected, the following sections are offered. 


If @(t) and y(t) are two single valued real functions of the real variable ¢ defined 
for all values in the interval ¢ 1 =t,, the pair of equations 


= 


= 
c=), y=", %S'si, 27) 


will be said to define a curve. If ¢ and wy are continuous functions of t, the curve 
will be called continuous. If ¢(¢,) = @(t)) and w(t,) = Y(t), so that the initial and 
end points of the curve coincide, the curve will be called a closed curve provided 
it is continuous. If there is no other pair of values t and ¢t’ which make both 
¢(t) = o(t’) and y(t) = y(V’), the curve will be called simple; in ordinary language, 
the curve does not cut itself. If ¢ describes the interval from ¢, to t, continuously 
and constantly in the same sense, the point (x, y) will be said to deseribe the curve 
in a given sense; the opposite sense can be had by allowing ¢ to describe the interval 
in the opposite direction, 
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Let the interval t)=¢=t, be divided into any number n of subintervals 
A,t, Ajt,---, A,t. There will be n corresponding increments for @ and y, 


A,@, Ayt,---, Ane, and A,y, Any, +++, Any. 
Then Aj = V (Av)? + (Avy)? S| Aiw| + | Ary], [|A;x] = Aic, [Avy] S Aye 


are obvious inequalities. It will be necessary to consider the three sums 


oy => ia, r= >A, o; Sac => VG + Ge. 
1 1 : 4 


For any division of the interval from ¢) to t, each of these sums has a definite 
positive value. When all possible modes of division are considered for any and 
every value of n, the sums ¢, will form an infinite set of numbers which may be 
either limited or unlimited above (§ 22). In case the set is limited, the upper 
frontier of the set is called the variation of x over the curve and the curve is said 
to be of limited variation in x; in case the set is unlimited, the curve is of unlimited 
variation in z. Similar observations for the sums o,. It may be remarked that the 
geometric conception corresponding to the variation in # is the sum of the projec- 
tions of the curve on the z-axis when the sum is evaluated arithmetically and not 
algebraically. Thus the variation in y for the curve y =sin@ from 0 to 277 is 4. 
The curve y = sin(1/z) between these same limits is of unlimited variation in y. 
In both cases the variation in & is 27. 

If both the sums ¢, and c, have upper frontiers L, and L,, the sum oe, will have 
an upper frontier L, = L, + L,; and conversely if ¢, has an upper frontier, both 
g, and og, will have upper frontiers. If a new point of division is intercalated in Ajt, 
the sum ¢, cannot decrease and, moreover, it cannot increase by more than twice 
the oscillation of x in the interval Ajt. For if A,;@ + Ag;x = A;x, then 


|Aisa| + | Ao sx] = | Aja], |Aize| + |Aogx| S 2 (MM; — m)). 


Here Aj,t and Aj; are the two intervals into which Aj is divided, and M; — m; is the 
oscillation in the interval Aj. A similar theorem is true for o,. It now remains to 
show that if the interval from f, to t, is divided sufficiently fine, the sums o, and oy 
will differ by as little as desired from their frontiers L, and L,. The proof is like 
that of the similar problem of § 28. First, the fact that LD, is the frontier of ¢, shows 
that some method of division can be found so that L, — 0, <4e. Suppose the num- 
ber of points of division is n. Let it next be assumed that ¢(¢) is continuous; it 
must then be unéformly continuous (§ 25), and hence it is possible to find a 6 so 
small that when A;t < 6 the oscillation of x is M; — m; < «/4n. Consider then any 
method of division for which Ajt <6, and its sumo;. The superposition of the former 
division with n points upon this gives a sum of 2 oj. But of — oj <2ne/4n = $c, 
and of 2o,. Hence L, —o/ <}e and L,—o,<e. A similar demonstration may 
be given for o, and L,. 

To treat the sum og, and its upper frontier L, note that here, too, the intercalation 
of an additional point of division cannot decrease o, and, as 


V (Ar)? + (Ay)? =| Ax| + [Ay], 


it cannot increase o, by more than twice the sum of the oscillations of « and y in 
the interval At. Hence if the curve is continuous, that is, if both w and y are con- 
tinuous, the division of the interval from f, to ¢, can be trken so fine that o, shall 
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differ from its upper frontier L, by less than any assigned quantity, no matter how 
small. In this case L, = s is called the length of the curve. It is therefore seen that 
the necessary ani sufficient condition that any continuous curve shall have a length is 
that its Cartesian codrdinates x and y shall both be of limited variation. It is clear that 
if the frontiers L,(t), L,(t), L,(t) from t, to any value of ¢ be regarded as functions 
of t, they are continuous and nondecreasing functions of t, and that Z,(t) is an 
increasing function of t; it would therefore be possible to take s in place of t as 
the parameter for any continuous curve having a length. Moreover if the deriva- 
tives a’ and y/’ of x and y with respect to t exist and are continuous, the derivative s’ 
exists, is continuous, and is given by the usual formula % = Va’? + y. This will 
be left as an exercise; so will the extension of these considerations to three 
dimensions or more. 

In the sum @, — 2, = DAjw of the actual, not absolute, values of Ajr there may 
be both positive and negative terms. Let a be the sum of the positive terms and 
vy be the sum of the negative terms. Then 

Cy — hy = TP, Oe) == Uy ae Th 5h ao eta 2¥=%— 2, + 64. 
As o, has an upper frontier L, when z is of limited variation, and as 7, and z, are con- 
stants, the sums 7 and » have upper frontiers. Let these be II and N. Considered 
as functions of t, neither I(t) nor N(¢) can decrease. Write x(t) = x, + I(t) — N(t). 
Then the function @ (¢) of limited variation has been resolved into the difference of 
two functions each of limited variation and nondecreasing. As a limited non- 
decreasing function is integrable (Ex. 7, p. 54), this shows that a function is integrable 
over any interval over which it is of limited variation. That the difference x = 2” — x’ 
of two limited and nondecreasing functions must be a function of limited variation 
follows from the fact that | Av| =|Av”|+|Az’|. Furthermore if 

Z=),+I—N bewritten c= [e+ 1+ |2)|+ ¢—t] —[N +|a2)]+¢—], 
it is seen that a function of limited variation can be regarded as the difference of two 
positive functions which are constantly increasing, and that these functions are con- 
tinuous if the given function « (t) is continuous. 

Let the curve C defined by the equations = ¢(t), y=y(é), |} StS, be 
continuous. Let P(x, y) be a continuous function of (x, y). Form the sum 


> Pi, nA => PG, 0) Aa” — > PG, n) Aw’, (28) 


where A,a, A,x,--- are the increments corresponding to A,t, At, ---, where (€;, 7;) 
is the point on the curve which corresponds to some value of ¢ in Ajt, where x is 
assumed to be of limited variation, and where 2” and 2 are two continuous increas- 
ing functions whose difference is . As &” (or 2’) is a continuous and constantly 
increasing function of ¢, it is true inversely (Ex. 10, p. 45) that ¢ is a continuous and 
constantly increasing function of #” (or a’). As P(x, y) is continuous in (a, y), it 
is continuous in ¢ and also in w” and 2’. Now let Ajt+0; then Aw”=0O and 
Ay’ = 0. Also 


a vy ? x. 
lim > P;A;t” = ‘A Pde” and lim > P; Ajax’ =f *Pdz’. 
% a x 


The limits exist and are integrals simply because P is continuous in x” or in a’. 
Hence the sum on the left of (28) has a limit and 


ol? 


lim) Paw = [Pan = f/* Pae” — [Paz 
Cx x a, 
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may be defined as the line integral of P along the curve C of limited variation in x. 
The assumption that y is of limited variation and that Q (a, y) is continuous would 
lead to a corresponding line integral. The assumption that both « and y are of limited 
variation, that is, that the curve is rectifiable, and that P and Q are continuous would 
lead to the existence of the line integral 


0 Yo 


TY 
od, Pes Vda + QC, vay. 


A considerable theory of line integrals over general rectifiable curves may be con- 
structed. The subject will not be carried further at this point. 

128. The question of the area of a curve requires careful consideration. In the 
first place note that the intuitive closed plane curve which does cut itself is intui- 
tively believed to divide the plane into two regions, one interior, one exterior to the 
curve; and these regions have the property that any two points of the same region 
may be connected by a continuous curve which does not cut the given curve, 
whereas any continuous curve which connects any point of one region to a point 
of the other must cut the given curve. The first question which arises with regard 
to the general closed simple curve of page 308 is: Does such a curve divide the plane 
into just two regions with the properties indicated, that is, is there an interior and 
exterior to the curve ? The answer is affirmative, but the proof is somewhat difficult — 
not because the statement of the problem is involved or the proof replete with 
advanced mathematics, but rather because the statement is so simple and elemen- 
tary that there is little to work with and the proof therefore requires the keenest 
and most tedious logical analysis. The theorem that a closed simple plane curve 
has an interior and an exterior will therefore be assumed. 

As the functions z(t), y(¢) which define the curve are continuous, they are lim- 
ited, and it is possible to draw a rectangle with sides 7=a,x#=b, y=c, y=4dso 
as entirely to surround the curve. This rectangle may next be ruled with a num- 
ber of lines parallel to its sides, and thus be 


divided into smaller rectangles. These little rec- GOEL. 
A y 
tangles may be divided into three categories, those | UY, 


outside the curve, those inside the curve, and 
those upon the curve. By one upon the curve is 
meant one which has so much as a single point 
of its perimeter or interior upon the curve. Let 
A, A;, Au, Ae denote the area of the large rec- 
tangle, the sum of the areas of the small rectan- 
gles, which are interior to the curve, the sum of 
the areas of those upon the curye, and the sum of 
those exterior to it. Of course A=A;+ Ay+Ae. 
Now if all methods of ruling be considered, the 
quantities A; will have an upper frontier L;, the quantities A, will have an upper 
frontier L,, and the quantities A, will have a lower frontier l,. If to any method 
of ruling new rulings be added, the quantities A; and A, become Aj, and A’ with 
the conditions A; = A;, AZ = A., and hence Aj, = A,. From this it follows that 
A=1;+1,+L,. For let there be three modes of ruling which for the respective 
cases A;, A, A, make these three quantities differ from their frontiers L;, L., ly 
by less thante. Then the superposition of the three systems of rulings gives rise 
to a ruling for which Aj, Aj, Aj, must differ from the frontier values by less than 
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te, and hence the sum L; +1, + Le, which is constant, differs from the constant A 
by less than e, and must therefore be equal to it. 


It is now possible to define as the (qualified) areas of the curve 
L; = inner area, l, = area on the curve, LI; + l, = total area. 


In the case of curves of the sort intuitively familiar, the limit l, is zero and 
L; = A—L, becomes merely the (unqualified) area bounded by the curve. The 
question arises: Does the same hold for the general curve here under discussion ? 
This time the answer is negative; for there are curves which, though closed and 
simple, are still so sinuous and meandering that a finite area l, lies upon the curve, 
that is, there is a finite area so bestudded with points of the curve that no part of 
it is free from points of the curve. This fact again will be left as a statement with- 
out proof. Two further facts may be mentioned. 

In the first place there is applicable a theorem like Theorem 21, p. 51, namely: 
It is possible to find a number 6 so small that, when the intervals between the 
rulings (both sets) are less than 6, the sums 4,, A;, A, differ from their frontiers 
by less than 2e. For there is, as seen above, some method of ruling such that these 
sums differ from their frontiers by less than e. Moreover, the adding of a single 
new ruling cannot change the sums by more than AD, where A is the largest inter- 
val and D the largest dimension of the rectangle. Hence if the total number of 
intervals (both sets) for the given method is N and if 6 be taken less than e/ NAD, 
the ruling obtained by superposing the given ruling upon a ruling where the inter- 
vals are less than 6 will be such that the sums differ from the given ones by less 
than e, and hence the ruling with intervals less than 6 can only give rise to sums 
which differ from their frontiers by less than 2. 

In the second place it should be observed that the limits Z,, l,, have been obtained 
by means of all possible modes of ruling where the rules were parallel to the z- and 
y-axes, and that there is no a priori assurance that these same limits would have 
been obtained by rulings parallel to two other lines of the plane or by covering the 
plane with a network of triangles or hexagons or other figures. In any thorough 
treatment of the subject of area such matters would have to be discussed. That 
the discussion is not given here is due entirely to the fact that these critical com- 
ments are given not so much with the desire to establish certain theorems as with 
the aim of showing the reader the sort of questions which come up for considera- 
tion in the rigorous treatment of such elementary matters as ‘' the area of a plane 
curve,’’ which he may have thought he ‘* knew all about.”’ 

It is a common intuitive conviction that if a region like that formed by a square 
be divided into two regions by a continuous curve which runs across the square 
from one point of the boundary to another, the area of the square and the sum of 
the areas of the two parts into which it is divided are equal, that is, the curve 
(counted twice) and the two portions of the perimeter of the square form two 
simple closed curves, and it is expected that the sum of the areas of the curves is 
the area of the square. Now in case the curve is such that the frontiers l,, and us 
formed for the two curves are not zero, it is clear that the sum L; + L; for the 
two curves will not give the area of the square but a smaller area, whereas the 
sum (Lj; + ly) + (Li, + U) will give a greater area. Moreover in this case, it is not 
easy to formulate a general definition of area applicable to each of the regions and 
such that the sum of the areas shall be equal to the area of the combined region. 
But if l, and [, both vanish, then the sum L; + L; does give the combined area, 
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It is therefore customary to restrict the application of the term ‘‘area” to such simple 
closed curves as have l, = 0, and to say that the quadrature of such curves is possible, 
but that the quadrature of curves for which l, ~ 0 is impossible. 

It may be proved that: If a curve is rectifiable or even if one of the functions x (t) 
or y(t) is of limited variation, the limit l, is zero and the quadrature of the curve is 
possible. For let the interval t) =tSt, be divided into intervals A,t, A,t, +++ in 
which the oscillations of « and y are «&, €, +++, 91) ++. Then the portion of 
the curve due to the interval Ajt may be inscribed in a rectangle em;, and that 
portion of the curve will lie wholly within a rectangle 2¢;-27; concentric with 
this one. In this way may be obtained a set of rectangles which entirely contain 
the curve. The total area of these rectangles must exceed l,. For if all the sides 
of all the rectangles be produced so as to rule the plane, the rectangles which go 
to make up A, for this ruling must be contained within the original rectangles, 
and as A,>l,, the total area of the original rectangles is greater than l,. Next 
suppose 2 (¢) is of limited variation and is written as x, + II (t) — V(t), the differ- 
ence of two nondecreasing functions. Then Ze; S I (¢,) + N(¢,), that is, the sum 
of the oscillations of « cannot exceed the total variation of z. On the other hand 
as y(t) is continuous, the divisions Ajt could have been taken so small that ; < 7. 
Hence 


lu< Aus >) 2e-2Qu<4y > oS 4a[M) + V)]. 


The quantity may be made as small as desired, since it is the product of a finite 
quantity by 7. Hence l, = 0 and the quadrature is possible. 

It may be observed that if x(t) or y(t) or both are of limited variation, one or 
all of the three curvilinear integrals 


— ih ydz, i; xdy, 3 {i ady — ydz 


may be defined, and that it should be expected that in this case the value of the 
integral or integrals would give the area of the curve. In fact if one desired to 
deal only with rectifiable curves, it would be possible to take one or all of these 
integrals as the definition of area, and thus to obviate the discussions of the pres- 
ent article. It seems, however, advisable at least to point out the problem of 
quadrature in all its generality, especially as the treatment of the problem is very 
similar to that usually adopted for double integrals (§ 1382). From the present 
viewpoint, therefore, it would be a proposition for demonstration that the curvi- 
linear integrals in the cases where they are applicable do give the value of the 
area as here defined, but the demonstration will not be undertaken. 


EXERCISES 


1. For the continuous curve (27) prove the following properties : 

(a) Lines « = a, © = b may be drawn such that the curve lies entirely between 
them, has at least one point on each line, and cuts every line = £, a< <8, in at 
least one point ; similarly for y. 

(8) From p =a cos a+ ysin a, the normal equation of a line, prove the prop- 
ositions like those of (@) for lines parallel to any direction. 

(y) If (&, 7) is any point of the zy-plane, show that the distance of (&, ») from 
the curve has a minimum and a maximum value, 
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(6) 1f m(é, 7) and M(é, y) are the minimum and maximum distances of (€, 7) 
from the curve, the functions m(é, 7) and M (é, 7) are continuous functions of (€, 7). 
Are the coordinates 2 (é, 7), y (é, 7) of the points on the curve which are at mini- 
mum (or maximum) distance from (é, ) continuous functions of (&, 7) ? 

(ce) If’, t”,---, t, .-- are an infinite set of values of ¢ in the interval t, =tSt, 
and if ¢° is a point of condensation of the set, then 2° = ¢(é°), y® = y (t°) is a point 
of condensation of the set of points (x, y’), (@”, y”%),-+-, (e«, y™), --+ corre- 
sponding to the set of values U, (7 ---, 1, +--+. 

(¢) Conversely to (e) show that if (a, y’), (@”, ¥”), ---, (@®, y™), --- are an 
infinite set of points on the curve and have a point of condensation (2°, 7°), then 
the point (7°, 7°) is also on the curve. 

(n) From (§) show that if a line « = cuts the curve in a set of points y’, y”,---, 
then this suite of y’s contains its upper and lower frontiers and has a maximum or 
minimum. 


2. Define and discuss rectifiable curves in space. 


3. Are y = x? foe and y = Vz sin E rectifiable between z = 0, x = 1? 
x 


4. If w(t) in (27) is of total variation II (t,) + N (¢,), show that 


, {i "P (a, y) de < M[I (ty) + N(t,)], 


9 


where M is the maximum value of P(x, y) on the curve. 


5. Consider the function 6 (é, 7, t) = tan-1 an which is the inclination of 
—E—2 
the line joining a point (£, 7) not on the curve to a point (x, y) onthe curve. With 
the notations of Ex. 1 (6) show that 
X 2 M6 
[AO] = |A(E, 7, t+ At) — O(E, 0, HI] < 


m— 2Ms° 


where 6 >|Az| and 6 >|Ay|may be made as small as desired by taking At sufficiently 
small and where it is assumed that m + 0. 


6. From Ex. 5 infer that @(&, , ¢) is of limited variation when ¢ describes the 
interval t) =¢ St, defining the curve. Show that 6 (& , t) is continuous in (€, ») 
through any region for which m > 0. 


7. Let the parameter ¢ vary from t, to t, and suppose the curve (27) is closed so 
that (w, y) returns to its initial value. Show that the initial and final values of 
0 (é, n, t) differ by an integral multiple of 27. Hence infer that this difference is 
constant over any region for which m > 0. In particular show that the constant is 
0 over all distant regions of the plane. It may be remarked that, by the study of 
this change of @ as t describes the curve, a proof may be given of the theorem that 
the closed continuous curve divides the plane into two regions, one interior, one 
exterior, 


8. Extend the last theorem of § 123 to rectifiable curves. 


CHAPTER XII 
ON MULTIPLE INTEGRALS 


129. Double sums and double integrals. Suppose that a body of 
matter is so thin and flat that it can be considered to lie in a plane. 
If any small portion of the body surrounding a given point P (a, y) be 
considered, and if its mass be denoted by Am and its area by AA, the 
average (surface) density of the portion is the quotient Am/AA, and the 
actual density at the point P is defined as the limit of this quotient 
when AA = 0, that is, 





a ENO 

D(x, y) == eee 

The density may vary from point to point. Now conversely suppose 
that the density D(a, y) of the body is a known function of (x, y) and 
that it be required to find the total mass of the 





body. Let the body be considered as divided ; 

up into a large number of pieces each of which IWS 

is small in every direction, and let AA; be the EN) 
area of any piece. If (€,, »;) be any point in ZB 

AA,, the density at that point is D(€,, y,) and 5 : = 





the amount of matter in the piece is approxi- 
mately D(é;, y;)AA; provided the density be regarded as continuous, 
that is, as not varying much over so small an area. Then the sum 


DE, 71) Ad. =F Dé; N») AY a5 oe ar Des Mn) AA, = PGs ni) AA,, 


extended over all the pieces, is an approximation to the total mass, 
and may be sufficient for practical purposes if the pieces be taken 
tolerably small. 

The process of dividing a body up into a large number of small pieces 
of which it is regarded as the sum is a device often resorted to; for the 
properties of the small pieces may be known approximately, so that 
the corresponding property for the whole body can be obtained approx- 
imately by summation. Thus by definition the moment of inertia of a 
small particle of matter relative to an axis is m7r*, where m is the mass 
of the particle and 7 its distance from the axis. If therefore the 
moment of inertia of a plane body with respect to an axis perpendicular 

315 
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to its plane were required, the body would be divided into a large 
number of small portions as above. The mass of each portion would 
be approximately D(é,, 7;)4A, and the distance of the portion from 
the axis might be considered as approximately the distance 7; from 
the point where the axis cut the plane to the point (€;, »;) in the por- 
tion. The moment of inertia would be 
DE, m)r2AA, + + DE mn) DA, = DDE 1) AAG 

or nearly this, where the sum is extended over all the pieces. 

These sums may be called double sums because they extend over two 
dimensions. To pass from the approximate to the actual values of the 
mass or moment of inertia or whatever else might be desired, the 
underlying idea of a division into parts and a subsequent summation 
is kept, but there is added to this the idea of passing to a hmit. Com- 
pare §§ 16-17. Thus 


limit limit 
n=0, arpa D(§;, 9)4A;, and hae rete D(€;, n;) r?44; 
would be taken as the total mass or inertia, where the sum over n 
divisions is replaced by the limit of that sum as the number of 
divisions becomes infinite and each becomes small in every direction. 
The limits are indicated by a sign of integration, as 


lim > D(E,, n AA; =f (2, y)dA, lim > D(§, 9) 774; = [ read. 


The use of the limit is of course dependent on the fact that the limit 
is actually approached, and for practical purposes it is further depend- 
ent on the invention of some way of evaluating the limit. Both these 
questions have been treated when the sum is a simple sum ($§ 16-17, 
28-30, 35); they must now be treated for the case of a double sum like 
those above. 

130. Consider again the problem of finding the mass and let D, be 
used briefly for D(€;, y,). Let MW; be the maximum value of the density 
in the piece AA; and let m; be the minimum value. Then 


m,\A; = D,AA, = M,AA,. 

In this way any approximate expression D,AA, for the mass is shut in 
between two values, of which one is surely not greater than the true 
mass and the other surely not less. Form the sums 


s= 2; m, AA, => D,AA,= >, M,AA,;=S 


extended over all the elements AA;. Now if the sums s and S approach 
the same limit when Ad4,;+0, the sum 3D,A4; which is constantly 
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included between s and S must also approach that limit independently 
of how the points (€,, y;) are chosen in the areas AA,. 

That s and S do approach a common limit in the usual case of a 
continuous function D(x, y) may be shown strikingly if the surface 
z=D(x, y) be drawn. The 
term D,AA; is then repre- 
sented by the volume of a 
small cylinder upon the base 
AA, and with an altitude equal 
to the height of the surface 
z= D(a#,y) above some point 
of Ad;. The sum 3D,A4, of 
all these cylinders will be ap- 
proximately the volume under 
the surface z= D(a, y) and 
over the total area A = SAA,. 
The term M,A4, is represented 
by the volume of a small eylin- 
der upon the base AA, and cir- 
cumscribed about the surface ; 
the term m,AA,, by a cylinder 
inscribed in the surface. When the number of elements AA, 1s increased 
without limit so that each becomes indefinitely small, the three sums s, 
S, and 3D; 4; all approach as their hmit the volume under the surface 
and over the area A. Thus the notion of volume does for the double 
sum the same service as the notion of area for a simple sum. 











ak 


Let the notion of the integral be applied to find the formula for the center of 
gravity of a plane lamina. Assume that the rectangular codrdinates of the center 
of gravity are (%, 7). Consider the body as divided into small areas AA,. If (&, 77) 
is any point in the area AA;, the approximate moment of 
the approximate mass D;AA; in that area with respect to 
the line x =@ is the product (&; — Z) D;AA; of the mass 
by its distance from the line. The total exact moment 
would therefore be 


(Ys 


lim) (& — E) D:AA; =f{@ — £) D(a, y)dA =0, 


and must vanish if the center of gravity lies on the line 
%=Z as assumed. Then 


fede, y) aA — { 2D@, y)dA =0 or febad =2 { Die, dA. 








O 


These formal operations presuppose the facts that the difference of two integrals is 
the integral of the difference and that the integral of a constant % times a function D 
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is the product of the constant by the integral of the function. It should be imme- 
diately apparent that as these rules are applicable to sums, they must be applicable 
to the limits of the sums. The equation may now be solved for zg. Then 


if tDdA f adm . f yDadAa re ydm 


? 


ae faa a "faa he 








(1) 


where m stands for the mass of the body and dm for DdA, just as Am; might replace 
D;AA;; the result for y may be written down from symmetry. 

As another example let the kinetic energy of a lamina moving in its plane be cal- 
culated. The use of vectors is advantageous. Let rp be the 
vector from a fixed origin to a point which is fixed in the 
body, and let r; be the vector from this point to any other 
point of the body so that 


Chee hay (ebeis 
i at GE: 








h=%o +N, OF” V2 = Vor Vax~ 


The kinetic energy is 5 }v7Am; or better the integral of }v?dm. Now 
VF = VeeVi = VorVo + ViseVii + 2 VoeVis = V9 + 17,02 + 2 VoeVii. 


That visevis = 17,2, where 71; =|1;| and w is the angular velocity of the body 
about the point ro, follows from the fact that r,; is a vector of constant length ry; 
and hence |dr,;| = 1;d0, where d@ is the angle that 7; turns through, and conse- 
quently w = d6/dt. Next integrate over the body. 


f+ vedm =f vedm + f¥ rpw2dm +f vorvsdm 
= $02 + $02 1 r2dm + Yor ‘3 vidm ; (2) 


for vf and w? are constants relative to the integration over the body. Note that 
= ait d d 
Vor f vidn == Ot vor 0) on it [vid = fanam =< fram = 0: 
a 


But v) = 0 holds only when the point r, is at rest, and fram = 0 is the condition 
that ry be the center of gravity. In the last case 


nese vdm = 407M + 421, if = [rzam. 


As I is the integral which has been called the moment of inertia relative to an axis 
through the point ry perpendicular to the plane of the body, the kinetic energy is 
seen to be the sum of } Mv>, which would be the kinetic energy if all the mass were 
concentrated at the center of gravity, and of } Iw?, which is the kinetic energy of 
rotation about the center of gravity ; in case ry indicated a point at rest (even if 
only instantaneously as in § 389) the whole kinetic energy would reduce to the 
kinetic energy of rotation {Jw®, In case ry indicated neither the center of gravity 
nor a point at rest, the third term in (2) would not vanish and the expression for 
the kinetic energy would be more complicated owing to the presence of this term, 
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131. Zo evaluate the double integral in case the region is a rectangle 
parallel to the axes of coordinates, let the division be made into small 
rectangles by drawing lines parallel to the 
axes. Let there be m equal divisions on one am columns 1=1,2...,7 
side and m on the other. There will then be ~' = 
mn small pieces. It will be convenient to in- 
troduce a double index and denote by Ad , the 
area of the rectangle in the ith column and jth G rs a 
row. Let (&;, »;) be any point, say the mid- 
dle point in the area Ad, = Aw,Ay;. Then the sum may be written 


>, PEs. y) A4y = Duda Ay, + DyAa Ay, + +--+ Dy de, Ay, 
bE. ate Dy Ar, AY, ae Dy AXAY2 ape ain Dyy2AX,,AYe 
Sw D, pAw,Ay, si D; pAt,AY,, An Din ALmAYn: 









7 rOws 
‘1.9 
yryeery 


jz 





Now the terms in the first row are the sum of the contributions to 
>,,; of the rectangles in the first row, and so on. But 


(D, Aw, -- D,;Ar, + ---+ Dy Ax, Ay; = Ay;>, D(E,, mj) Ax; 


and Ay; >, D(§;, 4;) Av; = a D(a, n;)dxe + “| Ay;. 

That is to say, by taking m sufficiently large so that the individual 
increments Az, are sufficiently small, the sum can be made to differ 
from the integral by as little as desired because the integral is by 
definition the limit of the sum. In fact 


g|= > | M,; — m,;|Ax; S «(x, — %,) 


if e be the maximum variation of D(a, 7) over one of the little rectangles. 
After thus summing up according to rows, sum up the rows. Then 


oT ay 
> DAA y af D(a, y,) dxAy, +f D(x, n,) dxdy, 
tJ Zo x, 


0 


aEaRe + fp (a, y,)dxAy, + 2, 
[A] = [Ax + SAd, $2 +6,AYn| S e(@ — @) D) Ay = e(@ — &)(y — H) 
If [ Pe nae= 4, 
then > DsAAy= Gye + b(n) AY, +++: + b(m) AY, A 


sd Y, 
=| p(y)dy +K +A, x, A small. 
Yo 
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cat a 
Hence* lim > DAAy = if DiA= df jk D(a, y) dady. (3) 
i,j % * 


It is seen that the double integral is equal to the result obtained by 
first integrating with respect to «, regarding y as a parameter, and then, 
after substituting the limits, integrating with respect to y. If the sum- 
mation had been first according to columns and second according to 
rows, then by symmetry 


Wy ngs 7; vy 
f vas =| if D(a, y)dudy =[ ip D(x, y) dydx. (3') 
N% a) a) N% 


This is really nothing but an integration under the y 
sign (§ 120). 

Tf the region over which the summation is extended 
is not a rectangle parallel to the axes, the method 
could still be applied. But after summing or rather 
integrating according to rows, the limits would not 
be constants as #, and #,, but would be those func- 
tions « = ¢$,(y) and « = ¢,(y) of y which represent the left-hand and 
right-hand curves which bound the region. Thus 


Vy b,(%y) 
foes =| f D(x, y) dady. (3") 
Yo dyoY) 


And if the summation or integration had been first 
with respect to columns, the limits would not have 
been the constants y, and y,, but the functions 
y =¥y,(x) and y = y¥,(x) which represent the lower 
and upper bounding curves of the region. Thus 


xy Wy 
i DdA= jr dh D(x, y) dyde. (3% 
a SV) aoe 


i) 








The order of the integrations cannot be inverted without making the 
corresponding changes in the limits, the first set of limits being such 
functions (of the variable with regard to which the second integration is 
to be performed) as to sum up according to strips reaching from one side 
of the region to the other, and the second set of limits being constants 
which determine the extreme limits of the second variable so as to sum 
up all the strips. Although the results (3") and (3'") are equal, it fre- 
quently happens that one of them is decidedly easier to evaluate than the 
other. Moreover, it has clearly been assumed that a line parallel to the 


* The result may also be obtained as in Ex. 8 below. 
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axis of the first integration cuts the bounding curve in only two points : 
if this condition is not fulfilled, the area must be divided into subareas 
for which it is fulfilled, and the results of integrating over these smaller 
areas must be added algebraically to find the complete value. 


To apply these rules for evaluating a double integral, consider the problem of 
finding the moment of inertia of a rectangle of constant density with respect to 
one vertex. Here 


b pa 
L— | Deda = D | (a? + y2\dA =D 2 +4. ¥) dad 
if yi + y’) frat (2? + y”) dady 
=) 4s a | yee "a8 2 1 2 1. p2 
= if 428 + ay ee tf (4.48 + ay?) dy = + Dab (a? + b?). 


If the problem had been to find the moment of inertia of an ellipse of uniform 
density with respect to the center, then 


0) at a /52 yp? 
cae open (+ ded 


$a pee Ve 
= ia sae “(e+ v2) dedy. 
a a 


Hither of these forms might be evaluated, but the moment of inertia of the whole 
ellipse is clearly four times that of a quadrant, and hence the simpler results 


eee we) i oe ignes + y?) dady 


= =4D f die raster y?) dydx = < Dab (a2 + 02). 


It is highly advisable to make use of symmetry, wherever possible, to reduce the 
region over which the integration is extended. 

132. With regard to the more careful consideration of the limits involved in the 
definition of a double integral a few observations will be sufficient. Consider the 
sums S and s and let M;AA; be any term of the first and m;AA; the corresponding 
term of the second. Suppose the area AA; divided into two parts AAy; and AAg,;, 
and let My;, Mo; be the maxima in the parts and m4;, mo; the minima. Then since 
the maximum in fhe whole area AA; cannot be less than that in either part, and 
the minimum in the whole cannot be greater than that in either part, it follows 
that my; =m, m= mM, Mi SM, Moi = Mi, and 


MAA; Sm j;AAq; + MiAAa:, My;AAy; + MojAAo; = MjAA;. 


Hence when one of the pieces AA; is subdivided the sum S cannot increase nor the 
sum s decrease. Then continued inequalities may be written as 


mA = yi mAA: = DDE, 0) 4: = >) Midd: = MA. 


If then the original divisions AA; be subdivided indefinitely, both S and s will 
approach limits (§§ 21-22) ; and if those limits are the same, the sum 2D,;A4; will 
approach that common limit as its limit independently of how the points (&, mi) 
are chosen in the areas AAj. 
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It has not been shown, however, that the limits of S and s are independent of 
the method of division and subdivision of the whole area. Consider therefore not 
only the sums S and s due to some particular mode of subdivision, but consider all 
such sums due to all possible modes of subdivision. As the sums S are limited 
below by mA they must have a lower frontier L, and as the sums s are limited 
above by MA they must have an upper frontier /. It must be shown that /= L. 
To see this consider any pair of sums S and s corresponding to one division and 
any other pair of sums S’ and s’ corresponding to another method of division ; also 
the sums S$” and s” corresponding to the division obtained by combining, that is, 
by superposing the two methods. Now 


Ye S/2s SEaKE/26 SER Han eeees—- 


It therefore is seen that any S is greater than any s, whether these sums correspond 
to the same or to different methods of subdivision. Now if L<l, some S would 
have to be less than some s; for as L is the frontier for the sums S, there must be 
some such sums which differ by as little as desired from ZL; and in like manner 
there must be some sums s which differ by as little as desired from 1. Hence as no 
S can be less than any s, the supposition Z </ is untrue and Z = l, 

Now if for any method of division the limit of the difference 


lim (S$ — s) = lim a (M; — m) AA; = lim bt O;AA; = 0 


of the two sums corresponding to that method is zero, the frontiers Z and / must be 
the same and both S and s approach that common value as their limit; and if the 
difference S—s approaches zero for every method of division, the sums S and 
s will approach the same limit Z=1 for all methods of division, and the sum 
=D,AA; will approach that limit independently of the method of division as well 
as independently of the selection of (&;, y;). This result foHows from the fact that 
L—-t=S8S—s, S—~-L=S-—s, |—s=S-—s, and hence if the limit of S—s is 
zero, then L=1 and S and s must approach the limit Z=l. One case, which 
covers those arising in practice, in which these results are true is that in which 
D(x, y) is continuous over the area A except perhaps upon a finite number of 
curves, each of which may be inclosed in a strip of area as small as desired and 
upon which D(a, y) remains finite though it be discontinuous. For let the curves 
over which D(a, y) is discontinuous be inclosed in strips of total area a. The con- 
tribution of these areas to the difference S—s cannot exceed (M— m)a. Apart 
from these areas, the function D(x, y) is continuous, and it is possible to take the 
divisions AA; so small that the oscillation of the function over any one of them 
is less than an assigned number e. Hence the contribution to S—s is less than 
e(A — a) for the remaining undeleted regions. The total value of S— s is there- 
fore less than (M — m) a+ e(A — a) and can certainly be made as small as desired. 

The proof of the existence and uniqueness of the limit of =D;AA; is therefore 
obtained in case D is continuous over the region A except for points along a finite 
number of curves where it may be discontinuous provided it remains finite. 
Throughout the discussion the term ‘area’? has been applied ; this is justified by the 
previous work (§ 128). Instead of dividing the area A into elements AA, one may 
rule the area with lines parailel to the axes, as done in § 128, and consider the sums 
2ZMAvAy, DVmAvAy, VDArAy, where the first sum is extended over all the rectan- 
gles which lie within or upon the curve, where the second sum is extended over 
all the rectangles within the curve, and where the last extends over all rectangles 
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within the curve and over an arbitrary number of those upon it. In a certain 
sense this method is simpler, in that the area then falls out as the integral of the 
special function which reduces to 1 within the curve and to 0 outside the curve, 
and to either upon the curve. The reader who desires to follow this method thr Supt 
may do so for himself. It is not within the range of this book to do more in the 
way of rigorous analysis than to treat the simpler questions and to indicate the 
need of corresponding treatment for other questions. 

The justification for the method of evaluating a definite double integral as given 
above offers some difficulties in case the function D(z, y) is discontinuous. The 
proof of the rule may be obtained by a careful consideration of the integration of 
a function defined by an integral containing a parameter. Consider 


x. uy y x, 
¢(y) = al "D(a, y) de, J '¢(y) dy = fi : i D(a, y) dedy. (4) 
Lar 0 Ym. “ % 


It was seen (§ 118) that ¢(y) is a continuous function of y if D(x, y) is a con- 
tinuous function of (x,y). Suppose that D(x, y) were discontinuous, but remained 
finite, on a finite number of curves each of which is cut by a line parallel to the 
z-axis in only a finite number of points. Form A¢ as before. Cut out the short 
intervals in which discontinuities may occur. As the number of such intervals is 
finite and as each can be taken as short as desired, their total contribution to ¢ (y) 
or ¢(y + Ay) can be made as small as desired. For the remaining portions of the 
interval 2) = x =~, the previous reasoning applies. Hence the difference A¢ can 
still be made as small as desired and ¢ (y) is continuous. If D(a, y) be discontinuous 
along a line y =8 parallel to the z-axis, then ¢(y) might not be defined and might 
have a discontinuity for the value y=. But there can be only a finite num- 
ber of such values if D(x, y) satisfies the conditions imposed upon it in considering 
the double integral above. Hence ¢ (y) would still be integrable from y, to y,. Hence 


Edlig (PES D : 
i if (x, y) dady exists 
My YX 


My fen 
and m(e,—2)(45— 4) Sf f 'D(e, y)dedy S Mw, — %)(v, — %) 
<8 fy OCH) 


under the conditions imposed for the double integral. 
Now let the rectangle z, =@ =2,, yp) =y =y, be divided up as before. Then 


yt Agy a+ Aye 
myAxAy; = ir ff D(x, y) dady = MyAwAjy. 
y vc 


YAY pura 
Add : > myAn Ay; = > { Z Hi D(a, y) drdy = > MyAwaAjy 
vy HH) 
ytAs c+ Ann y i 
and a: ik pes a D(a, y) dedy = Hi f ‘D(a, y) dady. 
7] x Yo YX 


Now if the number of divisions is multiplied indefinitely, the limit is 


fj e i "“D (a, y) dedy = lim > mpg = lim DY Mvddy = [D(@, yaa. 
Y% a) 


Thus the previous rule for the rectangle is proved with proper allowance for pos- 
sible discontinuities. In case the area A did not form a rectangle, a rectangle 
could be described about it and the function D(a, y) could be defined for the 
whole rectangle as follows: For points within A the value of D(z, y) is already 
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defined, for points of the rectangle outside of A take D(z, y)=0. The discon- 
tinuities across the boundary of A which are thus introduced are of the sort 
allowable for either integral in (4), and the integration when applied to the rec- 
tangle would then clearly give merely the integral over A. The limits could then 
be adjusted so that 
ff" Dee, naedy = f a PHP ey) dandy = [D@, waa. 
Yo YX Vy vu 


= oY) 


The rule for evaluating the double integral by repeated integration is therefore 
proved. 


EXERCISES 


1. The sum of the moments of inertia of a plane lamina about two perpendicular 
lines in its plane is equal to the moment of inertia about an axis perpendicular to 
the plane and passing through their point of intersection. 


2. The moment of inertia of a plane lamina about any point is equal to the sum 
of the moment of inertia about the center of gravity and the product of the total 
mass by the square of the distance of the point from the center of gravity. 


3. If upon every line issuing from a point O of a lamina there is laid off a dis- 
tance OP such that OP is inversely proportional to the square root of the moment of 
inertia of the lamina about the line OP, the locus of P is an ellipse with center at O. 


4. Find the moments of inertia of these uniform laminas: 

(@) segment of a circle about the center of the circle, 

(8) rectangle about the center and about either side, 

(y) parabolic segment bounded by the latus rectum about the vertex or diameter, 
(6) right triangle about the right-angled vertex and about the hypotenuse. 


5. Find by double integration the following areas: 
(@) quadrantal segment of the ellipse, (8) between y? = x8 and y = a, 
(vy) between 3 y? = 252 and 522 = 9y, 
(5) between z? + y2?—227=0, 22+ y2—2y=0, 
(e) between y? = 4ax + 4a?, y? = — 4dr 4+ 402, 
(¢) within (y— a — 2)? = 4— 2, 
(7) between x? = 4ay, y (x? + 4a?) = 8 a8, 
(2) y= ony a2 2 — 2am = 0. 
6. Find the center of gravity of the areas in Ex. 5 (a), (8), (y), (8), and 
(a) quadrant of aty? = a2xt — x6, (8) quadrant of xs aa y3 — at, 
1 1 
(y) between 72 = y2 + a2, e+y=a, (5) segment of a circle. 
7. Find the volumes under the surfaces and over the areas given: 
a aC ; : ; 
(a) sphere z = Va? — x? — 7? and square inscribed in 2? + y? = a?, 
(8) sphere z = Va — x? — 7? and circle x? + y? — ax = 0, 
(y) cylinder z = V4a? — y? and circle 22 + y? — 2az = 0, 
(5) paraboloid z = kry and rectangle OS 2 Sa, OSySb, 
(€) paraboloid z = kry and circle 2 + y? — 2ax — 2ay = 0, 
(¢) plane w/a + y/b + z/e =1 and triangle zy (v/a + y/b —1) = 0, 
(7) paraboloid z = 1— #2/4 — y2/9 above the plane z = 0, 
(9) paraboloid z = (« + y)? and circle 2? + y? = a?. 
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8. Instead of choosing (&, nj) a8 particular points, namely the middle points, of 
the rectangles and evaluating 2D (é;, n;) Av;Ay; subject to errors \, « which vanish in 
the limit, assume the function D(a, y) continuous and resolve the double integral 
into a double sum by repeated use of the Theorem of the Mean, as 


x. 
e(y) = {f "D(z, y) de = Ss D(&, y) Avi, és properly chosen, 


yy 
feaay =>) ou) au => | ¥ Deen) Axi | au; =) DG, 1) Ady. 
v J J i Cw) 


9. Consider the generalization of Osgood’s Theorem (§ 85) to apply to double 
integrals and sums, namely: If a are infinitesimals such that 


ay = DE, n;)AAg + GAAy, 


where ¢; is uniformly an infinitesimal, then 


lim > Oey; = [ De, yydA =[" [De y) dady. 
i, lo) 0 


- Discuss the statement and the result in detail in view of § 34. 


10. Mark the region of the zy-plane over which the integration extends : * 


(a) fe : ifs “Daye, (8) i, : fe a Diyas, (7) ip f "Daedy, 
(3) f° Oo baa, (e) fe i Wee as f ‘3 ik boot oa iar 
= 6 a J-= 


11. The density of a rectangle varies as the square of the distance from one 
vertex. Find the moment of inertia about that vertex, and about a side through 
the vertex. 


12. Find the mass and center of gravity in Ex. 11. 


13. Show that the moments of momentum (§ 80) of a lamina about the origin 
and about the point at the extremity of the vector r, satisfy 


if r<vam = rox f vdm + [rxvdm, 


or the difference between the moments of momentum about P and @ is the moment 
about P of the total momentum considered as applied at Q. 


14. Show that the formulas (1) for the center of gravity reduce to 








i “ty Dde if? tyyDde i 2 (Yy — Yo) Dade 
Ti a ? Wp = Oe sew ee Ore = *o ’ 
Ir yDda yDdz i ‘(yt — Yo) Dax 
0 *9 


ft ae (Y, Sie Yo) (Yy Lam Yo) Ddz 


o 





y= = 
if (¥ — Yo) Ddx 
at 


* Exercises involving polar codrdinates may be postponed until § 134 is reached, unless 
the student is already somewhat familiar with the subject. 
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when D(z, y) reduces to a function D(x), it being understood that for the firsu 
two the area is bounded by  =0, x= a, y=f (x), y = 90, and for the second two 
by = %, C=%, ¥, =f, (2), Vo =Jo(@)- 


15. A rectangular hole is cut through a sphere, the axis of the hole being a 
diameter of the sphere. Find the volume cut out. Discuss the problem by double 
integration and also as a solid with parallel bases. 


16. Show that the moment of momentum of a plane lamina about a fixed point 
or about the instantaneous center is Iw, where w is the angular velocity and J the 
moment of inertia. Is this true for the center of gravity (not necessarily fixed) ? 
Is it true for other points of the lamina ? 


1 y ov 
17. Invert the order of integration in Ex. 10 and inf ict ki *Dayde. 
14-7? 


18. In these integrals cut down the region over which the integral must be 
extended to the smallest possible by using symmetry, and evaluate if possible: 

(a) the integral of Ex. 17 with D = y? — 2a7y, 

(8) the integral of Ex. 17 with D= (e—2 V3)*y or D = («#—2V3) y2, 

(y) the integral of Ex. 10(e) with D=r(1+ cos¢) or D=sin ¢ cos ¢. 


19. The curve y=/f(x) between «=a and «=b is constantly increasing. 
Express the volume obtained by revolving the curve about the z-axis as 
aw [f(a)]?(b — a) plus a double integral, in rectangular and in polar codrdinates. 


20. Express the area of the cardioid r = a(1— cos¢) by means of double inte- 
gration in rectangular coérdinates with the limits for both orders of integration. 


133. Triple integrals and change of variable. In the extension from 
double to triple and higher integrals there is little to cause difficulty. 
For the discussion of the triple integral the same foundation of mass 
and density may be made fundamental. If D(2, y, z) is the density of 
a body at any point, the mass of a small volume of the body surround- 
ing the point (€,, ;, ¢;) will be approximately D(€,, y;, €;) AV;, and will 
surely lie between the limits M,AV,; and m,AV;, where M, and m; are 
the maximum and minimum values of the density in the element of 
volume AV;. The total mass of the body would be taken as 


lim > D (Ei, niy €:) AV; =f (x, y, 2) dV, (5) 
AVi=0 

where the sum is extended over the whole body. That the limit of the 
sum exists and is independent of the method of choice of the points 
(€,, n;, &) and of the method of division of the total volume into elements 
AV;, provided D(x, y, #) is continuous and the elements AV; approach 
zero in such a manner that they become small in every direction, is 
tolerably apparent. 
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The evaluation of the triple integral by repeated or iterated integra- 
tion is the immediate generalization of the method used for the double 
integral. If the region over which the integration takes place is a rec- 
tangular parallelepiped with its edges parallel to the axes, the integral is 


fre. Y; java fff 'D (@ y, 2) dadydz. (5') 
a) % e% 


The integration with respect to « adds up the mass of the elements in 
the column upon the base dydz, the integration with respect to y then 
adds these columns together into a lamina of thickness dz, and the 
integration with respect to 2 finally adds 
together the laminas and obtains the mass 
in the entire parallelepiped. This could 
be done in other orders; in fact the inte- 
gration might be performed first with re- 
gard to any of the three variables, second 
with either of the others, and finally with 
the last. There are, therefore, six equiva- 
lent methods of integration. 

If the region over which the integration 
is desired is not a rectangular parallele- 
piped, the only modification which must be introduced is to adjust the 
limits in the successive integrations so as to cover the entire region. 
Thus if the first integration 1s with respect to # and the region is 
bounded by a surface « = y,(y, z) on the side nearer the yz-plane and 
by a surface x = y,(y, ) on the remoter side, the integration 








bs B= Wy (Ys 2) 
f D(a, y, 2) dadydz = O(y, 2) dydz 
L= oY, 2) 

will add up the mass in elements of the column which has the cross 
section dydz and is intercepted between the two surfaces. The problem 
of adding up the columns is merely one in double integration over the 
region of the yz-plane upon which they stand; this region is the pro- 
jection of the given volume upon the yz-plane. The value of the 
integral is then 


ey y= o4@ cay , ©) W,@, ¥) 
fav -[ Q dydz =| ili Ddadydz. (5'") 
Ry UV = bo () cay bo Wo @, v) 


Here again the integrations may be performed in any order, provided 
the limits of the integrals are carefully adjusted to correspond to that 
order. The method may best be learned by example. 
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Find the mass, center of gravity, and noment of inertia about the axes ot the 
volume of the cylinder x? + y? — 2 az = 0 which lies in the first octant and under 
paraboloid 2? + y? = az, if the density be assumed constant. The integrals to eval- 


uate are: eam fran fram 


, Z = 
m m ™m™ 











m= [ Dav, Z= , (6) 


Te = { Diy? + 2)4V, I= D{ (@ +24V, I. =D { @ + y)aV. 


The consideration of how the figure looks shows that the limits for z are z = 0 and 
2= (x? + y’)/a if the first integration be with respect to z ; then the double integral 
in 2 and y has to be evaluated over a semi- 
circle, and the first integration is more simple 
if made with respect to y with limits y = 0 
and y = V2ax — a, and final limits 2 = 0 
and « = 2a fora. If the attempt were made 
to integrate first with respect to y, there 
would be difficulty because a line parallel to 
the y-axis will give different limits according 
as it cuts both the paraboloid and cylinder or 
the wz-plane and cylinder ; the total integral 
would be the sum of two integrals. There 
would be a similar difficulty with respect 
to an initial integration by «. The order of 
integration should therefore be z, y, x 


V2ax—22 (a? + y)/a 2a V3 ax— x2 a 2 
Ue Det La iss ae. dzdydx = D i tie = + : dydz 
=0¢y= = 0) 


Jx=0 

















D 


=— [|e vie a? 4 = eewele ‘a = a(1— cos 6) 
, Bes eo 


r 


{ 
9 2 2ax— x2 = asiné 
= Da? ir | — cos 4)? sin? @ ie ; sin‘ a| ag = qmeD Ld c= asin éd¢ 


V2 aa — a 2 ty) fa 2a 2ax— 27 73 2 
neha He rdzdyde =D f" [ wt eV" ayde 
x=0 0 x=0VUy=0 a 


= ay aes [evi — 2 + bere ax — of Ja = 7atD. 
0 o 


a 





Hence « = 4a/3. The computation of the other integrals may be left as an exercise. 


134. Sometimes the region over which a multiple integral is to be 
evaluated is such that the evaluation is relatively simple in one kind 
of coérdinates but entirely impracticable in another kind. In addition 
to the rectangular coérdinates the most useful systems are polar coér- 
dinates in the plane (for double integrals) and polar and cylindrical 
coordinates in space (for triple integrals). It has been seen ($ 40) that 
the element of area or of volume in these cases is 


dA = rdrdd, dV =r’ sin 6drdéd¢, dV = rdrdddz, (7) 
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except for infinitesimals of higher order. These quantities may be 
substituted in the double or triple integral and the evaluation may be 
made by successive integration. The: proof that the substitution can 
be made is entirely similar to that given in $$ 34-35. The proof that 
the integral may still be evaluated by successive integration, with a 
proper choice of the limits so as to cover the region, is coniained in 
the statement that the formal work of evaluating a multiple integral 
by repeated integration is independent of what the codrdinates actually 
represent, for the reason that they could be interpreted if desired as 
representing rectangular coérdinates. 


Find the area of the part of one loop of the lemniscate r2 = 2a? cos2¢ which is 
exterior to the circle r = a; also the center of gravity and the moment of inertia rela- 
tive to the origin under the assumption of constant density. Here the integrals are 


A= fad, Az = fad, Ay = [ydd, TaD (acd, m= DA. 
The integrations may be performed first with respect (a, % 7) 
to r so as to add up the elements in the little radial 
sectors, and then with regard to ¢ so as to add the (V2a,0) 
sectors ; or first with regard to ¢ so as to combine the ; 


elements of the little circular strips, and then with re- 
gard to r so as to add up the strips. Thus 


A c z aWV 2cos* d 
anon Lf Sa (5 


rdrd ik a? cos2. — a?)d¢ = (Gv3- 5) a? = 343 a2, 
0 
Pei ; aV 200s" 2 3 3 
Az =2{ Af roosp-rdrdp == [ (2 V2 a3 cos? 2 ¢ — a®) cos pd¢ 
poodr 3 Jo 


=a 








ae 2 pie? (1— 2 sin2¢)2 dsin ¢ — cos ¢d¢ | = aa = 893 a’. 
= oo 
o 0 


Hence = 37a/(12V3—47) =1.15a. The sym- 
metry of the figure shows that 7 = 0. The calcula- 
tion of J may be left as an exercise. 

Given a sphere of which the density varies as the 
distance from some point of the surface ; required the 
mass and the center of gravity. If polar codrdinates 
with the origin at the given point and the polar axis 
along the diameter through that point be assumed, 
the equation of the sphere reduces to r= 2acosé 
where a is the radius. The center of gravity from 
reasons of symmetry will fall on the diameter. To 
cover the volume of the sphere r must vary from r = 0 
at the origin to r=2acos@ upon the sphere. The 
polar angle must range from @ = 0 to @ = 37, and the 
longitudinal angle from ¢=0 to ¢=27, Then 
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Dar uF 2a 6 
(fi = f te : se oe kr - 2 8in Gdrdéd¢, 
p=0 Je=04r=0 
2ar : r=2acos@ . 
hie = i! He tk kr. 7 cos 6-7? sin Gdrdéd¢, 
p=0 Y6=0 J r=0 
Qn Ag 2 8 hat 
= 1 ip 2 4ka* cos* 6 sin 6dédp 4 —katdp = bala 
~=0 49=0 5 
™ 5 
__ £2" pz 82ka ™ 32 i 64 wka> 
= 6 sin 6dd le dp = 
m, J, a ii 5 cos® # sin o.= 1) 35 


The center of gravity is therefore z = 8a/7. 
Sometimes it is necessary to make a change of variable 
= $(U, Vv), y = y(u, v) 
or we = 0, wy, y= (u, v, Ww), = o(U, v, Ww) (8) 


in a double or a triple integral. The element of area or of volume has 
been seen to be (§ 63, and Ex. 7, p. 135) 


at =o (2) 
Hence fre nad = [DUA wt = 2) dude (8") 
and fre Y, % v= (DO yo Y, 7 (244) audoae, 


It should be noted that the Jacobian may be either positive or negative 
but should not vanish; the difference between the case of positive and 
the case of negative values is of the same nature as the difference 
between an area or volume and the reflection of the area or volume. 


rN 








dudv or dV= 7 (222) dudude, (8') 


Uy VU, W) 











As the elements of area or volume are considered as positive when 
the increments of the variables are positive, the absolute value of the 
Jacobian is taken. 

EXERCISES 


1. Show that (6) are the formulas for the center of gravity of a solid body. 


2. Show that J, AYE: + 27)dm, I, = [@ + 2%\dm, I, = [@ + y?)dm are the 
formulas for the moment of inertia of a solid about the axes. 


3. Prove that the difference between the moments of inertia of a solid about 
any line and about a parallel line through the center of gravity is the product of the 
mass of the body by the square of the perpendicular distance between the lines. 


4. Find the moment of inertia of a body about a line through the origin in the 
direction determined by the cosines 1, m, n, and show that if a distance OP be laid 
off along this line inversely proportional to the square root of the moment of 
inertia, the locus of P is an ellipsoid with O as center, 
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5. Find the moments of inertia of these solids of uniform density : 


(a) rectangular parallelepiped abe, about the edge a, 

(8) ellipsoid 2?/a? + y?/b? + 22/c? = 1, about the z-axis, 

(vy) circular cylinder, about a perpendicular bisector of its axis, 

(6) wedge cut from the cylinder a2 + y? = r? by z = + ma, about its edge. 
6. Find the volume of the solids of Ex. 5 (8), (6), and of the: 

(a) trirectangular tetrahedron between zyz = 0 and w/a + y/b + z/c = 


(8) solid bounded by the surfaces y? + 22 = 4 az, y? = aa, x = 3a, 
(y) solid common to the two equal perpendicular cylinders x? + y? = a®, «2? 4+ 2? = a?, 


2 2 


1 1 1 2 
a\2 y\2 2\2 a\3 a “As 
(6) octant of (") + (7) + (=) == Il, (e) octant of (*) + (“) + (;) =k 


7. Find the center of gravity in Ex. 5 (8), Ex. 6 (a), (8), (8), (e), density uniform. 


8. Find the area in these cases: (a) between r= asin2¢ and r= ia. 
(8) between r? = 2 a2 cos2¢andr= 3t a, (vy) between r=asin ¢andr=b cos ¢, 
(5) 12 = 2a? cos2 9, rcos¢ = 4 V3a, (ce) r=a(1+ cos¢), r=a. 


9. Find the moments of inertia about the pole for the cases in Ex. 8, density 
uniform. 


10. Assuming uniform density, find the center of gravity of the area of one loop: 


(a) r2 = 2a? cos2 4, (8) r= a(1— cos), (y) r= asin2 ¢, 
(5) r = asin? i ¢ (small loop), (e) circular sector of angle 2 a. 


11. Find the moments of inertia of the areas in Ex. 10 (a), (8), (y) about the 
initial line. 
12. If the density of a sphere decreases uniformly from Do at the center to D, 
at the surface, find the mass and the moment of inertia about a diameter. 
13. Find the total volume of: 
(a) (x? + y? + 2*)? = anyz, (8) (a? + y? + 27)3 = 27 abaxyz. 
14. A spherical sector is bounded by a cone of revolution; find the center of 


eravity and the moment of inertia about the axis of revolution if the density 
varies as the nth power of the distance from the center, 


15. If a cylinder of liquid rotates about the axis, the shape of the surface is a 
paraboloid of revolution. Find the kinetic energy. 


16. Compute J (=), a(® is ) Wes Bs ,) and hence verify (7). 
ry p p, z ~ $, 6 


17. Sketch the region of integration and the curves w= const., v = const. ; 





hence show: 


c c-—a i pe 
(@) ib i, i Ge, ep teleT — tb f(u— uw, uv) ududr, ifu=y +a, y = wr, 
0 Jy=0 0 u=0 


(B) i Biié (x, y) dxdy 


ad +) 7) v of v 
ae Abr r(— ) —dedu li y = cu, & = 
T+u 1+u/ (1+? ne 


ie if z lud Gee ”_ dudv 
Ss —— dudv — —___——— 
kxJec? J, ili (1 + u)? Ja Ju=1° (1+)? 
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18. Find the volume of the cylinder r = 2acos¢ between the cone z =r and 
the plane z= 0. 

19. Same as Ex.18 for cylinder r? =2a?cos2¢; and find the moment of 
inertia about r = 0 if the density varies as the distance from r= 0. 


20. Assuming the law of the inverse square of the distance, show that the 
attraction of a homogeneous sphere at a point outside the sphere is as though all 
the mass were concentrated at the center. 


21. Find the attraction of a right circular cone for a particle at the vertex. 


22. Find the attraction of (@) a solid cylinder, (8) a cylindrical shell upon a 
point on its axis; assume homogeneity. 


23. Find the potentials, along the axes only, in Ex. 22. The potential may be 
defined as =r—1dm or as the integral of the force. 


‘24. Obtain the formulas for the center of gravity of a sectorial area as 


Ss eam =~ “lt pes 
zZ=—f =r cosgd =— [ = 3 sia od 

Dies gap, y ree ES 10 Pag, 

and explain how they could be derived from the fact that the center of gravity of 
a uniform triangle is at the intersection of the medians. 


25. Find the total illumination upon a circle of radius a, owing to a light at a 
distance h above the center. The illumination varies inversely as the square of the 
distance and directly as the cosine of the angle between the ray and the normal 
to the surface. 


26. Write the limits for the examples worked in §§ 183 and 184 when the inte- 
grations are performed in various other orders. 


27. A theorem of Pappus. If a closed plane curve be revolved about an axis 
which does not cut it, the volume generated is equal to the product of the area of 
the curve by the distance traversed by the center of gravity of the area. Prove 
either analytically or by infinitesimal analysis. Apply to various figures in which 
two of the three quantities, volume, area, position of center of gravity, are known, 
to find the third. Compare Ex. 3, p. 346. 


135. Average values and higher integrals. The value of some special 
interpretation of integrals and other mathematical entities lies in the 
concreteness and suggestiveness which would be lacking in a purely 


analytical handling of the subject. For the simple integral f. f (x) dx 


the curve y= f(«) was plotted and the integral was interpreted as 
an area; it would have been possible to remain in one dimension by 
interpreting f(”) as the density of a rod and the integral as the mass. 


In the case of the double integral if f(«, y)dA the conception of den- 


sity and mass of a lamina was made fundamental; as was pointed out, 
it is possible to go into three dimensions and plot the surface z = f(z, y) 
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and interpret the integral as a volume. In the treatment of the triple 
integral ji J (x, y, #)dV the density and mass of a body in space were 


made fundamental; here it would not be possible to plot w= f(x, y, 2) 
as there are only three dimensions available for plotting. 

Another important interpretation of an integral is found in the con- 
ception of average value. If q,, 7,, +++, 7, ave m numbers, the average of 
the numbers is the quotient of their sum by n. 


ee ot toe te on 
Deere S weatan (ies 





(9) 





If a set of numbers is formed of w, numbers q,, and w, numbers 
Yo ***, and w, numbers g,, so that the total number of the numbers 
is w,+w,+---+w,, the average is 


— 1 HE Wola Ft FW nIn _ ZUM | (9") 
W,+W,+---+w, lw; 

The coefficients w,, w,,+++,w,, or any set ot numbers which are pro- 
portional to them, are called the weights of ¢,, o,--+, Qn. These deti- 
nitions of average will not apply to finding the average of an infinite 
number of numbers because the denominator n would not be an arith- 
metical number. Hence it would not be possible to apply the definition 
to finding the average of a function f(#) in an interval 4, =x =z,. 

A slight change in the point of view will, however, lead to a siek 
nition for the average value of a function. Suppose that the interval 
v, = «=x, is divided into a number of intervals Az,, and that it be 
imagined that the number of values of y= f(x) in the interval Az, 
is proportional to the length of the interval. Then the quantities 
Az, would be taken as the weights of the values f(€;) and the average 
would be 





f(x) de 
y= Zar IE) oy better 7 = 2 — (10) 
Az; fi 1 
dx 
by passing to the limit as the Aw,’s approach zero. Then 
‘F(@) dx 
Pee Oe o fo fw) dx = (v,—%,)7. (10") 
= i, 


In like manner if z=/(z, y) be a function of two variables or 
u = f(x, y, 2) a function of three variables, the averages over an area 
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or volume would be defined by the integrals 


|r y)dA [re y, 2) dV 
de ae eT ee (10") 


= +——— and w= 


fusqa faver 


It should be particularly noticed that the value of the average is de- 
fined with reference to the variables of which the function averaged is a 
function ; a change of variable will in general bring about a change in 
the value of the average. For 


Xl 





if y¥ =f); y (®) = zeae TD die 
a if oe 
but if y=f(o), yOu aril I (o(t)) dt; 


and there is no reason for assuming that these very different expres- 
sions have the same numerical value. Thus let 


ee 0S¢51, eS 4 0=StSh7n, 


eae 2 Ve 1 —— dl . al 
WG eS = eda = = —_ sin? td¢# = —- 
5 if ela == 3? y(t) ; it in? tdt 5} 


The average values of « and y over a plane area are 


ppg al 
“= qf 44, y= af wa: 


when the weights are taken proportional to the elements of area; but 


if the area be occupied by a lamina and the weights be assigned as 
proportional to the elements of mass, then 


= 1 = il 
x=— | adm, Y= — ydm, 
MD m : ; 


and the average values of # and y are the codrdinates of the center of 
gravity. These two averages cannot be expected to be equal unless the 
density is constant. The first would be called an area-average of a and 
y; the second, a mass-average of 2 and y.. The mass average of the 
square of the distance from a point to the different points of a lamina 
would be 17 
Fi ce 7 Dace a) mE ie 

n= ki = W. rdm = 1/M, (11) 
and is defined as the radius of gyration of the lamina about that point ; 
it is the quotient of the moment of inertia by the mass. 
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As a problem in averages consider the determination of the average value of a 
proper fraction ; also the average value of a proper fraction subject to the condi- 
tion that it be one of two proper fractions,of which the sum shall be less than or 
equal to 1. Let @ be the proper fraction. Then in the first case 


“atk Noe 1 
a rdx = —. 
“alles 2 


In the second case let y be the other fraction so that + yS1. Now if (a, y) be 
taken as coordinates in a plane, the range is over a triangle, the number of points 
(x, y) in the element dzdy would naturally be taken as proportional to the area of 
the element, and the average of a over the region would be 


fea ib a(e “edwdy eri (l—2y+ yay 


fas Sirs dady 2 [d= yay i. 


Now if x were one of four proper fractions whose sum was not greater than 1, the 
problem would be to average @ over all sets of values (x, y, z, w) subject to the 
relation’ +y+z2+uZlI1. From the analogy with the above problems, the result 


would be 
1-—u [seesags | We ge indydzd 
LALAYAZAU 
, 2eArAyAzAu _ i‘ ies Jy=0 Jxr=0 a 


5 l—wu 1l—u-—2z l-u-—z-y 
* EArAyAzAu (é ns jt an tea 


The eyaluation of the quadruple integral gives ¢ = 1/5. 





Tl 
lI 











136. The foregoing problem and other problems which may arise 
lead to the consideration of integrals of greater multiplicity than three. 
It will be sufficient to mention the case of a quadruple integral. In the 
first place let the four variables be 


° 
ao 


“= 4) 0 


Yy=V=Yp z, =e Sz, ujsusu, (12) 
included in intervals with constant limits. This is analogous to the 
case of a rectangle or rectangular parallelepiped for double or triple 
integrals. The range of values of a, y, z, w in (12) may be spoken of 
as a rectangular volume in four dimensions, if it be desired to use geo- 
metrical as well as analytical analogy. Then the product Aw,Ay,AzAu, 
would be an element of the region. If 


= t, + Aw; +++, u;S0;Su, + Au, 


the point (&;, 7, A ite would be said to he in the element of the region. 
The formation of a quadruple sum 


papules nis Sip 6;) Av Ay Az Au; 


could be carried out in a manner similar to that of double and triple 
sums, and the sum could readily be shown to have a limit when 
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Az,, Ay;, Az;, Au; approach zero, provided f is continuous. The limit of 
this sum could be evaluated by iterated integration 


Ly yy ay Uy 
lim >) fdvAyAzAu; = f if fh i I (a, Y, #, wu) dudzdydx 
%% Yo 29 a) 


where the order of the integrations is immaterial. 
It is possible to define regions other than by means of inequalities 
such as arose above. Consider 


F(x, y,2,u)=0 and F(a, y, 2, u)=0, 


where it may be assumed that when three of the four variables are 
given the solution of # = 0 gives not more than two values for the 
fourth. The values of «, y, z, w which make F < 0 are separated from 
those which make F > 0 by the values which make F = 0. If the sign 
of F is so chosen that large values of x, y, z, u make F positive, the 
values whica give F > 0 will be said to be outside the region and those 
which give F < 0 will be said to be inside the region. The value of the 
integral of f(x, y, 2, w) over the region F = 0 could be found as 


y= $,() z= W,(@, v) (2, Y, 2) 
I Ab aft Hee F(a, y, % uv) dudzdydz, 
Y= ho(%) 2= p(t, v) U= W(X, Y; 2) 


where u = w,(#, y, #) and u=w,(a, y, #) are the two solutions of F=0 
for w in terms of x, y, , and where the triple integral remaining after 
the first integration must be evaluated over the range of all possible 
values for (x, y, 2). By first solving for one of the other variables, the 
integrations could be arranged in another order with properly changed 
limits. 
If a change of variable is effected such as 
LH OC,Y42,.U), YoVey,2,%), 2=x@7~,7,2,U), v=ole,y',2,w) (18) 


the integrals in the new and old variables are related by 


i He i Ff (@, Yy % Uw) daedydzdu = is ip Hf if f(y Wy Xy @) [e 


The result may be accepted as a fact in view of its analogy with the results (8) for 
the simpler cases. A proof, however, may be given which will serve equally well 
as another way of establishing those results, —a way which does not depend on the 
somewhat loose treatment of infinitesimals and may therefore be considered as 
more satisfactory. In the first place note that from the relation (83) of p. 184 
involving Jacobians, and from its generalization to several variables, it appears 
that if the change (14) is possible for each of two transformations, it is possible 
for the succession of the two. Now for the simple transformation 





a Be ay) : ; 
(oe wu w) [aay ‘dea. (14) 


, 7 


C= oe, Yemen z= 2, usar, 2, wv) = w(2, y, Zz, wv), (13’) 
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which involves only one variable, J = éw/éu’, and here 
ou 
ow’ 


fre Y, 2, U) du (ere Y, 2, W) ' dw’ Sales VEG OM) 


and each side may be integrated with respect to x, y, z. Hence (14) is true in this 
case, For the transformation 


J | dw’, 














c= g (a, Y’, 2, w), y — y (w’, wie ei w), a x (a, Us a, wu’), u= Ww, (18”) 





whieh involves only three variables, J 2 us; oD oo \i Jf ol MAES and 
wy’, 2, Ww WG 


i it F (@, Yy 2, U) dedydz = i i F(s Ys X W|I [de’dy’dz’, 


and each side may be integrated with respect to u. The rule therefore holds in 
this case. It remains therefore merely to show that any transformation (18) may 
be resolved into the succession of two such as (18’), (18”’). Let 
fey Sui Y,=Y, Se UW, = (L,Y, 2, UW) = w(h,, Yq, 2, UW). 
Solve the equation wu, = w(@, y;, 2, uw’) for w’ = w, (x1, ¥;, 2%, u,) and write 
L= (Ly, Yyzy Z, 4), Y =P (ly Yrs Z1y 1), Z=X (Ly Vy» 25 4), U= Uy. 


Now by virtue of the value of w,, this is of the type (18”), andthe substitution of 
Ly, Yz, %, U, in it gives the original transformation. 


EXERCISES 


1. Determine the average values of these functions over the intervals: 


(a) 2, 0=2=10, (8) sing, 0=a Sz, 
(y) 2, 0S2=n, (5) cose, 0=x2S hr. 
2. Determine the average values as indicated : 

(a) ordinate in a semicircle a? + y? = a?, y > 0, with x as variable, 
(8) ordinate in a semicircle, with the arc as variable, 
(vy) ordinate in semiellipse « = acos¢, y = bsin ¢, with ¢ as variable, 
(5) focal radius of ellipse, with equiangular spacing about focus, 
(e) focal radius of ellipse, with equal spacing along the major axis, 
(¢) chord of a circle (with the most natural assumption). 


3. Find the average height of so much of these surfaces as lies above the zy-plane : 
(a) @+y +2 = a7, (6) 2 = a4 — p72? — g?y?, (y) @#=4—22— 7. 


4. If a man’s height is the average height of a conical tent, on how much of the 
floor space can he stand erect ? 


5. Obtain the average values of the following: 


(a) distance of a point in a square from the center, (8) ditto from vertex, 
(y) distance of a point in a circle from the center, (6) ditto for sphere, 
(e) distance of a point in a sphere from a fixed point on the surface. 


6. From the S.W. corner of a township persons start in random directions 
between N. and E. to walk across the township. What is their average walk ? 
Which has it ? 
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7. On each of the two legs of a right triangle a point is selected and the line 
joining them is drawn. Show that the average of the area of the square on this 
line is 1 the square on the hypotenuse of the triangle. 


8. A line joins two points on opposite sides of a square of side a, What is the 
ratio of the average square on the line to the given square ? 


9, Find the average value of the sum of the squares of two proper fractions. 
What are the results for three and for four fractions ? 


10. If the sum of n proper fractions cannot exceed 1, show that the average 
value of any one of the fractions is 1/(n + 1). 


11. The average value of the product of k proper fractions is 2—-*. 


12. Two points are selected at random within a circle. Find the ratio of the 
average area of the circle described on the line joining them as diameter to the 
area of the circle. 


13. Show that J = r3 sin? 6 sin @ for the transformation 


z=rcosé, y=rsinécos¢?, z=rsindsingcosy, w=rsinésingsiny, 
and prove that all values of a, y, z, u defined by z? + y? + 2? + uw? = a? are covered 
by the range OSr=a, 0OS057, 0=¢=7, 0=Y¥=27. What range will 
cover all positive values of z, y, z, wu? 

14. The sum of the squares of two proper fractions cannot exceed 1. Find the 
average value of one of the fractions. 


15. The same as Ex. 14 where three or four fractions are involved. 


16. Note that the solution of u, = (2, y,, 2, w) for w=, («,, ¥1, 2, u,) 
requires that dw/éw shall not vanish. Show that the hypothesis that J does not van- 
ish in the region, is sufficient to show that at and in the neighborhood of each point 
(x, y, Z, u) there must be at least one of the 16 derivatives of ¢, ¥, x, w by x, y, 2, u 
which does not vanish ; and thus complete the proof of the text that incase J + 0 
and the 16 derivatives exist and are continuous the change of variable is as given. 

17. The intensity of light varies inversely as the square of the distance. Find 
the average intensity of illumination in a hemispherical dome lighted by a lamp 
at the top. 


18. If the data be as in Ex. 12, p. 331, find the average density. 


137. Surfaces and surface integrals. Consider a surface which has 
at each point a tangent plane that changes contin- 
uously from point to point of the surface. Consider 
also the projection of the surface upon a plane, say 
the ay-plane, and assume that a line perpendicular 
to the plane cuts the surface in only one point. 
Over any element dA of the projection there will 
be a small portion of the surface. If this small 
portion were plane and if its normal made an angle y with the z-axis, 
the area of the surface (p. 167) would be to its projection as 1 is to 





ON MULTIPLE INTEGRALS 339 


cos y and would be sec ydA. The value of cos y may be read from (9) 
on page 96. This suggests that the quantity 


de\?2 a2\2 } 
S= f see yi =ff P+ eee dady (15) 


be taken as the definition of the area of the surface, where the double 
integral is extended over the projection of the surface; and this defi- 
nition will be adopted. This definition is really dependent on the 
particular plane upon which the surface is projected; that the value of 
the area of the surface would turn out to be the same no matter what 
plane was used for projection is tolerably apparent, but will be proved 
later. 





Let the area cut out of a hemisphere by a cylinder upon the radius of the 
hemisphere as diameter be evaluated. Here (or by geometry directly) 





‘ ; ; 02 x 02 7] 
C2 2 22 = a2, SSS) SSeS, 
any z cy z 


a2 y2 3 Wii (aa 
s=[1+5+5| dA=2f- ak SSS = Ye. 
Cee x=0 Va? — «2 — 2 


This integral may be evaluated directly, but it is better to transform it to polar 
codrdinates in the plane. Then 





=2 is Zi a ee if) TF (Le a Vee a 
6=0"%r=0 ve y2 0 

It is clear that the half area which lies in the first octant could be projected upon 
the xz-plane and thus evaluated. The region over which the integration would 
extend is that between «2 + z2= a? and the projection 
z24+ ax = a? of the curve of intersection of the sphere 
and cylinder.” The projection could also be made on the 
yz-plane. If the area of the cylinder between z= 0 and 
the sphere were desired, projection on z=0 would be 
useless, projection on «= 0 would be involved owing to 
the overlapping of the projection on itself, but projection 
on y = 0 would be entirely feasible. 

To show that the definition of area does not depend, 
except apparently, upon the plane of projection consider 
any second plane which makes an angle @ with the first. Let the line of intersec- 
tion be the y-axis; then from a figure the new coérdinate w’ is 


Z| 





y (Lay Ox’ One: 
“ =xcosd+zsind, y=y, and J— ps = cos 6 + eon 4, 





(@, 7) oe 
g dady Slee (@, Y) dandy EY ie da’dy 
‘ =ff cosy x’, Y) cosy J cosy (cos @ + p ‘psin@) | 
It remains to show that the denominator cos y (cos 6 + psin @) = cosy’. Referred 


to the original axes the direction cosines of the normal are —p:—q:1, and of 
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the z’-axis are — sing:0:cos@. The cosine of the angle between these lines is 


therefore 


coe Ns Oy coeds pang Ee oo ee pee. 


V1l+p?+¢ sec y 


Hence the new form of the area is the integral of sec y’d A’ and equals the old form. 





The integrand dS = sec ydA is called the element of surface. There 
are other forms such as dS = sec(r,n)7r*sin 6d6dq, where (r, n) is the 
angle between the radius vector and the normal; but they are used 
comparatively little. The possession of an expression for the element 
of surface affords a means of computing averages over surfaces. For if 
u= u(x, y, 2) be any function of (a, y,z), and z=/(«, y) any surface, 
the integral 


a=% fue, Y, jis=t | fuc, y,f)Vit+p?+q¢drdy (16) 


will be the average of w over the surface S. Thus the average height 
of a hemisphere is (for the surface average) 


1 ‘It a 1 1 
3 | edS= 2-—dady = —~- 17a? =—; 
27a i 21a? ff z Le Pe at > 


whereas the average height over the diametral plane would be 2/3. 
This illustrates again the fact that the value of an average depends 
on the assumption made as to the weights. 

138. If a surface z = f(x, y) be divided into elements AS;, and the 
function u(x, y, #) be formed for any point (€;, ;, ¢;) of the element, 
and the sum 3w,;AS; be extended over all the elements, the limit of 
the sum as the elements become small in every direction is defined 
as the surface integral of the function over the surface and may be 








BS 


evaluated as 


lim >) U (Es My &) AS; =f. (x y, 2)dS 
=f [x, y, F(a, y)] V1 +fO+fidady. (17) 


That the sum approaches a limit independently of how (&,, y,, ¢;) is 
chosen in AS; and how AS, approaches zero follows from the fact that 
the element w(€,, »,, ¢;)AS; of the sum differs uniformly from the 
integrand of the double integral by an infinitesimal of higher crder, 
provided w(a, y, 2) be assumed continuous in (a, y, 2) for points near 
the surface and V1 + f/?+ 7/7 be continuous in (a, y) over the surface. 

For many purposes it is more convenient to take as the normal 
form of the integrand of a surface integral, instead of udS, the 
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product Reos ydS of a function R(x, y, 2) by the cosine of the in- 
clination of the surface to the z-axis by the element dS of the surface. 
Then the integral may be evaluated over either side 
of the surface; for R(a, y, z) has a definite value 
on the surface, dS is a positive quantity, but cos y 
is positive or negative according as the normal is 
drawn on the upper or lower side of the surface. 
The value of the integral over the surface will be 


fe (x, y, 2) cos ydS = [f aavay or = [ [ Raeay (18) 


according as the evaluation is made over the upper or lower side. If 
the function R (a, y, #) is continuous over the surface, these integrands 
will be finite even when the surface becomes perpendicular to the 
xy-plane, which might not be the case with 
an integrand of the form u (a, y, z) dS. 

An integral of this sort may be evaluated 
over a closed surface. Let it be assumed 
that the surface is cut by a line parallel to 
the z-axis in a finite number of points, and 
for convenience let that number be two. Let 
the normal to the surface be taken con- 
stantly as the exterior normal (some take 
the interior normal with a resulting change 
of sign in some formulas), so that for the 
upper part of the surface cos y > 0 and for x 
the lower part cos y< 0. Let z=/f((a, y) 
and z = f,(x, y) be the upper and lower values of z on the surface. Then 
the exterior integral over the closed surface will have the form 


[reos yas = ff RC wf sy) dy — ff Ale fle Dedy, (18) 


where the double integrals are extended over the area of the projection 
of the surface on the xy-plane. 

From this form of the surface integral over a closed surface 
it appears that a surface integral over a closed surface may be ex- 
pressed as a volume integral over the volume inclosed by the surface.* 











* Certain restrictions upon the functions and derivatives, as regards their becoming 
infinite and the like, must hold upon and within the surface. It will be quite sufficient 
if the functions and derivatives remain finite and continuous, but such extreme conditions 
are by no means necessary. 
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For by the rule for integration, 


2=f(r, y) e 
Sf py sadudy = fre, Y, ®) 
Sl; Y/) 
Hence f cos yS “Se — dV 
ee 
O 


if the symbol O be used to designate a closed surface, and if the double 
integral on the left of (19) be understood to stand for either side of 
the equality (18'). In a similar manner 


ie cos ad = | { Paya: =f ff Ge teen -{= — dV, 
19") 
fe cos BdS = [ f aaeae =f {fs Fy dyed =f Bar. | 


Then feos + deos B+ Rees yas Slates): i 
(20) 


o ff (Pdydz + Qdzdx + Rdady) Shi et +") dadydz 
U OZ 


follows immediately by merely adding the three equalities. Any one of 
these equalities (19), (20) is sometimes called Gauss’s Formula, some- 
times Green’s Lemma, sometimes the divergence formula owing to the 


z= f(x, ¥) 
dady. 
2=S,(%, /) 





(19) 








interpretation below. 

The interpretation of Gauss’s Formula (20) by vectors is important. 
From the viewpoint of vectors the element of surface is a vector dS 
directed along the exterior normal to the surface ($76). Construct the 
vector function 


F(a, y, 2) =1P(@, y, 2) +jQ(@, y, 2) + KR (a, y, 2). 
Let dS =(icosa + jcos B+ k cos y)dS = idS, + jdS,; + kds,, 
where dS,,, dS,, dS, are the projections of dS on the coérdinate planes. 


Then P cos adS + Qcos BdS + R cos ydS = FedS 


and ih i (Pdydz + Qdadz + Rdxdy) = if F.dS, 


where dS,, dS,, dS, have been replaced by the elements dydz, dadz, dxdy, 
which would be used to evaluate the integrals in rectangular coérdinates, 
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without at all implying that the projections dS,, dS,, dS, are actually 
rectangular. The combination of partial derivatives 


OP cQueoR 
0) ae aoe (21) 


where V-F is the symbolic scalar product of V and F (Ex. 9 below), is 
valled the divergence of F. Hence (20) becomes 


ip div Fay = jp V-FdV= i. F.dS. (20') 


Now the function F(x, y, z) is such that at each point (x, y, z) of space a vector 
is defined. Such a function is seen in the velocity in a moving fluid such as air or 
water. The picture of a scalar function u(a, y, 2) was by means of the surfaces 
u = const.; the picture of a vector function F(z, y, z) may be found in the system 
of curves tangent to the vector, the stream lines in the fluid 
if F be the velocity. For the immediate purposes it is better 
to consider the function F(z, y, z) as the flux Dy, the prod- 
uct of the density in the fluid by the velocity. With this 
interpretation the rate at which the fluid flows through an 
element of surface dS is Dv-dS = F-dS. For in the time 
dt the fluid will advance along a stream line by the amount 
vdt and the volume of the cylindrical volume of fluid which advances through the 
surface will be vedSdt. Hence 2Dy-d§S will be the rate of diminution of the amotat 
of fluid within the closed surface. 

As the amount of fluid in an element of volume dV is DdV, the rate of diminution 
of the fluid in the element of volume is — 6D/ét where 0D/dt is the rate of increase 
of the density D at a point within the element. The total rate of diminution of the 
amount of fluid within the whole volume is therefore — 2dD/etdV. Hence, by 
virtue of the principle of the indestructibility of matter, 





aD 
ne VIS IE Oe. 20” 
[Fas [Pv aay (20”) 


Now if vz, vy, Uz be the components of v so that P= Dvz, Q = Dv,, R = Dv, are 


the components of F, a comparison of (21), (20’), (20’) shows that the integrals of 
— 0D/ét and div F are always equal, and hence the integrands, 


me 2 oP 4 0Q ny oR ES ODvz 4 aDv, 4 eeu 


ot Ou oy Oz hy oy 02 








? 


are equal; that is, the sum P+ Q/+4 R/ represents the rate of diminution of 
density when iP + jQ+kR is the flux vector; this combination is called the 
divergence of the vector, no matter what the vector F really represents. 


139. Not only may a surface integral be stepped up to a volume 
integral, but a line integral around a closed curve may be stepped up 
into a surface integral over a surface which spans the curve. To begin 
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with the simple case of a line integral in a plane, note that by the 
same reasoning as above 


f eile =f, Ie ——deay, if Ody = ae. == - dudy, 
(Fe oP 
[ve (x, y)dx + Q(a, y) dy] =f{( be — =) dxdy. 


This is sometimes called Green’s Lemma for the plane in distinction 
to the general Green’s Lemma for space. The oppo- 
site signs must be taken to preserve the direction 
of the line integral about the contour. This result 
may be used to establish the rule for transforming a 
double integral by the change of variable x= ¢ (wu, v), 


y= (u, v). For 
A= [ny = s [ox ae an tah av 

e (ey ey 

= [TB C2)-2(cB 
a Oy Ox by 

ri + ff ae dv dv & ) a 

= + ff) dudv = ff \rlauae 
Uy V 


(The double signs have to be introduced at first to allow for the case 
where J is negative.) The element of area dA =|./|dudv is therefore 
established. 

To obtain the formula for the conversion of a 
line integral in space to a surface integral, let 
P (a, y, 2) be given and let x = f(a, y) be a surface 
spanning the closed curve O. Then by virtue of 
z= f(a, y), the function P(w, y, #) = P,(x, y) and 


OP. dz OP 
[pe = [Pate ={{-5 By oety = =f{(F ay ae, 


where O' denotes the projection of O on the xy-plane. Now the final 
double integral may be transformed by the introduction of the cosines 
of the normal direction to z= f(a, y). 


(22) 








cos Bi:cosy=— gil, dxdy=cos ydS, gdxdy = — cos BdS = — dadz. 
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Then ={ fe sg! De a) een =1tG. dxdz — i og te) = [ Paw, 


If this result and those obtained by permuting the letters be added, 


[ew + Qdy + Rdz) 


OP OR 0Q OP 
aril fe outs + (Ze Por Fa) ae + (5a — Ge eee. (23) 


This is known as Stokes’s Formula and is of especial importance in 
hydromechanices and the theory of electromagnetism. Note that the 
line integral is carried around the rim of the surface in the direction 
which appears positive to one standing upon that side of the surface 
over which the surface integral is extended. 

Again the vector interpretation of the result is valuable. Let 


F(@, y, 2) =1P (a, y, 2) +jQG, y, #)-+ KR (x, y, 2), 


.(OR @Q W/CL. Oke 0Q> er : 
ale ae ree (ey) 


Then i et ={ curl FedS = [ v-R-as, (23') 


where VxF is the symbolic vector product of V and F (Ex. 9, below), 
is the form of Stokes’s Formula; that is, the line integral of a vector 
around a closed curve is equal to the surface integral of the curl of the 
vector, as defined by (24), around any surface which spans the curve. 
If the line integral is zero about every closed curve, the surface inte- 
gral must vanish over every surface. It follows that curl F=0. For 
if the vector curl F failed to vanish at any point, a small plane sur- 
face dS perpendicular to the vector might be taken at that point and 
the integral over the surface would be approximately |curl F|dS and 
would fail to vanish,—thus contradicting the hypothesis. Now the 
vanishing of the vector curl F requires the vanishing 


R,— 2, =, Po Ri 0: Q,—P,=9 





of each of its components. Thus may be derived the condition that 
Pdx + Qdy + Rdz be an exact differential. 


If F be interpreted as the velocity v in a fluid, the integral 
fvear = [vad + vydy + v,dz 


of the component of the velocity along a curve, whether open or closed, is called 
the circulation of the fluid along the curve; it might be more natural to define 
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the integral of the flux Dv along the curve as the circulation, but this is not 
the convention. Now if the velocity be that due to rotation with the angular veloc- 
ity a about a line through the origin, the circulation in a closed curve is readily 
computed. For 


Vi = ax [var = [ axredr = [ asrxdr = a. f rxdr = 2aA. 
fe) fe) fe) fe) 


The circulation is therefore the product of twice the angular velocity and the area 
of the surface inclosed by the curve. If the circuit be taken indefinitely small, the 
integral is 2a-edS and a comparison with (25’) shows that curly = 2a; that is, the 
curl of the velocity due to rotation about an axis is twice the angular velocity and 
is constant in magnitude and direction all over space. The general motion of a 
fluid is not one of uniform rotation about any axis; in fact if a small element of 
fluid be considered and an interval of time 6¢ be allowed to elapse, the element 
will have moved into a new position, will have been somewhat deformed owing to 
the motion of the fluid, and will have been somewhat rotated. The vector curl y, 
as defined in (24), may be shown to give twice the instantaneous angular yelocity 
of the element at each point of space. 


EXERCISES 
1. Find the areas of the following surfaces : 


(a) cylinder «? + y? — az = 0 included by the sphere w? + y? + 2 = a, 

(8) «/a+ y/b+2/c=1 in first octant, (vy) «27+ y27+2% =a? above r=acosng, 
(6) sphere x? + 9? + 2? = a? above a square |x| S B, |y| =b, b< iv 2a. 

(e) 2=«ay over a2 + y? = a?, ($) 2az = a? — y? over r? = a? cos¢, 

(7) 22+ (ecosa@ + ysin a)? = a? in first octant, (@) 2 = zy over r? = cos? ¢, 
(«) cylinder x? + y? = a? intercepted by equal cylinder y? + 22 = a?. 


2. Compute the following superficial averages : 


(a) latitude of places north of the equator, Ans. 32;4%°. 
(8) ordinate in a right circular cone h?(x? + y?) — a2(z — h)? = 0, 

(y) illumination of a hollow spherical surface by a light at a point of it, 

(6) illumination of a hemispherical surface by a distant light, 

(e) rectilinear distance of points north of equator from north pole. 


3. A theorem of Pappus: If a closed or open plane curve be revolved about an 
axis in its plane, the area of the surface generated is equal to the product of the 
length of the curve by the distance described by the center of gravity of the curve. 
The curve shall not cut the axis. Prove either analytically or by infinitesimal 
analysis. Apply to various figures in which two of the three quantities, length of 
curve, area of surface, position of center of gravity, are known, to find the third. 
Compare Ex. 27, p. 332. | 


4. The surface integrals are to be evaluated over the closed surfaces by express- 
ing them as volume integrals. Try also direct calculation : 


(a) ff (x*dydz + xydxdy + xzdxdz) over the spherical surface v2 4 y? + 22 = a2, 


(B) {f jrdyae + yrdedz + z2dedy), cylindrical surface «2 + y2= «2, z2=+4b, 
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(7) Sf [(* — yz) dydz — 2 rydxdz + dxdy] over the cube 0S a, y, z Sa, 


(6) ta A zdydz = Jf yaeae = i je zdxdy =4 di a (cdydz + ydxdz + zdxdy) = V, 


(e) Calculate the line integrals of Ex. 8, p. 297, around a closed path formed by 
two paths there given, by applying Green’s Lemma (22) and evaluating the result- 
ing double integrals. 


Slt f= 4, (U, %), 7 = .(U, L), 2 = $,(u, v) are the parametric equations of a 
surface, the direction ratios of the normal are (see Ex, 15, p. 135) 


COS@:COSB: cosy =J,:Jy:d, if Tag (Son Oe) 


U, v 


Show 1° that the area of a surface may be written as 


Sa ff EEE aay = ff Vie ES Haute = [f VETS Fay, 





| J, 
where f= => (2 y 3 C= (Sy, F= L CG: e, 
cu > cv cu 
and ds? = Edu? + 2 Fdudv + Gdv?. 


Show 2° that the surface integral of the first type becomes merely 


[fre y, 2) sec ydrdy = {fife gos Ps) VEG F2dude, 


and determine the integrand in the case of the developable surface of Ex. 17, p. 143. 

Show 3° that if c=f,(&, 7,9, y=A(é, 7, 9, 2 =f, (E, 2, # is a transformation of 
space which transforms the above surface into a new surface & = y,(u, v), 7 = Yo(u, v), 
¢=y,(u, v), then 


q t ba 
12) o 2a) (S2) a(t) 0 (25) 24 (22) 
U, V/ En U, v Tak U, Vv & & u,v 


Show 4° thaf the surface integral of the second type becomes 


ff Ready = f RJ G “) dudv 
= {fale eS 2) ands + J & 2) agate + J 4) aan, 


where the integration is now in terms of the new variables &, y, ¢ in place of a, y, z. 

Show 5° that when R =z the double integral above may be transformed by 
Green’s Lemma in such a manner as to establish the formula for change of variables 
in triple integrals. 




















6. Show that for vector surface integrals { UdS = [3 UdY. 
fo) 


7. Solid angle as a surface integral. The area cut out from the unit sphere by a 
cone with its vertex at the center of the sphere is called the solid angle w subtended 
at the vertex of the cone. The solid angle may also be defined as the ratio of the 
area cut out upon any sphere concentric with the vertex of the cone, to the square 
of the radius of the sphere (compare the definition of the angle between two lines 
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in radians). Show geometrically (compare Ex. 16, p. 297) that the infinitesimal solid 
angle dw of the cone which joins the origin r = 0 to the periphery of the element dS 
of a surface is dw = cos(r, n)dS/r?, where (r, n) is the angle between the radius 
produced and the outward normal to the surface, Hence show 


af eo" 2) as = =(tS=f5ra= — f £7 as=— fas.v-, 


where the integrals extend over a surface, is the solid angle subtended at the origin 
by that surface. Infer further that 
1 d 1 
= Sl te ee oaks or ~f 27 as=0 or ~ f —-as=8 
odnr omr odnr 
according as the point 7 = 0 is within the closed surface or outside it or upon it 


at a point where the tangent planes envelop a cone of solid angle 6 (usually 2 7). 
Note that the formula may be applied at any point (é, 7, §) if 


= (§— 2)? + (9— 9)? + (6 — 2)? 
where (x, y, Z) is a point of the surface. 


8. Gauss’s Integral. Suppose that at r=0 there is a particle of mass m 
which attracts according to the Newtonian Law F=m/r?. Show that the 
potential is V =— m/r so that F=—VV. The induction or flux (see Ex. 19, 
p. 808) of the force F outward across the element dS of a surface is by definition 
— Fcos(f, n)dS = FedS. Show that the total induction or flux of F across a 
surface is the surface integral 


[Pas =— fas.vy =— f “as=m fas.v*; 


—1 1 —1 dm 
and m= — F.dS = — adaS.VV = — eee GAS! 
4 i 47 J odur 


where the surface integral extends over a surface surrounding a point r = 0, is the 
formula for obtaining the mass m within the surface from the field of force F 


which is set up by the mass. If there are several masses m,, m.,--+ situated at 
points (&, ™> %)s (bo) Nes $2), ++, let 
F=F,+F,+::-, Vie Vee Vor ass, 


Vi=— m((&i — 2)? + (mi — yi)? + (& — 22773 


be the force and potential at (x, y, z) due to the masses. Show that 


—1 1 , 
wes | Reds = —— | dSVV = — Gs = _— g 
47 Jo 4 ih => fs dn vr; > Hite oo 


where 2 extends over all the masses and 2’ over all the masses within the surface 
(none being on it), gives the total mass M within the surface. The integral (25) 
which gives the mass within a surface as a surface integral is known as Gauss’s 
Integral. If the force were repulsive (as in electricity and magnetism) instead of 
attracting (as in gravitation), the results would be V = m/r and j 


ic [Peas - ie fasvw => ie - 2 dS = Ss m= M. (28) 
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&, aC nO 
9. if V =i ee +j a + ke be the operator defined on page 172, show 
z 


yer CW Oh VxF — i (—S) +5(F-F) +x (2-2) 
0z On 86oy 


a jy be by be oe 
VxVU = = Fp 
U=0, VWVxF=0, (V¥-V)(*)= (S+ 7 “Je )s 





by formal operation on F = Pi+ Qj + Rk. Show further that 


Vx(VxF) = V(V°F) — (V'V)F (write the Cartesian form), 
Show that (V°V) U=V-(VU). If uis a constant unit vector, show 
F ) C 
(wv) F = Be cos @ + oF one + Oye a 
ox cy 6z ds 
is the directional derivative of F in the direction u. Show (dr-v) F = dF. 
10. Green’s Formula (space). Let F(x, y, z) and G(x, y, z) be two functions 


so that VF and V@ become two vector functions and FVG@ and GVF two other 
vector functions. Show 


V-(FVG) =VF-VG+FV-VG,  V.(GVF) =VF-VG + GV.VF, 


wm E (r+ (eS) +209) 
ox ox oy oy Oz 0z 


_OF 0G , aF 0G , aF aG rae - eG yy _ 
Oe On dy dy © bz bz dx? Gy? Gz? 








and the similar expressions which are the Cartesian equivalents of the above vector 
forms. Apply Green’s Lemma or Gauss’s Formula to show 








i FVG-dS = ip VF-VGdV + jf FV-VGaV, (26) 
1@) 
iy GVF-dS = f VEF-VGaV + ji GV.VFAV, (26’) 
[@) 
fi (FYG — GVF)dS = {t (FV-VG — GV-VF) dV, (26”) 
oF oaee oF 0G OF 6G CG 8G eG 
Ue ge (= Jar, 
or (FE ice Ox oy ary av aa at Bp + oa 








git OG OG OG OAR) oth o2F 
Foo ds = f{ F( + )-4( +—+ ) Jer. 
ihe: dn or =) | ou? 43 Oy? «az 0x2 = ay? 22 
The formulas (26), (26’), (26”) are known as G'reen’s Formulas; in particular the first 
two are asymmetric and the third symmetric. The ordinary Cartesian forms of 
(26) and (26”) are given. The expression 6?F/dx? + 0?F/éy? + 6 F/oz" is often 
written as AF for brevity ; the vector form is V°VF. 


11. From the fact that the integral of F-dr has opposite values when the curve 
is traced in opposite directions, show that the integral of VxF over a closed surface 
vanishes and that the integral of V°-VxF over a yolume yanishes, Infer that 
V-VxF = 0, 
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12. Reduce the integral of VxVU over any (open) surface to the difference in 
the values of U at two same points of the bounding curve. Hence infer VxVU = 0. 


13. Comment on the remark that the line integral of a vector, integral of F-dr, 
is around a curve and along it, whereas the surface integral of a vector, integral 
of F-dS, is over a surface but through it. Compare Ex. 7 with Ex. 16 of p. 297. In 
particular give vector forms of the integrals in Ex. 16, p. 297, analogous to those of 
Ex. 7 by using as the element of the curve a normal dn equal in length to dr, 
instead of dr. 


14. If in F= Pi+ Qj + Rk, the functions P, Q depend only on 2, y and the 
function R = 0, apply Gauss’s Formula to a cylinder of unit height upon the 
zy-plane to show that 


f V-FdV = jk F-dS becomes if i (= is 22) dedy = vk F-dn, 


where dn has the meaning given in Ex. 138. Show that numerically F-dn and Fxdr 
are equal, and thus obtain Green’s Lemma for the plane (22) asa special case of (20). 
Derive Green’s Formula (Ex. 10) for the plane. 


15. If [Fear = [ Gus, show that fG- VxF)-dS = 0. Hence infer that if 


these relations hold for every surface and its bounding eurve, then G = VxF. 
Ampeére’s Law states that the integral of the magnetic foree H about any circuit is 
equal to 47 times the flux of the electric current C through the cireuit, that is, 
through any surface spanning the circuit. Faraday’s Law states that the integral 
of the electromotive force E around any circuit is the negative of the time rate 
of flux of the magnetic induction B through the circuit. Phrase these laws as 
integrals and convert into the form 


47C = curl H, —~B=cwlE. 


16. By formal expansion prove V*(ExH) = H'VxE — E*VxH. Assume VxE= =H 
and VxH = E and establish Poynting’s Theorem that 


a | 
Exh) =-— | o(h -H) dV. 
f (ExH)-as 5 J g@B+ BHA. 


17. The ‘* equation of continuity ” for fluid motion is 








oD aDryz Be ODevy ae eDr- ak aD LD (= 1 Cv, + == ea 

ot (ay oy oz dt Zz 

where D is the density, v = iv, + jv, + kv, is the velocity, @D/ét is the rate of 
change of the density at a point, and dD/dt is the rate of change of density as one 
moves with the fluid (Ex. 14, p. 101). Explain the meaning of the equation in view 
of the work of the text. Show that for fluids of constant density Yev = 0. 


18. If f denotes the acceleration of the particles of a fluid, and if F is the 
external force acting per unit mass upon the elements of fluid, and if p denotes 
the pressure in the fluid, show that the equation of motion for the fluid within any 
surface may be written as 


> fev = > FDA — > rs or fibav = J FDav — f pas, 
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where the summations or integrations extend over the volume or its bounding sur- 
face and the pressures (except those acting on the bounding surface inward) may 
be disregarded. (See the first half of § 80.) . 


19. By the aid of Ex. 6 transform the surface integral in Ex. 18 and find 
os = dr 1 
f Dial = { (DF = vp) al or —-=F—~—vp 


as the equations of motion for a fluid, where r is the vector to any particle. Prove 


C7 TYan ON: C 





ov 
(2) == ae ele ari mo (VeV)V= she VxVxv + — SV(vev), 
1 
(8) © (arev) = ar - ae aT w= = dre — 5 (vv). 
20. If F is derivable from a potential, so that F =— VU, and if the density is a 


function of the pressure, so that dp/D = dP, show that the equations of motion are 


WN yxyxv =—V (u+ P+ se): or © (yar) =— a(U + P~50 
ct 2 dt 2 


after muitiplication by dr. The first form is Helmholtz’s, the second is Kelvin’s. 
Show 


x,y,z qd L,Y, 2 il X,Y, = 
ie ay dr) = a... vedr =— |v + P— 5° | and ie vedr = const. 
a,b,e dt 2 a,b,c (O) 


In particular explain that as the differentiation d/dt follows the particles in their 
motion (in contrast to é/ét, which is executed at a single point of space), the 
integral must do so if the order of differentiation and integration is to be inter- 
changeable. Interpret the final equation as stating that the circulation in a curve 
which moves with the fluid is constant. 


2U e8U  e2U aU\2 /au\2 qu 
oy ea tad Eo sho ( ) ( ) (< 2) |er= wee 
Ox at cy? i oz? ‘ show f| oh - cy a ez =f. ope 


22. Show ats apart from the proper restrictions as to continuity and differen- 
tiability, the necessary and sufficient condition that the surface integral 








I Pdydz + Qdzdxz + Rdady = i. pdx + qdy + rdz 
fe) 


depends only on the curve bounding the surface is that P) + Q, + R,=0. Show 
further that in this case the surface integral reduces to the line integral given above, 
provided p, g, r are such functions that r7— 9) =P, pj—r, = Q, g—p, = BR. 
Show finally that these differential equations for p, q, 7 may be satisfied by 


p = (Ode — fx (Senge lel q=— { Paz, ij == Oe 
Jz, 


“0 


and determine by inspection alternative values of p, q, ° 


CHAPTER XIII 
ON INFINITE INTEGRALS 


140. Convergence and divergence. The definite integral, and hence 
for theoretical purposes the indefinite integral, has been defined, 


[ foe, r@=[ rede 


when the function f(z) is limited in the interval @ to 6, or a to x; the 
proofs of various propositions have depended essentially on the fact 
that the integrand remained finite over the finite interval of integration 
($§ 16-17, 28-30). Nevertheless problems which call for the determina- 
tion of the area between a curve and its asymptote, say the area under 
the witch or cissoid, 


+? 8 ade Ge Meee ee : PA fiat a at 
>= y= 4a’ tan” s—| =4m2’, 2 a 
Gee ae +4a 2a bees » W2a—2 


have arisen and have been treated as a matter of course.* The inte- 
grals of this sort require some special attention. 

When the integrand of a definite integral becomes infinite within or 
at the extremities of the interval of integration, or when one or both of 
the limits of integration become infinite, the integral is called an infinite 
integral and is defined, not as the limit of a sum, but as the limit of an 
integral with a variable limit, that is, as the limit of a function. Thus 


{t F(e) de = lim Fo -[ fons], infinite upper limit, 


b x 
ip f(a) dx = lim re =[ I («) we], integrand f(b) =. 
a x=b a i 


These definitions may be illustrated by figures which show the connee- 
tion with the idea of area between a curve and its asymptote. Similar 
definitions would be given if the lower limit were —o or if the inte- 
grand became infinite at «=a. If the integrand were infinite at some 
intermediate point of the interval, the interval would be subdivided 
into two intervals and the definition would be applied to each part. 


* Here and below the construction of figures is left to the reader. 


a] 
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Now the behavior of F (2) as # approaches a definite value or becomes 
infinite may be of three distinct sorts; for F(x) may approach a definite 
finite quantity, or it may become infinite, or it may oscillate without 
approaching any finite quantity or becoming definitely infinite. The 
examples 


~ 8adz * 8 a®dx x 
5 i disean guia = 4 @?tan-! al 2 oy a 
| ase tial Ale SES A | ogee) ETNA 
© dx " ” dx ; ; by See 
Ps lim ie loga}|, becomes infinite, no limit, 
1 Ns zL2=2 1 © 


te} x 
if cos adx = lim i cos ada = sin | , oscillates, no limit, 
0 CFaig 0 


illustrate the three modes of behavior in the case of an infinite upper 
limit. In the first case, where the limit exists, the infinite integral is 
said to converge; in the other two cases, where the limit does not exist, 
the integral is said to diverge. 

If the indefinite integral can be found as above, the question of the 
convergence or divergence of an infinite integral may be determined 
and the value of the integral may be obtained in the case of convergence. 
If the indefinite integral cannot be found, it is of prime importance to 
know whether the definite infinite integral converges or diverges; for 
there is little use trying to compute the value of the integral if it does 
not converge. As the infinite limits or the points where the integrand 
becomes infinite are the essentials in the discussion of infinite integrals, 
the integrals will be written with only one limit, as 


i (2) dx, i f(@) dx, if f (a) de. 


To discuss a more complicated combination, one would write 


2 e= "dar {asap e~ “da 
men Set ee tas ese h 
F V2 log « 0 é 1 7 V2 log x 


and treat all four of the infinite integrals 


Calon Cm Oe e-*dx aaa O06 
aaa amma | See eT ee ee aa, oo te ee ee 
») Va log « Va log a 1 V2 log x V2 log x 


Now by definition a function E(a) is called an £-function in the 
neighborhood of the value «=a when the function is continuous in 
the neighborhood of x = a and approaches a limit which is neither zero 
nor infinite (p. 62). The behavior of the infinite integrals of a function 
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which does not change sign and of the product of that function by an 
E-funetion are identical as far as convergence or divergence are concerned. 
Consider the proof of this theorem in a special case, namely, 


fren, [re Bear, (1) 


where f(#) may be assumed to remain positive for large values of « 
and (a) approaches a positive limit as # becomes infinite. Then if A 
be taken sufficiently large, both f(7) and E(a) have become and will 
remain positive and finite. By the Theorem of the Mean (Ex. 5, p. 29) 


mf f(©) da =i f@E(ad«<Ui feydz, ae. @ 
K K K 


where mand M are the minimum and maximum values of E (a) between 
kK and #. Now let « become infinite. As the integrands are positive, 
the integrals must increase with w. Hence (p. 35) 


it f F(eyde converses, Jes f@E@)dz <M "Ag \de concent 
K 


if ie J (2) E (x) dx converges, 
D tn 
F(a) dx ee: = J (x) E (x) dx converges ; 
ye ee | ate 9 


and divergence may be treated in the same way. Hence the integrals 
(1) converge or diverge together. The same treatment could be given 
for the case the integrand became infinite and for all the variety of 
hypotheses which could arise under the theorem. 

This theorem is one of the most useful and most easily applied for determining 
the convergence or divergence of an infinite integral with an integrand which 
dloes not change sign. Thus consider the case 


2 3 . - 2 r 3 al «© 
tT ltl re-fetsl SE 
; (ca + a2 ae+ a2} x? ax + x? ‘ x2 x| 


Here a ea rearrangement of the integrand throws it into the product of a func- 
tion H (x), which approaches the limit 1 as # becomes infinite, and a function 1/22, 
the integration of which is possible. Hence by the theorem the original integral 
converges, This could have been seen by integrating the original integral ; but 
the integration is not altogether short. Another case, in which the integration is 


not possible, is 
ee Oe ae =f - dz 


V1i—gt * hea 
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Here H(1) = 3. The integral is again convergent. A case of divergence would be 





dx 1 lip ; 
{ ——= Sa AS, Bie ae am a A 
0 2) 3 0 3 8 3 3 lie 
(2a — x?) (2— a) 2 v2 (2— x)2 9 ae Valo 


141. The interpretation of a definite integral as an area will suggest 
another form of test for convergence or divergence in case the inte- 
grand does not change sign. Consider two functions f(7) and w(x) 
both of which are, say, positive for large values of x or in the neigh- 
borhood of a value of « for which they become infinite. Jf the curve 
y = (x) remains above y = f(x), the integral of f(x) must converge if 
the integral of w(x) converges, and the integral of w(a) must diverge if 
the integral of f(x) diverges. This may be proved from the definition. 
For f(x) < w(@) and 


[© da: <f ve) IOV ORy oF eel (a), 
K K 


Now as # approaches 6 or «, the functions F'(~) and WY («) both increase. 
If W(@) approaches a limit, so must F(a); and if F(«) increases with- 
out limit, so must ¥ (x). 

As the relative behavior of f(#) and W(x) is consequential only near 
particular values of « or when z is very great, the conditions may be 
expressed in terms of limits, namely: Jf w(x) does not change sign and 
if the ratio f(x) /(x) approaches a finite limit (or zero), the integral of 
F(a) will converge if the integral of (a) converges; and if the ratio 
F(@)/p(2) approaches a finite limit (not zero) or becomes infinite, the 
integral of f(a) will diverge if the integral of (a) diverges. For in the 
first case it ts possible to take « so near its limit or so large, as the 
case may be, that the ratio f(x)/y(a) shall be less than any assigned 
number G greater than its limit; then the functions f(7) and Gy (x) 
satisfy the conditions established above, namely f < Gy, and the inte- 
gral of f(x) converges if that of y(a) does. In like manner in the second 
case it is possible to proceed so far that the ratio f(~)/y(w) shall have 
become to remain greater than any assigned number g less than its 
limit; then f > gy, and the result above may be applied to show that 
the integral of f(a) diverges if that of wy (a) does. 

For an infinite upper limit a direct integration shows that 


o 


ie converges if k > 1, 
d 





(2) 


or log x : ey 
= diverges if k = 1. 








Now if the test function o(x) be chosen as 1/2*=a-*, the ratio 
J («)/¢(x) becomes ak f(x), and if the limit of the product a’ f(a) exists 
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and may be shown to be finite (or zero) as x becomes infinite for any 
choice of k greater than 1, the integral of f(x) to infinity will converge ; 
but if the product upproaches a finite limit (not zero) or becomes infinite 
for any choice of k less than or equal to 1, the integral diverges. This 
may be stated as: The integral of f(a) to infinity will converge if f(x) 
is an infinitesimal of order higher than the first relative to 1/x as x 
becomes infinite, but will diverge if f(x) is an infinitesimal of the first 
or lower order. In like manner 


o dx eras il 
(b—ayk k—-1 (6—ax)*-} 


and it may be stated that: The integral of f(x) to 6 will converge if 
J (x) is an infinite of order less than the first relative to () —x)~* as x 
approaches 6, but will diverge if f(«) is an infinite of the first or higner 
order. The proof is left as an exercise. See also Ex. 3 below. 


2 > converges if k<1, 


a ALA diverges if k=1, 


(3) 








co 
As an example, let the integral \) xre—«dc be tested for convergence or diver- 
0 


gence. If n> 0, the integrand never becomes infinite, and the only integral to 
examine is that to infinity ; but if n < 0 the integral from 0 has also to be consid- 
ered. Now the function e—* for large values of x is an infinitesimal of infinite 
order, that is, the limit of a*+”e-* is zero for any value of k and n. Hence the 
integrand x”e-* is an infinitesimal of order higher than the first and the integral 
to infinity converges under all circumstances. For x = 0, the function e-* is finite 
and equal to 1; the order of the infinite z“e-* will therefore be precisely the order 
n. Hence the integral from 0 converges when n> — 1 and diverges when n S — 1. 
Hence the function a 
P(a)= at—le-adz, a>, 


defined by the integral containing the parameter a, will be defined for all positive 
values of the parameter, but not for negative values nor for 0. 


Thus far tests have been established only for integrals in which the 
integrand does not change sign. There is a general test, not particularly 
useful for practical purposes, but highly useful in obtaining theoretical 
results. It will be treated merely for the case of an infinite limit. Let 


y 


F(x) = il f(a)de, — F(e")— F(x") = il f(x)dx, x',2">K. (4) 
K wy 


Now (Ex. 3, p. 44) the necessary and sufficient condition that F(x) 
approach a limit as «# becomes infinite is that F(#")— F(z’) shall 
approach the limit 0 when a! and 2", regarded as independent varia- 
bles, become infinite; by the definition, then, this is the necessary 
and sufficient condition that the integral of f(x) to infinity shall 
converge. Furthermore 
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if f ‘| J (x)|da converges, then af HOME (5) 


must converge and is said to be aisle y convergent. The Paolo of this 
important theorem is contained in the above and in 


fle ee lt Wee 


To see whether an integral is absolutely convergent, the tests estab- 
lished for the convergence of an integral with a positive integrand 
may be applied to the integral of the absolute value, or some obvious 
direct method of comparison may be employed; for example, 


* cos xdx Tes F 
Sa ats 5 ; which converges, 
a+en a + 2 


and it therefore appears that the integral on the left converges abso- 
lutely. When the convergence is not absolute, the question of con- 
vergence may sometimes be settled by integration by parts. For 
suppose that the integral may be written as 


ft@de=[%s we @te=|6@ foc] -["e@ focae 


by separating the integrand into two faciors and integrating by parts. 
Now if, when # becomes infinite, each of the right-hand terms approaches 
a limit, then 


J f@ dy = im E @ [ve@ ie)’ tim “8 f ¥@) ded, 


and the integral of f(x) to infinity converges. 





x cos ada (ee 
eeter aa Here ————_—— 
24 92 a? + x 
does not appear to be convergent ; for, apart from a factor|cos «| which oscillates 
between 0 and 1, the integrand is an infinitesimal of only the first order and the 
integral of such an integrand does not converge; the original integral is therefore 
apparently not absolutely convergent. However, an integration by parts gives 


As an example consider the convergence of f= 








zecosrdx «sing |* zo? _ g2 
if ——$—— - og COS td, 
at+ot at + x? (a? + a?) 
essing’ 2 72 — g2 


lim 
r= ear 





’ 


© dx 
———— cos dx < i = 
(22 + a2)? a2 
Now the integral on the right is seen to be convergent and, in fact, absolutely 
convergent as « becomes infinite. The original integral therefore must approach 
a limit and be convergent as « becomes infinite. 
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EXERCISES 
1. Establish the convergence or divergence of these infinite integrals: 
oo  Ghy ee aby a felike 
a —» B ————.—, (¥ ——_—<<—<—-; 
( ul aV1+ 22 ( hab (a? + x7)? ( mn (a2 + 22)2 


(6) if x%—1(1 — x)P-ldx (to have an infinite integral, @ must be less than 1), 


Lee aa Ne ee tee 
(e) fz 1(1— a)6 lie (Of oe (n) f ae ge te 














ihe rd 2 gal 
—; dz, 
) o 1—at val ee a—z)t (x) o l—«z 
2 de = 
r »k<1, k=1, (u) eos 
2 Vv (1 — x2) (1 — 22?) i er yo 


2. Point out the peculiarities which make these integrals infinite integrals, and 
test the integrals for convergence or divergence : 

















1 1\" : ee log x 
log—) dz, conv. ifn > —1, div. ifn =—1 =— dz, 
(a) f ( g:) Cc un ’ (8) epee ee 
1 z 
(y) f, (— log z)"dz, (5) (is log sin rdz, (e) J x log sin xdz, 
wf “log (2 + alee ey, |, ee () f ‘o log)'ae 
i¢a’ ‘” Jo (int + cosz)e’ Ve ( at em 
eS ee ot : TL 
tab log — 
(« oe aay 7 (x) if xrdx (A) rt og tan 9 dz, 
wo yal +o Ps © 7¢—-ldz 
dx, y e- dz, pee 
Gules o) fi ) a Fares 
cs poet 1 log edz © -(x-<)" 
T a ’ Zz) y 
(m) f 0) |, 3 @) fre 
cs z*—llog © log (1+ a%x?) a ae 
Thy ) SSS i — ax? os 
(7) {. Seas Ol lei. oO ft Sd ae 


3. Point out the similarities and differences of the method of E-functions and 
of test functions. Compare also with the work of this section the remark that the 
determination of the order of an infinitesimal or infinite is a problem in indeter- 
minate forms (p. 63). State also whether it is necessary that f(x)/y (x) or xkf (zx) 
should approach a limit, or whether it is sufficient that the quantity remain finite. 
Distinguish ‘‘of order higher’? (p. 856) from ‘‘of higher order”? (p. 68); see Ex. 8, p. 66. 


4. Discuss the convergence of these integrals and prove the convergence is 
absolute in all cases where possible : 


cal si q * 2 
(a) i te, (8) ( cos xda, (y) ik oe az, 


(6) it Ss ene dz, (e) ( “c-#2*cos Beda, (f) skis EAS —— Gi, 


J 0 
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ea zsine 4 o 
(1) J, a+ 2 ae (9) Ai, e~ 2xcos brdz, () ik a te, 
(x) Fl. at —le— eos Boos (x sin 8) da, ; (x) ie = = 
e ere = sink! 
COS a? cos 2 and. i Seb sinkz’ 
(«) ib s ardx, (r) i sin (F+; sa )ae, (0) F(a 


5. If f,(z) and J,(z) are two limited functions integrable (in the sense of 
§§ 28-30) over the integral a = x= b, show that their product f (x) =f, (2) f, (a) 
is integrable over the interval. Note that in any interval 6;, the relations 
mim; Sm S MS MyiMo; and My; Mo; — mime: = Myi Mo; — Myima; + 
My 3M2i — M1 ;M2; = My; Oo; + m2;O1; hold. Show further that 


fA fle) dx = lim D AE AED 
= Him S106] f* aleyae — fn tey — Leas], 


of f@)ae = tim De tHe) de 


= lim >: fF (Ei) | [- F(a) dae — ihe flay ae|, 


i+1 
b b 
orf Fade =A) f Ayle) ae + tim DCA) — AG] A) ae. 
6. The Second Theorem of the Mean. If f(a) and ¢(z) are two limited functions 


integrable in the interval a =z =b, and if ¢() is positive, nondecreasing, and 
less than K, then 


b b 
f ¢@f@de=K f fe)ar, asesd. 
a & 


And, more generally, if ¢(«) satisfies —w<k=¢(e)=K <o and is either 
nondecreasing or nonincreasing throughout the interval, then 


b é b 
2 dz =k dt +K dz, assis. 
I $ (a) f (a) de f F(x) dx i} He\de, astsb 


In the first case the proof follows from Ex. 5 by noting that the integral of 
$(«)f(c) may be regarded as the limit of the sum 


we) [ Fepae + Dy [ole) — oI] f Pepde + [Ko (6)] f Fear, 


where the restrictions on ¢(z) make the coefficients of the integrals all positive or 
zero, and where the sum may consequently be written as 


w[ (E) + $ (Eo) — % (Ey) +--+ + (En) — O (En-1) + K — $ (En)] = wK 
if « be a properly chosen mean value of le integrals which multiply these coeffi- 


cients; as the integrals are of the form [.. f(x) dx where § = a, x,, +++, Lp, it follows 
g 
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that » must be of the same form where a =&= 5b. The second form of the theorem 
follows by considering the function ¢ — k or k — @. 

7. If ¢(z) is a function varying always in the same sense and approaching a 
finite limit as 2 becomes infinite, the integral ibe ¢ (x) f (x) dx will converge if 
ie i (a) dar converges. Consider 


[Foes eae = 900) [Fede + (0) f Fae. 


8. If ¢(z) is a function varying always in the same sense and approaching 0 as 
a limit when 2 = o, and if the integral F(z) of f(x) remains finite when z = », 


then the integral f ¢ (x) f (x) dx is convergent. Consider 


[Ue @F@) de = 6 @) LEO — FON + 90) FO) FQ). 


an 
This test is very useful in practice ; for many integrals are of the form f ¢ (x) sin edr 


where ¢(a) constantly decreases or increases toward the limit 0 when 2 = 0; all 
these integrals converge. 


142. The evaluation of infinite integrals. After an infinite integral 
has been proved to converge, the problem of calculating its value still 
remains. No general method is to be had, and for each integral some 
special device has to be discovered which will lead to the desired 
result. This may frequently be accomplished by choosing a function 
F(z) of the complex variable z =x + iy and integrating the function 
around some closed path in the z-plane. It is known that if the points 
where F(z) = X(a, y) +74Y(a, y) ceases to have a derivative F'(z), 
that is, where X(#, y) and Y(a, y) cease to have continuous first par- 
tial derivatives satisfying the relations Xf = Y/; and X; = — Yj, are cut 
out of the plane, the integral of F(z) around 
any closed path which does not include any of 
the excised points is zero ($124). It is some- 
times possible to select such a function F(z) 
and such a path of integration that part of 
the integral of the complex function reduces 
to the given infinite integral while the rest of 
the integral of the complex function may be computed. Thus there 
arises an equation which determines the value of the infinite integral. 





sin 2 





Consider the integral iG -dx which is known to converge. Now 


© sing © ett —_ e~ tw © ete © e—tw 
da = c dz = Gi coawirse: | ered 
One 0 Qa. 2 iz 0 2 
suggests at once that the function e#/z be examined. This function has a definite 
derivative at every point except z = 0, and the origin is therefore the only point 
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which has to be cut out of the plane. The integral of e#/z around any path such 
as that marked in the figure * is therefore zero. Then if a is small and A is large, 


ele A pix B eidA—y * —A git—B 
G = —de = f — de z+ f coe idy + f cena 4 
02 a 0 A+ ty A “e2+iB 


0 e-itA-y —a ela 1 Re 
— de — 
g SA iy idy + f any poe 


—a ex -—A es A e- ixdy, +a ele Fa] 
But —dzr = Aq —dz = -f and ff —dz = eet) dz: 
-A WwW a Hv) =a & —a z 











the first by the ordinary rules of integration and the second by Maclaurin’s 
Formula. Hence 


elz A ¢ix _. e—t +a dz : ‘ 
0 =4p —dz = [ ee if — + four other integrals, 
One = 


va & a @ 


It will now be shown that by taking the rectangle sufficiently large and the 
semicircle about the origin sufficiently small each of the four integrals may be 
made as small as desired. The method is to replace each integral by a larger one 
which may be evaluated. 


Sa ys fi Jildy < f Lenndy <2. 

0 A + iy 0 |A+ ty| Jo aA A 

These changes involve the facts that the integral of the absolute value is as great 
as the absolute value of the integral and that e4—¥ = e'4e—», |e4| =1,|A + ty|>4, 
e-¥<1. For the relations |e*4|=1 and |A + iy|> A, the interpretation of the 
quantities as vectors suffices (§§ 71-74) ; that the integral of the absolute value is 
as great as the absolute value of the integral follows from the same fact for a sum 


(p. 154). The absolute value of a fraction is enlarged if that of its numerator is 
enlarged or that of its denominator diminished. In a similar manner 





—A giv B e-tA—y B 
Fie ch fe oe =a, hae idy|<—. 
iS, e+iB B—-A+ty A 
{ | cf a 
Furthermore az\= {ed le |n 
Zz | —a 
+a (> (i Api 
of dz =( "3 re ide _ Saga 
—-a @ 7 revi 
A ‘ B A 
Then 0= fse-f [e2te ae de—mwitR, |R|<2—242e-BX 4 ze, 
x A B 


where e is the greatest value of || on the semicircle. Now let the rectangle be 
1 : vos 

so ee that A = Bex” ; then |R|<4e 2% 4.me. By taking B sufticiently large 

e238 may be made as snatl as desired; and by taking the semicircle sufficiently 


* It is also possible to integrate along a semicircle from A to — A, or to come back 
directly from 7B to the origin and separate real from imaginary parts. These variations 
in method may be left as exercises. 
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small, e may be made as small as desired. This amounts to saying that, for A suffi- 


ciently large and for a sufficiently small, oe is negligible. In other words, by taking 


sin J x 


A large enough and a small enough i - may be made to differ from = 


as little as desired. As the integral from oes to infinity converges and may be 
regarded as the limit of the integral from a to A (is so defined, in fact), the integral 
from zero to infinity must also differ from 37 by as little as desired. But if two 
constants differ from each other by as little as desired, they must be equal. Hence 


OTST oa 
‘i tas (8) 
As asecond example consider what may be had by integrating e’#/(z? + k) over 
an appropriate path. The denominator will vanish when z = + ik and there are 
two points to exclude in the z-plane. Let the integral 
be extended over the closed path as indicated. There is 
no need of integrating back and forth along the double 
line Oa, because the function takes on the same values 
and the integrals destroy each other. Along the large 
semicircle z = Re’? and dz = Rie’td@. Moreover 

















0 etxda, —R eixdy R e~wdy 
Hi = — if er 4 ——~ by elementary rules. 
—R x? + k? 0 x? + k2 0 “22+ k2 
9 edgy RK eixdy R eix e— ix R cos 
Hence if : ~ +f = = =f tae dni= 2 iL sh 
-Reve’+ke 0 x2 + k 0 6g + ke Jo 224k 
Elz F cosa ™ eife ete Riciode edz 
and 0= ( ae a2 f ———. dx + . 
© 22 + kk? o «2 + k2 0 “R%e2tb 4 2 + k? aa’a 224k + k2 
Now | kel? | = | ef R(cos + isin g)| — | e— RaindeiReos p| — e— Reind, 


Moreover | Re2? + k?| cannot possibly exceed R? — k® and can equal it only when 


¢=47. Hence 
=f Re-— Rsingd 1 ‘ = Re— Fsing 1 
= =; 46 = 2 | © ——_— 4 
5. Wage af Ce 


Now by Ex. 28, p. 11, sing >2¢/m. Hence the integral may be further increased 


T eiRe"? Ricibdg 
0 «©©R%e27> 4 K2 








v 


m eifte > R ietbd Shen R= T 
Sf erke Rie'edg <2 hs Re rd p ria feeb): 
“R%e2ib 4 2 2erid 4 fe2 Jo R2 — k2 R2 __ Ap2 


el=dz > nz > > o—k ~ 
Moreover, f —— = = ame { aa a = ) 
aa’a 2 + k2 aaa 2+ ik z— ik Jaa‘a \2 ki z—ik 


where 7 is uniformly infinitesimal with the radius of the small circle. But 


dz elzdz ee Lik aed 
z ee : Z Te 
it —=—27i, and if —<—_—_—_ = + ¢ 

aaa Z — tk Jaa’‘a 22 au k2 Ok hk ’ 




















where | ¢| S 2 7re if € is the largest value of |n|. Hence finally 
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Os RX cose ae eee _ 1 
= : =e a Pp - é Soa he ja aes ). 


By taking the small circle small enough and the large circle large enough, the last 
two terms may be made as near zero as desired. Hence 











COS me” 
Obi 5 
ff x? + k? 2k (7) 
el dz Gnu 
It may be noted that, by the work of § 126 ull - =— 27i— isexact 
ada Z+ kiz —ki 2 ki 


and not merely approximate, and remains exact for any closed curve about z = ki 
which does not include zg =— ki. That it is approximate in the small circle follows 
immediately from the continuity of e/(z + ki) = e-*/2ki + y and a direct inte- 
gration about the circle. 

As a third example of the method let fz 





ae be evaluated. This integral 
+2 


will converge if 0 < a <1, because the anity at the origin is then of order less 
than the first and the FARIS is an infinitesi- 
mal of order higher than the first for large values 
of g. The function z*—1/(1 + z) becomes infinite 
at z= 0 and z=—1, and these points must be 
excluded. The path marked in the figure is a 
closed path which does not contain them. Now 
here the integral back and forth along the line 
aA cannot be neglected; for the function has a 
fractional or irrational power z*—1 in the nu- 
merator and is therefore not single valued. In 
fact, when z is given, the function z*—! is deter- 
mined as far as its absolute value is concerned, but its angle may take on any 
addition of the form 27k(a@—1) with k integral. Whatever value of the function 
is assumed at one point of the path, the values at the other points must be such 
as to piece on continuously when the path is followed. Thus the values along the 
line aA outward will differ by 27(a—1) from those along Aa inward because 
the turn has been made about the origin and the angle of z has increased by 2 

The double line be and cb, however, may be disregarded because no turn about the 


























origin is made in describing cde. Hence, remembering that e™’ =— 1, 
-1 a—1p(a—1) hi * A val 27 A eeapi 4 
0=f ~—a= fares) = [ dry [= tag 
Mig ll Ae Jo 1+,re?%? a 1+7”r Jo 1+ Ae? 
a ya—le2n(a—1)i ga—1 ya— 
i erase es e2midy + ee dz + sae: dz. 
4 1+ re27 abba 1 + Z ede l +z 
A -1 a ya —1e2 Tai A yal : 
Now if ves dr + ij Sai ert ihe f - (1 — e721) dr, 
a l +r A 1+r pe all +r 
2 pi 27 Aa ; 2m A& 
if rt Aaeapi dal = f eri] dp = — ; 
0 1+ Ae? 0 A—] A—1] 

















0 apapi 27 at 2 rae 
= ate ap |= Ree as 
opie ae o l—a l—a 





a—1 
i @ dz 
abba 1 + 2 
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ga—1 dz - F . ie : 
i dg = ['z#-1— = — 2mi(—1)*-1 = — 2 riet™@—-It = 2 rrieret, 
cde 1+ 2 1+2z 
A pa-1 " 2rA® 2a 
Tene O Beat) f dr + 2 rietai + §, < 33 
ence OS ae Re eres. SMS a pee 


If A be taken sufficiently large and a sufficiently small, ¢ may be made as small 
as desired. Then by the same reasoning as before it follows that 














n —1 2 -1 
0 = (1 — e741) dr + 27ie™?, or O=—sin ma a dy + 7, 
o Il+r o l+r 
wo ge-1 Tv 
and dz = — ’ (8) 
0 l+a sin am 


2 


143. One integral of particular importance is e-“dx. The evalu- 


0 
ation may be made by a device which is rarely useful. Write 


A A A i A pA , 
ik eo Oa i eda f ray] SS ih f a “Yay . 
0 ) 0 JS) 0 


The passage from the product of two integrals to the double integral 
may be made because neither the limits nor the integrands of either 
integral depend on the variable in the other. Now transform to polar 
coérdinates and integrate over a quadrant of radius 4. 


7 ay ee Rerad 1 
| i e~* —Vdady =| ah e-"rdrd§ + R == r(1—e- 4) 4 R, 
9 0 0 0 4. 


where R denotes the integral over the area between the quadrant and 
square, an area less than $1? over which e~” Se~#*, Then 


Abt bala fs) ora 
Iti 4 A*e- ae | Jf AL e—* ~Vdady —+a|< 4 Ae- a 
0 0 


Now A may be taken so large that the double integral differs from 47 
by as little as desired, and hence for sufficiently large values of A the 
simple integral will differ from 4-7 by as little as desired. Hence * 


ii “ede = Ver. (9) 


0 


* It should be noticed that the proof just given does not require the theory of infinite 
double integrals nor of change of variable; the whole proof consists merely in finding 
a number $x from which the integral may be shown to differ by as little as desired. 
This was also true of the proofs in § 142; no theory had to be developed and no limiting 
processes were used. In fact the evaluations that have been performed show of them- 
selves that the infinite integrals converge. For when it has been shown that an integral 
with a large enough upper limit and a small enough lower limit can be made to differ 
from a certain constant by as little as desired, it has thereby been proved that that 
integral from zero to infinity must converge to the value of that constant. 
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When some infinite integrals have been evaluated, others may be 
obtained from them by various operations, such as integration by parts 
and change of variable. It should, however, be borne in mind that the 
rules for operating with definite integrals were established only for 
finite integrals and must be reéstablished for infinite integrals. From 
the direct application of the definition it follows that the integral of 
a function times a constant is the product of the constant by the 
integral of the function, and that the sum of the integrals of two 
functions taken between the same limits is the integral of the sum 
of the functions. But it cannot be inferred conversely that an integral 
may be resolved into a sum as 


ft ‘(@) + $(@)]dz = l f(a) da + ay s (x) dx 


when one of the limits is infinite or one of the functions becomes 
infinite in the interval. For, the fact that the integral on the left 
converges is no guarantee that either integral upon the right will 
converge; all that can be stated is that if one of the integrals on the 
right converges, the other will, and the equation will be true. The 
same remark applies to integration by parts, 


[ £8 @ue= [roe | -f J! (a) b (x) dx. 


Tf, in the process of taking the limit which is required in the deti- 
nition of infinite integrals, two of the three terms in the equation 
approach limits, the third will approach a limit, and the equation will 
be true for the infinite integrals. 

The formula for the change of variable is 


z= (7) vi 
{ I (2) da =| f[ oO] 4! dt, 


v= p(t) 
where it is assumed that the derivative #'(4) is continuous and does 
not vanish in the interval from ¢ to 7’ (although either of these con- 
ditions may be violated at the extremities of the interval). As these 
two quantities are equal, they will approach equal limits, provided 
they approach limits at all, when the limit 


b=p(t,) ty 
f t@u=f seool'ou 


t= (ty) 
required in the definition of an infinite integral is taken, where one of 
the four limits «, 4, ¢,, ¢, is infinite or one of the integrands becomes 
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infinite at the extremity of the interval. The formula for the change 
of variable is therefore applicable to infinite integrals. It should be 
noted that the proof applies only to infinite limits and infinite values 
of the integrand at the extremities of the interval of integration; in 
case the integrand becomes infinite within the interval, the change of 
variable should be examined in each subinterval just as the question 
of convergence was examined. 


sing 





Asanexample of the change of variable consider if 


T 
co a andtakex= ag’. 
i C 














c=" sin av’ +2 sin aa’ ices 10 39 € 7 /=2 sin av’ 
Hl oda’ = f de’ or = f a dx! =— f a dx’, 
x=0 Ho x/=0 H a/=0 HW x’ =0 Hv 


according as a is positive or negative. Hence the results 





fo eae att if @>0O and —= if a<0. (10) 
oo.  & 2 ‘ 


Sometimes changes of variable or integrations by parts will lead back to a given 
integral in such a way that its value may be found. For instance take 


T T 
iw 6 x 
I= f *logsinade =| log cos ydy = [ * log cos ydy, y=t—«. 
0 7 0 Z 


oy 


sin22z 


dx 





TF T 
Then 21 aif : (log sin x + log cos x) dx =i 7 log 2 
0 0 Z 


Tv 


ik 7 f 7 j T 
—— 4 log sin adx — — log 2 = {7 log sin zdz — — log 2. 
2 Jo 2 0 2 
‘ws 
Hence I= f *logsinade = —™ log2 
aif og sin dz = — = log2. (11) 


Here the first change was y = 4a—wx. The new integral and the original one 
were then added together (the variable indicated under the sign of a definite inte- 
gral is immaterial, p. 26), and the sum led back to the original integral by virtue 
of the substitution y = 22 and the fact that the curve y = log sinz is symmetrical 
with respect to® = 47. This gave an equation which could be solved for I. 


EXERCISES 


2 plz 





. >a oe 2 si 
1. Integrate 7a as for the case of (7), to show if cee 


da =™ e-k 
zt +k o e+e 2 : 


2 
2. By direct integration show that e~ (@—)2dz converges to (a — bi)—1, when 


vi) 
a > 0 and the integral is extended along the line y = 0. Thus prove the relations 


ip vem ax cog bade = —“ (ee ax sin badx ee 0 
® o MW — a a ae ° M — 
0 a> + 0? Jo a2 + b2° oN 


Along what lines issuing from the origin would the given integral converge ? 
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hho 1— : 
3. Show fi caae le Clem To integrate about z = — 1 use the binomial 
o (l+2)? sin at 


expansion z*-l=[—1+4142]¢-1=(—1)*-1[1+ (1— a)(1+2)+7(142)], 
n small. 


4. Integrate e~= around a circular sector with vertex at z = 0 and bounded by 
the real axis and a line inclined to it at an angle of 17. Hence show 


Tate ee ae Ne 
e4 eh (cos7? — isin r?) ar = [ eed Sere 
0 0 


) ) i} Ra 
if cos 2dx =a sin eda = - ae 
0 0 2 2 
5. Integrate e-* around a rectangle y = 0, y = B, x = + A, and show 
ao A — 2 ao 5 
Ht e~® cos 2 axda = 1 Vre-®, it e-* sin 2 axdx = 0. 
0 —o 
6. Integrate z*—le—-#, 0 < a, along a sector of angle g < 47 to show 
sec aq ip e%—le—xe0s9 cos (© sin g) dx 
0 


@ ao 
= csc aq f e* —le—xeosd sin (x sin g) dx= ip ae —e=rde, 
0 0 


7. Establish the following results by the proper change of variable : 

















° COS AE 4 Ce 2g¢—-ldy mpe—1 
— ’ 0, = , >0 
(a) f, pan 2k ie ®) Bt+e sin a7 B : 
o 2 iL oo il Tv 
— aa] eee 6 cola, 
Cy) fo een = — Vr, (@) f =e . 
b2 
2 42 1 = 
(e) ff ae a not AEE EL ag () ee ee 
0 2a Oye log x 
( [es COSE 5, ae = f° sing | = (6) 1 log ada aah) 
y V2" grea oP 


8. By integration by parts or other devices show the following : 





1 © sin? 7 
(@) fe log sinadz = — Be log 2, (8) I 2 dt = = 





(7) [0 SESE We =F if -1<e<l, ort ifa=+1, or 0 if |a|>1, 
0 x 











: ve ie 
oo eats = 4 aa’ 
(a) f De aaa @ f- wre-aiaide = pad 
w ™ esinadx 7 
<3 . — a—le—-xdy =——7) 
(¢) T (@ +1) = af (a) if D(a) i Ter ee () I, 1+costa 4 





© iN @e : 
log (a + —- = 7 log 2, by virtue of x = tan y. 
(2) f a ( 2 ‘) 1+ a? i y 
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9. Suppose fl ra) , where a> 0, converges. Then if p>0,q>0, 


(ize ae han [pe ao = fF FB ge -f" me ae |. 





0 Lt a=0 Ho 

C-) = F qa dz 

Show h P(t) =I) ge — im Mh f (2) ~ =F (0) log®. 
0 aL a=0 dpa i Pp 
oer ie sin px — sin gx Ge t. (6) ‘oes pr — e-9 oe q 
0 x 0 x p 
= -—1 = coszrt — 8 
yf Te te = low 2} (3) f ee tee oe 
log p 0 x 


10. If f(x) and f’(z) are continuous, show by integration by parts that 


sin ker 





lim { f(e)sinkede =0. H lim ( f dx =" F(0 
dim fi fe@)sin LO Os ence prove jim f (x) =a (0). 


| write (Fr f (2) eee 2=F(0) [== Ee oe 4 +f" LO) FO) sin ka. | 


Apply Ex. 6, p. 359, to prove these formulas under general hypotheses. 


11. Show that lim in F (xz) —— Laas =0ifb>a>0. Hence note that 
k=a 





lim lim fe (x) a a Se Pi nf Fe) ae, unless f(0) = 0. 
k=o0 a=0 a & 

144. Functions defined by infinite integrals. If the integrand of an 
integral contains a parameter (§ 118), the integral defines a function of 
the parameter for every value of the parameter for which it converges. 
The continuity and the differentiability and integrability of the func- 
tion have to be treated. Consider first the case of an infinite limit 


f f(a, a) dx =f SJ (a, a) da + R(x, @), R ail J (a, @) de. 


If this integral is to converge for a given value a = @,, it is necessary that 
the remainder RF (a, @,) can be made as small as desired by taking « large 
enough, and shall remain so for all larger values of a. In like manner if 
the integrand becomes infinite for the value a = d, the condition that 


b x b 
| fe a) dx =| J (a, «)dx + R(x, a), R =[ I (a, @) dx 


converge is that R (a, a) can be made as small as desired by taking x 
near enough to 6, and shall remain so for nearer values. 

Now for different values of a, the least values of 2 which will make 
| R (a, w)| Se, when e is assigned, will probably differ. The infinite inte- 
grals are said to converge uniformly for a range of yalues of a@ such as 
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&, aa, when it is possible to take x so large (or x so near 6) that 
| R(x, @)|< € holds (and continues to hold for all larger values, or values 
nearer 6) simultaneously for all values of @ in the range a,=aSq,. 
The most useful test for uniform convergence is contained in the 
theorem: Jf a positive function $(x) can be found such that 


jj “$ (2) dx convergesand (x)= f(a, a)| 


Sor all large values of x and for all values of « in the interval a, Sa a, 
the integral of f(x, a) to infinity converges uniformly (and absolutely) 
Sor the range of values in a. The proof is contained in the relation 


iL OAS af 6 (a) dx <«, 


which holds for all values of @ in the range. There is clearly a similar 
theorem for the case of an infinite integrand. See also Ex. 18 below. 

Fundamental theorems are: * Over any interval a, = @ S a, where 
an infinite integral converges uniformly the integral defines a con- 
tinuous function of a. This function may be integrated over any finite 
interval where the convergence is uniform by integrating with respect 
to a under the sign of integration with respect tow. The function may 
be differentiated at any point a; of the interval a, =a 3 a, by differ- 
entiating with respect to a under the sign of integration with respect 
to « provided the integral obtained by this differentiation converges 
uniformly for values of a@ in the neighborhood of ag. Proofs of these 
theorems are given immediately below. f 








To prove thag the function is continuous if the convergence is uniform let 
Dn xe 
y (a) =) f(a, a) da =) | f(a, e)de+R(t,a), aSasa, 
a a 
y (a + Aa) Sa eee a+ Aa)dz + R(x, a+ Aa), 
a 


avis] [Ue a+ Aa) —f(x, a)|dx| + | R(x, a+ Aa)|+|R (x, @)|. 





* It is of course assumed that f(x, @) is continuous in (wv, @) for all values of « and @& 
under consideration, and in the theorem on differentiation it is further assumed that 
Jf, (2, @) is continuous. 

+ It should be noticed, however, that although the conditions which have been 
imposed are sufficient to establish the theorems, they are not necessary ; that is, it may 
happen that the function will be continuous and that its derivative and integral may be 
obtained by operating under the sign although the convergence is not uniform. In this 
case a special investigation would have to be undertaken; and if no process for justifying 
the continuity, integration, or differentiation could be devised, it might be necessary in 
the case of an integral occurring in some application to assume that the formal work led 
to the right result if the result looked reasonable from the point of view of the problem 
under discussion, — the chance of getting an erroneous result would be tolerably small. 
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Now let x be taken so large that |R|<e for all a’s and for all larger values of 
—the condition of uniformity. Then the finite integral (§ 118) 


fue a+ Aa) — f(z, a)|dx 


x 
f F(c, «de is continuous in a and hence 
a 





can be made less than e by taking A@ small enough. Hence | Ay|<3de; that is, by 
taking Aa small enough the quantity |Ay| may be made less than any assigned 
number 3. The continuity is therefore proved. 

To prove the integrability under the sign a like use is made of the condition of 
uniformity and of the earlier proof for a finite integral (§ 120). 


{vv (a) de ={ fre, ce) dedce + [Rae =f [se a)dadz + ¢. 


Now let become infinite. The quantity ¢ can approach no other limit than 0; 
for by taking @ large enough R <e and |¢|<e(a@, — @) independently of a. Hence 
as « becomes infinite, the integral converges to the constant expression on the 


left and [ve Ae = [0 [Fe a) dadz. 


Moreover if the integration be to a variable limit for a, then 


¥(a)= f'vlajda =f" fe, a) dade =f Fe, x) de, 


eee a) dadz 


Hence it appears that the remainder for the new integral is less than e(a@, — @) 
for all values of a; the convergence is therefore uniform and a second integration 
may be performed if desired. Thus if an infinite integral converges uniformly, it may 
be integrated as many times as desired under the sign. It should be noticed that the 
proof fails to cover the case of integration to an infinite upper limit for @. 

For the case of differentiation it is necessary to show that 


Also 


{ Fe, a) de| = 


A 














= | ee @) dedal< €(@ — @). 


lie (x, ag) dx = $’ (ag). Consider die (v7, a) dc = w(a). 


As the infinite integral is assumed to converge uniformly by the statement of the 
theorem, it is possible to integrate with respect to a@ under the sign. Then 

7 
ee 
The integral on the left may be differentiated with respect to a, and hence 
¢(a) must be differentiable. The differentiation gives w(@)= ¢’(@) and hence 
w (az) = 9’ (az). The theorem is therefore proved. This theorem and the two 
above could be proved in analogous ways in the case of an infinite integral due 


to the fact that the integrand f(x, a) became infinite at the ends of (or within) 
the interval of integration with respect to x; the proofs need not be given here, 


w (a) de = diss (x, x) dadx = (@uc a) — f(r, a) ]dx = 9 (a) — $ (a). 
a oe a 


145. The method of integrating or differentiating under the sign of 
integration may be applied to evaluate infinite integrals when the eondi- 
tions of uniformity are properly satisfied, in precisely the same manner as 
the method was previously applied to the case of finite integrals where 
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the question of the uniformity of convergence did not arise ($§ 119- 120). 
The examples given below will serve to illustrate how the method works 
and in particular to show how readily the test for uniformity may be 
applied in some cases. Some of the examples are purposely chosen iden- 
tical with some which have previously been treated by other methods. 


Consider first an integral which may be found by direct integration, namely, 


Se a © 1 
lk E1008 C00! = Compare if CaCO ta A 
0 


a2 + b2 0 

The integrand e—¢* is a positive quantity greater than or equal to e-4cosber 
for all values of b. Hence, by the general test, the first integral regarded as a 
function of b converges uniformly for all values of b, defines a continuous func- 
tion, and may be integrated between any limits, say from 0 to b. Then 


b C) to) b 
yf J e- # cos badadb = af if e— 22 cos badbdz 





a Sin bx »  adb t 
=A ce de = f aes - = tan-1-. 
0 az + b2 a 
; eh ple: sin bx © 1— cos bz 
Integrate again. di. if e-ax SE dbdx = i Game — de 
0 Jo x 0 x? 


= pew — “log (a2 + 0°), 
a 2 


Compare if * en an pee aN dx and (a ore at 
0 a 0 

Now as the second integral has a positive integrand which is never less than the inte- 

erand of the first for any positive value of a, the first integral converges uniformly 

for all positive values of a including 0, is a continuous function of a, and the value 

of the integral for a = 0 may be found by setting a equal to 0 in the integrand. Then 


Pa i b 

ib ae = lim ! tan-1— — 5 log (a + | =|b|= 
a=0 a 2 

The change of the variable to zc’ =} and an integration by parts give respectively 


D ain? 2 sin by 
i au = ye i ee iy at or) = ene 8S Oe oF 6.20: 
0 ie 2 0 ay 2 2 








This last result might be obtained formally by taking the limit 


2 sin bx »2 sin bir b T 
lim fF Cae ar =A dx =tan=== 3. — 
a=0v0 x 0 x 0 2 





after the first integration ; but such a process would be unjustifiable without first 
showing that the integral was a continuous function of a for small positive values of a 
and for 0. In this case |4—le—@ sin be|=|x—1sin «|, but as the integral of |a2—! sin ba| 
does not converge, the test for uniformity fails to apply. Hence the limit would not 
be justified without special investigation. Here the limit does give the right result, 
but a simple case where the integrai of the limit is not the limit of the integral is 


© sin bx ; T Tr 2 sin ba (0) 
lim if dx = lim ( + *) =4,—-¢ ie lim 2 dx ae 0 
b+0¢0 & b+0 2 2 dG F220 2 my 
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2 a\? . 
As a second example consider the evaluation of yi ees) dx. Differentiate. 
0 


us aye 
wat fro yan =2 f alle x (»-<) iar 


II 
bo 
os 
$ 
a 
| 
Aas 
8 
| 
Sle 
=<% 
pers 
—_ 
| 
Blea 
cee 


To justify the differentiation this last integral must be shown to converge uni- 
formly. In the first place note that the integrand does not become infinite at the 
origin, although one of its factors does. Hence the integral is infinite only by vir- 
tue of its infinite limit. Suppose a = 0; then for large values of x 


a\2 ow 
e (3) ( = “) =e2ae-2 and i e-“dz converges (§ 143). 
£ 


Hence the convergence is uniform when a = 0, and the differentiation is justified. 
But, by the change of variable x’ = — a/r, when a> 0, 


~ me Nail a ee Ne ae bese 
ii PG =) aie 6 ( o**) aa =f e (= a) Gz: 
0 ee 0 0 
Hence the derivative above found is zero ; ¢’ (a) = 0 and 


(a) =foe ee Saas = const. =, (e-P de =1iVa7; 
0 


for the integral converges uniformly when a = 0 and its constant value may be 

obtained by setting a= 0. As the convergence is uniform for any range of values 
. . . Fare fc 

of a, the function is everywhere continuous and equal to 4 Vz. 


As a third example calculate the integral ¢ (b) = Ah e- 2" cos badx. Now 
0 


Pant il nara b 20 — 
— re-** sin badx = aaa e-@< sinbr| — Sal ay e- =< cos brdz. 
a 0 2a-vJo 


ipa (2 

db 0 
The second step is obtained by integration by parts. The previous differentiation 
is justified by the fact that the integral of xe-@*"°, which is greater than the inte- 
grand of the derived integral, converges. The differential equation may be solved. 


2 


ro gt 23 Va 
=—-— = = Oe 40% = { — ede — ——. 
db 2 a 9 ? #4 v0 ; 2a 
_ b? 
uth Wl bx cial nce fue aa 
Hence o(b)=p(O)e 4° = ie e- @ cos bedc = Bad sh sgt 9 
Pal) 2a 


In determining the constant C, the function @()) is assumed continuous, as the 
integral for ¢(b) obviously converges uniformly for all values of d. 


146. The question of the integration under the sign is naturally 
connected with the question of infinite double integrals. The double 


integral fre y)dA over an area A is said to be an infinite integral 


if that area extends out indefinitely in any direction or if the function 
f(r, y) becomes infinite at any point of the area. The definition of 
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convergence is analogous to that given before in the case of infinite 
simple integrals. If the area A is infinite, it is replaced by a finite 
area A’ which is allowed to expand so as to cover more and more of 
the area A. If the function f(x, y) becomes infinite at a point or along 
a line in the area 4, the area A is replaced by an area A' from which the 
singularities of f(x, y) are excluded, and again the area 4' is allowed to 
expand and approach coincidence with 4. If then the double integral 
extended over A' approaches a definite limit which is independent of 
how A’ approaches 4, the double integral is said to converge. As 


[fre naeie=[{|7G4) 


where x = $(u, v), y= (uu, v), is the rule for the change of variable 
and is applicable to A’, it is clear that if either side of the equality 
approaches a hmit which is independent of how A' approaches 4, the 
other side must approach the same limit. 

The theory of infinite double integrals presents numerous difficulties, 
the solution of which is beyond the scope of this work. It will be suffi- 
cient to point out in a simple case the questions that arise, and then 
state without proof a theorem which covers the cases which arise in 
practice. Suppose the region of integration is a complete quadrant so 
that the limits for x and y are 0 and «. The first question is, If the 
double integral converges, may it be evaluated by successive integra- 
tion as 


frenaas=f ( fle ay dyite = =f [fe nateny? 


And conversely, if one of the iterated integrals converges so that it may 
be evaluated, does the other one, and does the double integral, converge 
to the same value? A part of this question also arises in the case of a 
function defined by an infinite integral. For let 


p(x) = edi and f op (x) dx =| f fe daude, 


it being assumed that ¢ () converges except possibly for certain values 
of x, and that the integral of (x) from 0 to © converges. The question 
arises, May the integral of (a) be evaluated by integration under the 
sign ? The proofs given in § 144 for uniformly convergent integrals inte- 
erated over a finite region do not apply to this case of an infinite inte- 
gral. In any particular given integral special methods may possibly be 
devised to justify for that case the desired transformations. But most 
cases are covered by a theorem due to de la Vallée-Poussin: Jf the 


I(d; v) dude, 
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function f(x, y) does not change sign and is continuous except over a finite 
number of lines parallel to the axes of x and y, then the three integrals 


frenas, fo f “Le, Daye (} i Ric y)dedy, (12) 


cannot lead to different determinate results ; that is, if any two of them 
lead to definite results, those results are equal.* The chief use of the 
theorem is to establish the equality of the two iterated integrals when 
each is known to converge; the application requires no test for uni- 
formity and is very simple. 


As an example of the use of the theorem consider the evaluation of 


Tes [ean | cen anata 
0 0 


Multiply by e-@* and integrate from 0 to o with respect to a. 
Te-# = [cer et ae, If e-#da = [2 =f [ ae- eure drda. 
0 0 0 0 


Now the integrand of the iterated integral is positive and the integral, being equal 
to I?, has a definite value. If the order of integrations is changed, the integral 


Hi if ae-#0+# dadz = [ ae 
0 Jo o I+47 2 2 4 


is seen also to lead to a definite value. Hence the values 7? and 17 are equal. 


EXERCISES 


1. Note that the two integrands are continuous functions of (x, @) in the whole 
region 0=a<o, 0 =x<o and that for each value of a the integrals converge. 
Establish the forms given to the remainders and from them show that it is not pos- 
sible to take x so large that for all values of @ the relation | R (x, @)| < is satisfied, 
but may be satisfied for all @’s such that 0 < a = @. Hence infer that the conver- 
gence is nonuniform about a@ = 0, but uniform elsewhere. Note that the functions 
defined are not continuous at a = 0, but are continuous for all other values. 





(a) i} ae—ee dn, f(x, a) =| awe- ar dz = e- ax], 
0 @ 


© sin av *sin ax “sing 
(8) rt dx, R(a, a) =f) dx =| dex. 
0 x x a 


x x 0) 











2. Repeat in detail the proofs relative to continuity, integration, and differ- 
entiation in case the integral is infinite owing to an infinite integrand at 2 = b. 


* The theorem may be generalized by allowing f(x, y) to be discontinuous oyer a 
finite number of curves each of which is cut in only a finite limited number of points 
by lines parallel to the axis. Moreover, the function may clearly be allowed to change 
sign to a certain extent, as in the case where f >0 when x >a, and f <0 when 0<2 <a, 
etc., where the integral over the whole region may be resolved into the sum of a finite 
number of integrals. Finally, if the integrals are absolutely convergent and the integrals 
of | f(x, y)| lead to definite results, so will the integrals of f(x, y). 
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3. Show that differentiation under the sign is allowable in the following cases, 
and hence derive the results that are given: 


o il = — 
(a) f ened = 5 IF, a >0, {i gine— az dy — Va 1-8-+-(@n—1) 














a 2 Qnqnt+t 
MS ko) as fr 
(B) ip Pea ge en ae>d0, pint coe gae ee 
0 2a 0 Qantl 
es ip =o aes vie! eS 0 ie dx Be a) 
zr Ga 0 (w@+4+k)rtl 2 Qrn | kn +2 
{ 
(6) jou : »n>—l, fe log z)"da =——"*_, 
+1 (n+ 1)™41 
(2) foe es a; 7 Veen. [8 ae 7 COS ar 
? — . 
eras ~ sin aw 1+2 cos? amr — 1 


4. Establish the right to integrate and hence evaluate these : 


o © e—ax_ e—bxr b 
(a) f e-axdz, 0< a, Sa, i d= log =). by. a a, 
0 0 He a 








1 lya— gd a+l 
a = = Che == Il b = 
(B) fi* dz, l<aj<a, f{ ieee x Cora! »1=Q, 
© 2 rE = (Pe See 
—acosmadz, 0< a =a i —_—— cos madz = —log ——_., 
(7) af ; : 9 Mo L 2 ee and 
© e— — e— bx b 
(6) "fr e—2zsin madz, 0< a =a, if eee sin made = tan- 2 — tan-14, 
x m m 


ws 1f 4 
(e) fCoetae =~, Oa ic, i Hehe re hic bees 
0 2a 0 


5. Evaluate : (a) ie gee dz =tan-1 yy 
0 Wy a 





~ 1— tos ax : a sin 2 ax 
(se) ff ee TE ae = log VIF a, on (ee dr, 


rr) - (+5) Vr 5 log (it + log (1 + ax?) 
2 = —e- +8 —- d. 
(3) f e PG He 5 Ca ay () f- = 4 ane by 


6. If 0<a<b, obtain from [ * e-ratdge = 5 AE and justify the relations: 
0 


A a co) b 
if Sint 5. — pe ee i, iL e-7@*sin rdxdr = Ze i; ik e~r@'sin rdrdx 
a /r 7 qT GEO Vir 


2 © e—axy2dy 2% e— dary Qde 
=~ _|sinaf << = — sind f 
V4 OnE as 1+  paeats 


‘ © e—ax*dy b 2e- | 
s — COs 
+ cos a fi gig Hf cated: 


rj © p— ran 2dq- © p— rx. . 
ff Stara aft — Soin (SEE + cose (<=. 
0 a Ve J 0 1+ x4 0 1l+¢ 


Tv 
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Similarl CORT a "i 2 [oosr f errs afi o aD 
ah Vee Ne ona ang ae 


oesinin ° COST 4 
——dr= —— ar = rah ih sin rdr = [ cos rd = 5. 
Also bean E } 5 


[> a} 
se By = ae~¥1+2)]Jq, show that 
0 





7. Given that : 
1+ a? 


© 1+4 cosmz © COS ML T 
i ea ee =F (tem) and : qe ae m> 0. 


oP Sin) a 

. T R = OS ae 

8. Express R (x, a) 1 ae 

tuting x’ for ax, in such a form that the uniform convergence for @ such that 
0 < a = ais shown. Hence from Ex. 7 prove 


dx, by integration by parts and also by substi- 


if eee a= e-«, w>0 (by differentiation). 
o 1+ 2? 2 


Show that this integral does not satisfy the test for uniformity given in the text; 
also that for a = 0 the convergence is not uniform and that the integral is also 
discontinuous. 

9. If f(a, a, 8) is continuous in (x, a, 8) for 0 =z < w and for all points (a, 8) 
of a region in the af-plane, and if the integral ¢(a, 8) = ii3 f(x, a, B)dx con- 


verges uniformly for said values of (a, 8), show that ¢ (a, 8) is continuous in (a, 8). 
Show further that if f/ (7, a, 8) and tg (x, a, B) are continuous and their integrals 
converge uniformly for said values of (a, 8), then 


I ales, a, je) elise Ce if fg (@, a, 8) dx = ¢., 
and ¢%, bg are continuous in (@, 8). The proof in the text holds almost verbatim. 


10. If f(@, y) =f (, a +78) is a function of 2 and the complex variable 
y =a + iB which is continuous in (x, a, 8), that is, in («, y) over a region of the 
y-plane, etc., as in Ex. 9, and at ey (x, y) satisfies the same conditions, show that 


wo 
¢(Y) = [ J (x, y) dx defines an analytic function of y in said region. 
0 


; 2 
11. Show that ii e-y"dx, y= a+ is, a= a> 0, defines an analytic func- 


0 
tion of y over the whole y-plane to the right of the vertical @ = @. Hence infer 





om : = 
= e- YP da = = ir be > . 
$ (7) {s ( sV; 3 Va+is az=a,>o 
es  ———— 
Prove ih e- @" cog Batde = 1 Ne @4+Vae+ com 
0 2 2 a? 4 2 


a .. [a ¢ 
ih e- @" sin Brtdx = : Are da al ke al 
0 2 2 a? + Bp 
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1 
12. Integrate ie Scare cos Badr of Ex. 11 by parts with «cos px2dz = du 


to show that the convergence is uniform at a= 0. Hence find ike cos Bx?dx. 


+a +a 
13. From f cos xd =) 


+20 
cos (« + a)?dx = we = ji sin (x + @)?dx, with 


+a +a 
the results it cos x? sin 2 ardx = af sin x? sin 2 azdx = 0 due to the fact that 


—2 


sin z is an odd function, establish the relations 


2 : Vir Tv Vr or T 
if cos x? cos 2. axdx = — cos(—— a?), de sin z? cos 2 axdx = — sin(—— a@?). 
Cy) 2 4 0 2 4 


“ 


14. Calculate : (a) if * e- a2? cosh brdx, (8) ip * re- @ cos bedz, 
0 /0 





20 2 2 ea] 2 2 
and (together) (y) if os (G+ 5) Regt sin Ga 2) ae 


15. In continuation of Exs. 10-11, p. 368, prove at least formally the relations: 


lim fife 2 a dz = — Sf (0), tim = f" 46 v) 


keo 


(ohare, cos kedadk = Oe. one apt re Ea, 


sin ka a 


sin Ke ae 














Lpe ce, 
= ap ff@ cos kadadk =Jim= f* (2) dz =f (0), 


~ f° f= F(@) cos kadedk = £10), Sa ene 


The last form is known as Fourier’s Integral; it represents a function f(¢) as a 
double infinite integral containing a parameter. Wherever possible, justify the 
steps after placing sufficient restrictions on f(z). 

» 


CS ) ; 1 2 g—- ax e—ba b 
16. From e- ty dy = — prove ee dc lor — a Prove also 
0 i 0 L a 


wo > o] 
J. xar—le-2 dz if rm—le-=« dz, 
0 0 T 


a = 
= ff p2n+2m—2e—r* qy2 if sin22-l¢ cos2™—-lad¢. 
0 0 


17. Treat the integrals (12) by polar codrdinates and show that 


fre naa f' 


will converge if |f|<r-2—*asr becomes infinite. If f(z, y) becomes infinite at the 
origin, but |f|<7r-2+4, the integral converges as r approaches zero. Generalize 
these results to triple integrals and polar codrdinates in space ; the only difference 
is that 2 becomes 3. 

18. As in Exs. 1, 8, 12, uniformity of convergence may often be tested directly, 
without the test of page 369 ; treat the integrand x-1le-¢7sin br of page 371, where 
that test failed, 


ie) 


ir “Pr cos ¢, rsin ¢) rdrd¢ 


CHAPTER XIV 
SPECIAL FUNCTIONS DEFINED BY INTEGRALS 
147. The Gamma and Beta functions. The two integrals 
G)— [ etee, B(m, n) = ih “HL a)" de (1) 
0 0 
converge when n > 0 and m > 0, and hence define functions of the 
parameters » or m and m for all positive values, zero not included. 


Other forms may be obtained by changes of variable. Thus 


Cy) = it yn te-vdy, by e=y', (2) 
0 
1 gh Noa 
T(n) =[ (10s a dy, by 4" = & (3) 
0 


1 
B(m, n) -[ y" *1—y)™ "dy =B(n,m), by x=1-y, (4) 
0 





oS yay ea 
B(m, 2) -[ A+yn’ by nee Bey (5) 
B(m, n) = 2 f *sin’"—1¢ cos?""1ddq, by 2=sin’¢. (6) 
0 


If the original form of I'(m) be integrated by parts, then 


oo ll a) af =e 
T(n) =| a" —1e-“da = — x"e7 | + = 4p ae "dz = : T'(n + 1). 
‘ n "J, n 


The resulting relation ['(n + 1) = nI'(n) shows that the values of the 
T-function for n+ 1 may be obtained from those for n, and that con- 
sequently the values of the function will all be determined if the values 
over a unit interval are known. Furthermore 


Tin + 1) = nP(n) = n(n — 1)0 (n — 1) = 
=n(n—1)---(n—k)T(n—hk) Ae 


is found by successive reduction, where k is any integer less than n. 
If in particular m is an integer and * = n — 1, then 


Ta+1)=n(m—1)---2-1-TA)=n!ITA)=al; (8) 
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since when n = 1 a direct integration shows that T'(1) = 1. Thus for inte- 
gral values of n the V-function is the factorial ; and for other than integral 
values it may be regarded as a sort of generalization of the factorial. 

Both the T- and B-functions are continuous for all values of the 
parameters greater than, but not including, zero. To prove this it is 
sufficient to show that the convergence is uniform. Let n be any value 
in the interval 0 < n, = n S N; then 


to} 2) 
[eretae = [ erterde, ji Cite ag =[ HEALER ee 
0 0 


The two integrals converge and the general test for uniformity (§ 144) 
therefore applies; the application at the lower limit is not necessary 
except when x < 1. Similar tests apply to B(m, n). Integration with 
respect to the parameter may therefore be carried under the sign. The 


derivatives ze 2 
AN) a ote “(log a \kax (9) 
dn* F 


may also be had by differentiating under the sign; for these derived 
integrals may likewise be shown to converge uniformly. 

By multiplying two I-functions expressed as in (2), treating the 
product as an iterated or double integral extended over a whole quad- 
rant, and evaluating by transformation to polar codrdinates (all of 
which is justifiable by § 146, since the integrands are positive and 
the processes lead to a determinate result), the B-function may be 
expressed in terms of the I-function. 


T'(n)T(m) =4 f gee de if yen e-Vdy=4 f { gina lem lease dedy 
0 0 0 0 


= af pantamcterrdr | Peinte—14 cos?" hdd = T(n + m) B(m, n)- 
0 


Hence B(m, n) = oe B(n, m). (10) 
The result is symmetric in m and n, as must be the case inasmuch 
as the B-function has been seen by (4) to be symmetric. 

That ['(4)= V7 follows from (9) of § 143 after setting n = 4 in (2); 
it may also be deduced from a relation of importance which is obtained 
from (10) and (5), and from (8) of § 142, aes ri by fh Ee I 


Dy IG 7) ea) ale es 


Trd)=1 
or T(im)rd—n)= 








7 
ty ‘4 ~ sin 





(yj 


sin nT 
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As it was seen that all values of I'(m) could be had from those in a 
unit interval, say from 0 to 1, the relation (11) shows that the inter- 
val may be further reduced to 4=n=1 and that the values for the 
interval 0 << 1—n < $ may then be found. 

148. By suitable changes of variable a great many integrals may 
be reduced to B- and T-integrals and thus expressed in terms of 
Y-functions. Many of these types are given in the exercises below; 
a few of the most important ones will be taken up here. By y= az, 


a 1 
if Repel aoe 7 ae a ah fe td =/ y)" "dy = an t*-2B (mi, n) 
0 0 
or f ea? = ey tds aa qntn-1 Dom)T(n) | ns 0. (12) 
hy T(m + n) 
Next let it be required to evaluate the triple integral 


£ = [fore tanya, 2+y+2si, 


over the volume bounded by the codrdinate planes and a+ y+2=1, 
that is, over all positive values of «x, y, z such that z«+y+231. Then 


1 1-z l-—-xz-y 
I= i ij i tae eae 
0 0 0 
ll 1 1—2 
== i i! a'—y™-\(1 — x — y)"dydz. 
oe 0 


hee T(m)T(n +1) 
B 12 gpn—1 [a i nd Se en ee Ea aS Bae A 
y (12) II RE eer ie eee 


The _Tmla+t) ; t—1 »\m + nn 
Then I= errs) at? (1 = ag)" tda 
— Pm)P(im +1) POrn+24+1) 
oe al(m+n+1)0¢+m+n+ te 


This result may be simplified by (7) and by cancellation. Then 


rece ee TL (2) T(m)T (n) 
T= ‘ nl—1,,m lon 1 ladydz = ey . 
[ff y dadydz = hie oa (13) 


There are simple modifications and generalizations of these results which are 
sometimes useful. Foz instance if it were desired to evaluate I over the range 
of positive values such that #/a+y/b+2z/e Sh, the change x= aht, y = bhn, 
z= ch¢ gives 


T= albmonhitm+n ff fg - lym —len—ldEdndg, E+nt+ cS le 


Ih=s fff tye ten tardyde = alhnen FOL E@)Tn) Altmtn, = + ¥ + © ae 
Tr(l+m+n-+1) OE tel petit 


fl eevee, 
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The value of this integral extended over the lamina between two parallel planes 
determined by the values h and h + dh for the constant h would be 


dl = albmen DOT (mT (ny hitmt+n-1dgh, 
T(lU+ m+ n) 


Hence if the integrand contained a function f(h), the reduction would be 


(Mae gl—lym—lgn—1 f ¢ + + *) dadydz 


T(J) UV (m)T (n) 
(d+ m+n) 


if the integration be extended over all values 7/a + y/b + z/c S= H. 
Another modification is to the case of the integral extended over a volume 


= pl—lqym—len—1 x\P y\4 ae 
J ff fe y™—lzn—-ldrdydz, (y+ (E)'+ = =h, 


which is the octant of the surface (w/a)¥ + (y/b)@ + (z/c)” = h. The reduction to 


= albmen 


H 
{Ee f (h) ht+m+n—-igh 
0 


1 ns n 
albmenhp * gq 


J= —_———— ff a Nya ge afindt FS g es 1 


1 
is made by th = ey , wh= (7) 5 C= (:) Oh Ss pe a 00% 
a c 


l rn nN 
albmen n r(<)r (“) r (") tim, % 
jf = Whee lym— lgx—ldady dz = c Pp q Us Wey 
2 
“pqr P(- fue ate +t) 
p 


This integral is of importance because the bounding surface here occurring is of a 
type tolerably familiar and frequently arising ; it includes the ellipsoid, the surface 
a2 + y? - z= a?, the surface 23 + ys + zs — a’. By taking 1=m=n=1 the 
volumes of the octants are expressed in terms of the T-function; by taking first 
= 3, m =n=1, and then m = 3, 1=n=1, and adding the results, the moments 
of inertia about the z-axis are found. 
Although the case of a triple integral has been treated, the results for a double 
integral or a quadruple integral or integral of higher multiplicity are made obvious. 


For example, 
I (1) T (m) a ay 


l-lym—ldzdy = abmpjl +m 5 
Sfe od ss ror are een 


L\ _ /m 
albm r (<): (“) Lm p U\d 
i fz x! —-lyn—ldrdy Z —_ : g Ap 4, (") Ae (*) it, 
PI y (- ee 1) a b 
js mel 








bso, Ma hereae 

i 4 9g ( ym a ph 

ies ch if | (=) + (*) [away = EN Te ih f(hyhr” qd ah, 
a b pq r (- to *) 0 
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win GEG) PU) FS) 


10 uk ft if gk-lyl—1gm—1¢n -1drdydzdt = a qe 
eee +o+ 74241) 


a\P y\t Z\r be 
GG) ey Glee 
; n—1 
149. If the product (11) be formed for each of feat 
the results be multiplied and reduced by Ex. 19 below, then 


n—1 


if 2 m—1\ (27)2— 
Deen Ti n )= AS 4 4) 
The logarithms may be taken and the result be divided by n. 
- yes | yi 1 1logn 
aN ape Wiest eee Vat ies ee 
> AEG (") n G 2 4 log az 2 0 


Now if 2 be allowed to become infinite, the sum on the left is that 
formed in computing an integral if dx =1/n. Hence 








Fi 
lim Ss log T' (a,) Ax =| log T' (x) dx = log V2 7. (15) 
n=oO 0 
- 
Then if log (a+ x)dx = a(loga —1)+ logV27 (15') 
0 


may be evaluated by differentiating under the sign (Ex. 12 (6), p. 288). 

By the use of differentiation and integration under the sign, the 
expressions for the first and second logarithmic derivatives of I'(n) 
and for log T'(m) itself may be found as definite integrals. By (9) 
and the expression of Ex. 4 (a), p. 375, for log z, 


cs) So ° p—@ — ee 
I'(in)= eo —te-* log ae = ots AL ee Re, 
0 0 0 ea 


If the iterated integral be regarded as a double integral, the order of 
the integrations may be inverted; for the integrand maintains a posi- 
tive sign in the region 1 < # < 0, 0 <@ < , and a negative sign in 
the region 0 <a <1, 0<a<_o, and the integral from 0 to o in 2 
may be considered as the sum of the integrals from 0 to 1 and from 
1 to «, — to each of which the inversion is applicable ($146) because 
the integrand does not change sign and the results (to be obtained) 
are definite. Then by Ex. 1(a), 


T'(n) =| f= ee e7 * — eT aed = 1 (0) [ (= te —)< 
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nye da 
or ; 
T(n) = ah 108 Less -{- tz al z ay ere ia G8) 
This value may be simplified by subtracting from it the particular 
value = y— 1"(1)/1G)=1'() found for w=1. Then 


Ce SOEs ees (a) eit 2 Pile \ da” 
T(n) ER TSN eee cn ee 


The change of 1 + a to 1/a or to e* gives 
Wi) —— t Craton es ee 
Ta) da = aie rena da. (17) 


Differentiate : = hog LG) = Se 











1l-—-e ey 


To find logY'(n) integrate (16) from n=1ton=n. Then 
x _ 1+a)1—(1+a)""|da 
logT — —_ a __ (EO )s" pas 
og I'(n) f lon lye ioe tieia) | me (19) 
since T)(1)i== land log T4)=0.7As F2)=1, 


: os Ota 
ONG al -{- ke a les Ge. aoa 
and log I'(n) =| tes ape ia Ee ays | da: 


a+ ane a log 1 + @) 
by subtracting from (19) the quantity ie —1)logI(2)=0. Finally 


bet@=f [S=F-@-e|4 (19" 


if 1+ a be cHanged to e~*. The details of the reductions and the justi- 
fication of the differentiation and integration will be left as exercises. 

An approximate expression or, better, an asymptotic expression, 
that is, an expression with small percentage error, may be found for 
T(n +1) when nis large. Choose the form (2) and note that the inte- 
grand y?"+4e-” rises from 0 to a maximum at the point y? = n+ 3 and 
falls away again to 0. Make the change of variable y = Va + w, where 
a=n-+ }, so as to bring the origin under the maximum. Then 


Tia+1)= 2 f (Va + (Neds Mae In Sip 
—_va 
a alo a —2Vaw —w? 
or T(n+1)= 2ater« f sy 1 e(1+ 7) 
—vVa 


Now 2alog(1+—~7-)—2Vaw = 0, — Va<w<o. 
Va 





dw. 
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The integrand is therefore always less than e~”, except when w = 0 
and the integrand becomes 1. Moreover, as w increases, the inte- 
grand falls off very rapidly, and the chief part of the value of the 
integral may be obtained by integrating between rather narrow 
limits for w, say from —3 to +3. As @ is large by hypothesis, 
the value of log (1 + w/ Va) may be obtained for small values of w 
from Maclaurin’s Formula, Then 


ce 


Cin + nN, = 2 ate ah e~ 24-day 


is an approximate form for T'(n+ 1), where the quantity « is about 
zw/ Va and where the limits + ¢ of the integral are small relative to Va. 
But as the integrand falls off so rapidly, there will be little error made 
in extending the limits to « after dropping e«. Hence approximately 


T(an+1)= 2ate-« f e- 2" dw = VN 2qa*e-<, 


or Tin +1) = V2r(n+ $)tte- +) + 9), (20) 


where y is a small quantity approaching 0 as » becomes infinite. 














EXERCISES 
1. Establish the following formulas by changes of variable. 
(a) T'(n) = a {mre ane itie> |, (8) fisw xde =iB(™ + : = 
0 ; : aka eee 
(vy) B(n, n) = 21-2"B(n, 4) by (6), (6) fr gr—l(] — 27)" -lde = 4 Bi m, n), 
1 ym—1(] — g)n-1 u . 
(3 x ( Dhabas ge B(m, 2) s T (m) T (n) lies ae ee ; 
0 (e¢+a)jmrn an(1 + am a +aym 7 (m + nj) x+a I1+a 
1 im — iL (_— n—lq 
(x) di x x)" —lda 3 T (m) T (n) ie ek by ' 
[ax + b(1—ax)]m+ = arbel (m + n) a(1— y) + by 
(n) Lam-1(1—a)n-Idr  B(m, n) 6) f’- anda Var T(kn+ 3) 
0 (b+ exymtn ~~ bm(h + ym’ j= 2 Tare t. 
1 | 1 dy pe + 
(ep ) tf am(1— an) P de —— Jal» (v4, m+’): (x) r te = ~~ Ly I (- Be an 
0 n n SORTA. Tee n T (n- re i) 


2. From 1 (1) =1 and Tr (4) = Vr make a table of the values for every integer 
and half integer from 0 to 5 and plot the curve y = T(x) from them. 


3. By the aid of (10) and Ex. 1 (y) prove the relations 
Val (2a) = 24-IP (a) P(a+}), Val (n) = 2"-1F dn) TP (Gn )). 


4. Given that T (1.75) = 0.9191, add to the table of Ex. 2 the values of IT’ (n) for 
every quarter from 0 to 3 and add the points to the plot. 
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5. With the aid of the I'-function prove these relations (see Ex. 1): 


1-3-5:--(m—Im 0 2:4-6+-- (n=) 





’ 


r Tv 
(a) if *sinn edz = it 2 cost ada = 
fo) 0 








2-4-6--0n 2 Tagen yy 
as n is even or odd. 
(8) fo x2dx Ae SAC st Ne o gent ida _ 2-4-6---2n ; 
oy Eval? PEM oom eye | 0 VWj~—g2 1-8-5...Qn+41) 





p oes mat 5 _ 3 ras 
(5) fo Vat — an = () f 22(a2 — a2) ide = - 


Find (| —% to four deci 
(¢) Fine ie ar 5 four decimals, (n) Find i aa’ 
— wv 


6. Find the areas of the quadrants of these curves : 

(a) ab + yi =a}, (6) e+ yh=ad,  (y) att yh =], 

(5) x?/a? + y?/b? =1, (c) the evolute (aa) $ + (by)? = (2 — 623. 
7. Find centers of gravity and moments of inertia about the axes in Ex. 6. 


8. Find volumes, centers of gravity, and moments of inertia of the octants of 


(a) h+yitat=al, (py att yit eisai, (y+ y2teh a1. 


9. (@) The sum of four proper fractions does not exceed unity ; find the average 
value of their product. (8) The same if the sum of the squares does not exceed 
unity. (y) What are the results in the case of k proper fractions ? 

10. Average e~ 2”—>yv’ under the supposition az? + by? = H. 
11. Evaluate the definite integral (15’) by differentiation under the sign. 


12. From (18) and 1< 5 = 





— <1+ @ show that the magnitude of D? log T (n) 
is about 1/n for large values of n. 
13. From Ex. 12, and Ex. 23, p. 76, show that the error in taking 
1 n+1 il ill 
log T (» + 3} for if logI'(#)dxz is about see log IT (» + :) : 
14. Show that ii. lor T (x) dz a1 log (n+ x)dx and hence compare (15), 
(20), and Ex. 13 to show that the small quantity 7 is about (24n 4+ 12)-1, 


15. Use a four-place table to find the logarithms of 5! and 10!. Find the 
logarithms of the approximate values by (20), and determine the percentage errors. 


16. Assume n = 11 in (17) and evaluate the first integral. Take the logarithmic 
derivative of (20) to find an approximate expression for T’(n)/T (n), and in partic- 
ular compute the value for n = 11. Combine the results to find y = 0.578. By more 
accurate methods it may be shown that Euler’s Constant y = 0.577,215,665 - - - 


17. Integrate (19) ase n to n + 1 to find a definite integral for (15). Subtract 


0 gan — et da 
the integrals and add — 5 lowm =f. ea Bic Hence find 


2 a 


i ah da 
log T'(n) — n(logn — 1) — log V27r r+ clogn= [ [= =t 2 +5 e =p 
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18. Obtain Stirling’s approximation, T (n+ 1) = V2 mnre- ”, either by compar: 
ing it with the one already found or by applying the method of the text, with the 
substitution z = n + V2ny, to the original form (1) of I (x + 1). 

Ret a meee CIT Thee: . (n—1)7 n 
oe 6 Sh 


19. The relation JT] sin—=sin—sin 


= may be 
k=1 n n n n Qn—-1 





2kri 
obtained from the roots of unity (§ 72) ; for 2* —1= (a — 1) Ts —e * ), 











kri Ti 
gr —l1 k=n—1 _ km k=n-1 en res | 
7 ae eal he ine — = ——_—_—_ = “hei 
x+=12—1 k=1 k=1 27% (24)2—2 tS 


150. The error function. Suppose that measurements to determine 
the magnitude of a certain object be made, and let m,, m,, ---, m, be a 
set of m determinations each made independently of the other and each 
worthy of the same weight. Then the quantities 


q,=™,—-™, q.= ™M,—™, roey j.— M,N, 


which are the differences between the observed values and the assumed 
value m, are the errors committed; their sum is 


Gg, oe = (ee ae ae) ee. 


It will be taken as a fundamental axiom that on the average the errors 
in excess, the positive errors, and the errors in defect, the negative 
errors, are evenly balanced so that their sum is zero. In other words it 
will be assumed that the mean value 


nmm=mM,+m,+--- +m, OY MSH = (m, +m,+-:-+m,) (21) 
is the most probable value for m as determined from m,, m,,---, m,. 
Note that the average value m is that which makes the sum of the 
squares of the errors a minimum; hence the term “least squares.” 
Before any observations have been taken, the chance that any par- 
ticular error g should be made is 0, and the chance that an error lie 
within infinitesimal limits, say between g and g + dy, is infinitesimal ; 
let the chance be assumed to be a function of the size of the error, and 
write @(7)dq as the chance that an error lie between g and ¢g + dq. It 
may be seen that @(q7) may be expected to decrease as qg increases; for, 
under the reasonable hypothesis that an observer is not so likely to be 
far wrong as to be somewhere near right, the chance of making an 
error between 8.0 and 8.1 would be less than that of making an error 
between 1.0 and 1.1. The function (9) is called the error function. 
It will be said that the chance of making an error g, is ¢(y,); to put it 
more precisely, this means simply that $(9,)dq is the chance of making 
an error which hes between g,; and q; + dq. 
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It is a fundamental principle of the theory of chance that the 
chance that several independent events take place is the product of 
the chances for each separate event. The probability, then, that the 
errors g,, Y,***) Y, be made is the product 


b(%,) 69a) °° O(n) = (m, — m) o(m, — Mm) +++ b(m, — m). (22) 


The fundamental axiom (21) is that this probability is a maximum 
when m is the arithmetic mean of the measurements My) My, ° 
for the errors, measured from the mean value, are on the whole less 
than if measured from some other value.* If the probability is a maxi- 
mum, so is its logarithm; and the derivative of the logarithm of (22) 
with respect to m is 


$'(m,—m) _ $'(m,— m) p'(m, — m) __ 

o(m,—m) o(m,—m) ah a d(m,—m) 
when g,+9,+:::+%=(m,—m)+ (mm, — 1) +--+ (m, —m) = 0. 
It remains to determine ¢ from these relations. 


For brevity let F(q) be the function F = ¢'/¢ which is the ratio 
of $'(¢) to @(qg). Then the conditions become 


In particular if there are only two observations, then 
RG) -F@)=0 and ¢g,+9¢,=0 o g=+¢; 
Then PTD Hf On Ore C= gi 7): 


901 GBs & 


nw 





Next if there are three observations, the results are 
FQ) +F(,)+FQ,)=90 and ¢,4+9,+9,=0. 
Hence F(q) <3 F(q) — F(q;) = F(— 1) Thess qa): 


Now from F@)+Fy=Fa+y) 
the function F may be determined (Ex. 9, p. 45) as F(w) = Ca. Then 
$' (7 Y = 1 a ee} r 
FQ)= a =Cg, lge@=5c7 1X, 
and $(q) = or OP +K _ get @ 


This determination of ¢@ contains two arbitrary constants which may 
be further determined. In the first place, note that C is negative, for 
(7) decreases as g increases. Let 7 C =— k?. In the second place, the 

* The derivation of the expression for ¢ is physical rather than logical in its argu- 


ment. The real justification or proof of the validity of the expression obtained is & pos- 
teriori and depends on the experience that in practice errors do follow the law (24). 
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error g must lie within the interval — « < y < + which comprises 
all possible values. Hence 


+m +2 
s()dy=1, i eMdg = 1. (23) 


=F c.) 


For the chance that an error lie between 7 and q¢ + dq is ¢dq, and if 
an interval a= q=b be given, the chance of an error in it is 


b b b 
> $(q7)dq_ or, better, lim Dy, $(7) dq =f (9) dq, 


and finally the chance that — « < ¢ < + represents a certainty and 
is denoted by 1. The integral (23) may be evaluated ($143). Then 
GWVr/k =1and G=k/V7. Hence * 


k he 
b(g) = Riek ar) (24) 


The remaining constant *& is essential; it measures the accuracy of 
the observer. If x is large, the function $(q) falls very rapidly from 
the large value k/ Vor for ¢=0 to very small values, and it appears 
that the observer is far more likely to make a small error than a large 
one; but if & is small, the function ¢ falls very slowly from its value 
k/ Vor for ¢ =0 and denotes that the observer is almost as likely to 
make reasonably large errors as small ones. 

151. If only the numerical value be considered, the probability that 
the error lie numerically between g and g + dq is 


2k etd 1 ae coer 
—=e-Padg, and —=—] e-?* 
ors ert Sa hs! 


is the chance that an error be numerically less than & Now 


2k § 2 Kg 
W(é) = val e-Padg = af e-** da (25) 
0 0 


is a function defined by an integral with a variable upper limit, and the 
problem of computing the value of the function for any given value of € 
reduces to the problem of computing the integral. The integrand may 
be expanded by Maclaurin’s Formula 


: Ge ee ee ee 
ie ae ast tina's 9 iri y hana 3 D <ei: 
gr a? u (26) 





Ez ee 
o— lar = ¢ - — 2 eee ee 
ii iia ame RT ATE Timi Pea sce a ey 


*The reader may now verify the fact that, with @ as in (24), the product (22) is a 
maximum if the sum of the squares of the errors is a minimum as demanded by (21), 
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For small values of x this series is satisfactory ; for x S 4 it will be 
accurate to five decimals. 

The probable error is the technical term used to denote that error é 
which makes w(€) = 3; that is, the error such that the chance of a 
smaller error is } and the chance of a larger error is also }. This is 


2 


found by solving for a the equation 


Vir cd 8 5 pal 9 
at j= 04st = OT Fen en ae ecm ee yee 
0 vo 





Pops tay 10 42 216 


The first term alone indicates that the root is near x = .45, and a trial 
with the first three terms in the series indicates the root as between 
x = 47 and «= .48. With such a close approximation it is easy to fix 
the root to four places as 


w= ké'= 0.4769 or €= 0.4769%-" (27) 


That the probable error should depend on & is obvious. 

For large values of « = ké the method of expansion by Maclaurin’s 
Formula is a very poor one for calculating y(€); too many terms are 
required. It is therefore important to obtain an expansion according 
to descending powers of x. Now 


i e—- xy =| e-daxr =f e- x7 day =pvr—f etd 
1 # Lat (eset aa, 
and {e- e- dz. =| Ae dee -| mal ith a 


The limits may be substituted in the first term and the method of in- 








tegration by parts may be applied again. Thus 


e-@ ‘il oD i" oes 
if a ae = aah ara ie 
aig 1 1-3 Ts 04 fia eon 
oy. ayes! 2° [ as” 
and so on indefinitely. It should be noticed, however, that the term 


153.5 ->.(2n —1).e-% 
Dryp2n 2. 








we 











(ee 





diverges a8 n = 0. 


In fact although the denominator is multiplied by 2a? at each step, the 
numerator is multiplied by 2 — 1, and hence after the integrations by 
parts have been applied so many times that n > a’ the terms in the 
parenthesis begin to increase. It is worse than useless to carry the 
integrations further. The integral which remains is (Ex. 5, p. 29) 
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ake eee ede _ 123.0 » A ee BS a pr 


Bat pent 2 ae 2n+1 


Thus the integral is less than the last term of the parenthesis, and it 
is possible to write the asymptotic series 


if PEE irl Rieti ae sl (28) 
. 2 Zi 





Vhai OE Disha 


with the assurance that the value obtained by using the series will differ 
from the true value by less than the last term which is used in the series. 
This kind of series is of frequent occurrence. 

In addition to the probable error, the average numerical error and the 
mean square error, that is, the average of the square of the error, are 
important. In finding the averages the probability ¢ (7) dq may be taken 
as the weight; in fact the probability is in a certain sense the simplest 
weight because the sum of the weights, that is, the sum of the prob- 
abilities, is 1 if an average over the whole range of possible values is 
desired. For the average numerical error and mean square error 


fe 2k le prey 1 0.5643 





(29) 





It is seen that the average error is greater than the probable error, and 
that the square root of the mean square error is still larger. In the 
case of a given set of m observations the averages may actually be 
computed as 


Fie ee betes 8 ee ee 
n kV [g| Wr 

eo gigs ere oe 1 ; — Ls 
? V¢eve2 








kS 


n 2k 
Moreover, 7 (7 = 


Tt cannot be expected that the two values of & thus found will be pre- 
cisely equal or that the last relation will be exactly fulfilled; but so 
well does the theory of errors represent what actually arises in prac- 
tice that unless the two values of & are nearly equal and the relation 
nearly satisfied there are fair reasons for suspecting that the observa- 
tions are not bona fide. 

152. Consider the question of the application of these theories to 
the errors made in rifle practice on a target. Here there are two 
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errors, one due to the fact that the shots may fall to the right or left 
of the central vertical, the other to their falling above or below the 
central horizontal. In other words, each of the codrdinates (a, y) of 
the position of a shot will be regarded as subject to the law of errors 
independently of the other. Then 
B yt Al 

= en weds, ue e~ F*dy, kk 
will be the probabilities that a shot fall in the vertical strip between 
x and w + dx, in the horizontal strip between y and y + dy, or in the 
small rectangle common to the two strips. Moreover it will be assumed 
that the accuracy is the same with respect to horizontal and vertical 
deviations, so that k = k'. 








a k2g? — p27? 


dxdy 


These assumptions may appear too special to be reasonable. In particular it 
might seem as though the accuracies in the two directions would be very different, 
owing to the possibility that the marksman’s aim should tremble more to the right 
and left than up and down, or vice versa, so that k 4 k’. In this case the shots would 
not tend to lie at equal distances in all directions from the center of the target, 
but would dispose themselves in an elliptical fashion. Moreover as the shooting is 
done from the right shoulder it might seem as though there would be some inclinea 
line through the center of the target along which the accuracy would be least, and 
a line perpendicular to it along which the accuracy would be greatest, so that the 
disposition of the shots would not only be elliptical but inclined. To cover this 
general assumption the probability would be taken as 


9 79.9 . + 0 9.92 , 9 
Ge- Px —2r2y-ky"dedy, with G it i e-Bu? — 229 — ky dady = 1 
—o 
as the condition that the shots lie somewhere. See the exercises below. 


With the special assumptions, it is best to transform to polar coér- 
dinates. The important quantities to determine are the average distance 
of the shots from the center, the mean square distance, the probable 
distance, and the most probable distance. It is necessary to distinguish 
carefully between the probable distance, which is by definition the dis- 
tance such that half the shots fall nearer the center and half fall farther 
away, and the most probable distance, which by definition is that dis- 
tance which occurs most frequently, that is, the distance of the ring 
between 7 and 7 + dr in which most shots fall. 

The probability that the shot lies in the element rdrd¢ is 


9 


k ; 
—e-¥rrdrdp, and 2k?e-**rdr, 
7 


obtained by integrating with respect to ¢, is the probability that the 
shot lies in the ring from r tox + dr. The most probable distance r, is 
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that wnich makes this a maximum, that se 
: _ 0.7071 | 
ces ZB 2k kk 


The mean distance and the mean square distance are respectively 


= - i 2 
=f 2 k2e-P dr = Vr eo — cee ? 
0 








(30) 


<(e- Epi) WOr 
Vie 











4 is Lo, (0) 
? = |) 2 eB r dr = 72 ’ Vp = 
0 
The probable distance rz is found by solving the equation 
‘ Vlog 0.8326 
: = : 2 hee Pedr == 1 eee r= NOES = = 2; (30") 
0 
Hence LE ek ete Vr, 


The chief importance of these considerations lies in the fact that, 
owing to Maxwell’s assumption, analogous considerations may be applied 
to the velocities of the molecules of a gas. Let wu, v, w be the compo- 
nent velocities of a molecule in three perpendicular directions so that 
V=H(W+e+ w)! is the actual velocity. The assumption is made that 
the individual components w, v, w obey the law of errors. The proba- 
bility that the components lie between the respective limits wand wu + du, 
vand v + dv, w and w + dw is 


ké oa 
ey OS Ee F 

e— Bw — Ke? —w?dudvdw, and 
aN 4 aN 

is the corresponding expression in polar coérdinates. There will then 

be a most probable, a probable, a mean, and a mean square velocity. 

Of these, the last corresponds to the mean kinetic energy and is subject 

to measurement. 








e-P FV? sin 6d Vdbdd 


EXERCISES 
1. Ifk = 0.04475, find to three places the probability of an error £ < 12. 


2. Compute (ee «dx to three places for (a) x = 0.2, (8) x = 0.8. 
0 


3. State how many terms of (28) should be taken to obtain the best value for 
the integral to « = 2 and obtain that value. 


4 
4. How accurately will (28) determine f ede — 4} Va? Compute. 
v0) 


5. Obtain these asy™ptotic expansions and extend them to find the general law. 
Show that the error introduced by omitting the integral is less than the last term 
retained in the series. Show further that the general term diverges when n be- 
comes infinite. 
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x a io See asue™ ale) ye dx 
(a) J, consis =} 4/74 Se eee 


Ce Lm cosa? sing? 1. 3 -= dx 
sin ate = 2 fF — Seset / sina — ine? —, 
(8) if 2NG oee, oe ot i ey ist 
z= sin a x /sin x\2 
(y) fi —, a, & large, @) f (=) dx, x large. 


6. (a) Find the value of the average of any odd power 2n +1 of the error; 
(8) also for the average of any even power; (y) also for any power. 





7. The observations 195, 225*, 190, 210, 205, 180*, 170*, 190, 200, 210, 210, 220%, 
175*, 192 were obtained for deflections of a galvanometer. Compute k from the 
mean error and mean square error and compare the results. Suppose the observa- 
tions marked *, which show great deviations, were discarded ; compute k by the 
two methods and note whether the agreement is so good. 


8. Find the average value of the product qq of two errors selected at random 
and the average of the product |q|-|q’| of numerical values. 








9. Show that the various velocities for a gas are V, = i Ve = 180) 
2 11884 V8 _ 1.2247 iS Ie 
Vark k Vik k 


10. For oxygen (at 0°C. and 76cm. Hg.) the square root of the mean square 
velocity is 462.2 meters per second. Find & and show that only about 18 or 14 
molecules to the thousand are moving as slow as 100m./sec. What speed is most 


probable ? 


11. Under the general assumption of ellipticity and inclination in the distri- 
bution of the shots show that the area of the ellipse kx? + 2 ray + k?y? = A is 
wl (k?k’? — d*)~ 2, and the probability may be written Ge- 4m (k?k’? — \?)~ dH. 


12. From Ex‘ 11 establish the relations (a) G@= 1 Vie? = ne, 
7 


— k’2 #3 k2 ee EanEN 
2 — __________, 2 — ——____—_—_—___» 6 = F 
ig 2 (k?k’? — d*) My 2 (k?k’? — )?) ed) 2 (k2k’? — d2) 


13. Find H,, H; = 0.693, H, H? in the above problem. 


14. Take 20 measurements of some object. Determine k by the two methods 
and compare the results. Test other points of the theory. 


153. Bessel functions. The use of a definite integral to define func- 
tions which satisfy a given differential equation may be illustrated by 
the treatment of ay''+ (2n+1)y'+ ay = 0, which at the same time 
will afford 4 new investigation of some functions which have pre- 
viously been briefly discussed ($§ 107-108). To obtain a solution of 
this equation, or of any equation, in the form of a definite integral, some 
special type of integrand is assumed in part and the remainder of the 
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integrand and the limits for the integral are then determined so that 
the equation is satisfied. In this case try the form 


y e\= if Tat, = if ite™ Tdt, = f — ?eTdt, 


where 7’ is a function of ¢, and the derivatives are found by differen- 
tiating under the sign. Integrate y and y' by parts and substitute in 
the equation. Then 


(1 — #) Te] — f et T'(1— 2) +(2n—1)tT]dt =0, 


where the bracket after the first term means that the difference of the 
values for the upper and lower limit of the integral are to be taken; 
these limits and the form of 7 remain to be determined so that the 
expression shall really be zero. 

The integral may be made to vanish by so choosing 7 that the 
bracket vanishes; this calls for the integration of a simple differential 
equation. The result then is 


T=(1— fyi” 40 yee 


The integral vanishes, and the integrated term will vanish provided 
t= +1 or e**=0. If x be assumed to be real and positive, the expo- 
nential will approach 0 when ¢ = 1 + 7K and K becomes infinite. Hence 


+4 1+is 
ya) [ em(1 — £)"— tat and 2(«) =f (1 — Py" bt (31) 
+1 


e/-1 
are solutions of the differential equation. In the first the integral is an 
infinite integral when n < +} and fails to converge when n S — }. 
The solution is therefore defined only when » > — }. The second in- 
tegral is always an infinite integral because one limit is infinite. The 
examination of the integrals for uniformity is found below. 


; 1 are : : 
Consider db emt(] — t?)"~ 2dt with n < } so that the integral is infinite. 


rill Sy: +1 ea 27 ' 
ie el — vy bat = [a —e)"~ Scosatdt + if (1— ey" 4 sin atat, 
= -1 a | 


From considerations of symmetry the second integral vanishes. Then 





+1. +1 +1 
its era — ya =| f (1—t2)""4 cos atat =f (1— ¢2)"~ dat, 
ios i acy 


—1 





This last integral with a positive integrand converges when n> — 3, and hence the 
given integral converges uniformly for all values of 2 and defines a continuous 
function. The successive differentiations under the sign give the results 
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a n—-4d + a 1 
-f (ey Fesinatdt, — — f° 0)" be cos atat, 
aa —1l 


These integrals also converge uniformly, and hence the differentiations were justi- 
fiable, The second integral (31) may be written with t = 1+ iu, as 


i> 0) _—_—_ 
if eit iw] —T + hu?)"— Zdu 
u=0 








< f em(au + utyh"—Fdu, 
0 


This integral converges for all values of x >0 and n>— 1. Hence the given inte- 
gral converges uniformly for all values of « 2 x) > 0, and defines a continuous 
function ; when x = 0 it is readily seen that the integral diverges and could not 
define a continuous function. It is easy to justify the differentiations as before. 


The first form of the solution may be expanded in series, 


y (2) = cle ed — # 2-3 dt aif (1 — #)” —2 cos xtdt 
Saf a—#)""2 > cos axtdt (32) 
=n d= alates +o +05 31) oS 


The expansion may be carried to as many terms as desired. Each of 
the terms separately may be integrated by B- or T-functions. 


aoe gp2k p2k wrk A. ? La 
2 eS Beery Soe | sin?” $ cos** ddd 
oT(n+hPk+h) aT n+) Ver 
TEED Mtk4+1) BTR EDI MEET’ 
oe ay (a) fy (— ater ae 
ia WO) = Fete) POP IT@+k+iy) © 


is then taken as the definition of the special function J,(x), where the 
expansion may be carried as far as desired, with the coefficient 6 for 
the last term. If n is an integer, the T-functions may be written as 








factorials. 
154. The second solution of the differential equation, namely 


=e 


2(2) = y, (2) + iy,(2) =| “—2e(1— etd, (1) 


where the coefficient — 2 has been inserted for convenience, is for some 
purposes more useful than the first. It is complex, and, as the equation 
is real and a is taken as real, it affords two solutions, namely its real part 
and its pure imaginary part, each of which must satisfy the equation. As 
y(a) converges for 2=0 and z(x) diverges for «=0, so that y,(w) or 
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y,(z) diverges, it follows that y(a#) and y,(#) or y(«) and y,(x) must be 
independent; and as the equation can have but two independent solu- 
tions, one of the pairs of solutions must constitute a com- 
plete solution. It will now be shown that y,(~) = y() 
and that Ay(a) + By,(x) is therefore the complete solu- 
tion of ay" + (2n4+1)y'+ay=0. 

Consider the line integral around the contour 0, 1 —e, 
1+ ¢i,1+ 01%, 07, 0, or OPQRS. As the integrand has a 
continuous derivative at every point on or within the 
contour, the integral is zero ($124). The integrals along 
the little quadrant PQ and the unit line PS at infinity may be made as 
small as desired by taking the quadrant small enough and the line far 
enough away. The integral along SO is pure imaginary, namely, with 


R 


O fe 


C—=40, 
S 
if — 2 (1 — 2)" tdt = 2% ih e-™(1 + uw) bdu. 
so Oo 
The integral along OP is complex, namely 


if — 2e(1— ey" hat 
Oe P : P 
—— of (1 — #)"" 2 cos atdt — 2 if (di — fs sin atdt. 
oO oO 


P e 
Hence 0=— 2 (1 — gy-3 cos atdt — 2 if a—#)"~ 2 sin xtdt +& 
O oO 


R S 
ae f — 2et(1 — #)* fd + 2,428 if e-™(1 + w)"~ Fdu, 
Q O 


where ¢, and ¢, are small. Equate real and imaginary parts to zero 
separately after taking the limit. 


: on — 4 Y 1+io : 
2 f (1 — @)" * cos widt = y(x) = Rf — 2e(1 — #?)"~ bdt = (©); 
0 1 


1 =<) 
2 f (1 — py-t sin atdt — 2 e~™(1 + Ww)" ddu 
0 0 
, 1l+io 
a If ob emf ve £2)"— tat = Y(2). 
1 
The signs f and ¥ are used to denote respectively real and imaginary 


parts. The identity of y(#) and y,(@) is established and the new solu- 
tion y,(#) is found as a difference of two integrals. 
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It is now possible to obtain the important expansion of the solutions 
y (x) and y,(x) in descending powers of x. For 


ltica al 
: ae ees ped Aas 
if = 21 — Py a at =| — 2ie*™—"(u? — 2 iu)” 4 du, t=1+iu. 
1 0 
Since # # 0, the transformation wa = v is permissible and gives 
n+ J * ee , — L n— 
Y +2 (— it? gig a e-*y" i(1 aa dy 
F x 
4 1\7 no 
narttge lOO (ona y 
(1 a oe Sent ra)” 
‘ a ! 2 


The expansion by the binomial theorem may be carried as far as de- 
sired; but as the integration is subsequently to be performed, the 
values of v must be allowed a range from 0 to o and the use of 
Taylor’s Formula with a remainder is required —the series would not 
converge. The result of the integration is 


omen mac usculeei cere sen 








where Q(x) =" 4 BE ep hes 
(n? —1)(n? — 9 (n? — 1)(n? — % ees: Zo49 
P(a)=1 a Dn tet NW EE ge )(n ue ee 


Take real and imaginary parts and divide by 2”2~” Vol (n+ 4). Then 


J,(at) = El («) cos (« = (» “ 5) 2) — Q(a) sin (« = (» + 5) =) | 
K, (a) = J\2[e@ cos (« — (» a >) 2) + P (a) sin (« - (» che 7 a 


are two independent Bessel functions which satisfy the equation (35) 
of §107. If n+} is an integer, P and Q terminate and the solutions 
are expressed in terms of elementary functions (§ 108); but if m+ 4 
is not an integer, P and Q are merely asymptotic expressions which do 
not terminate of themselves, but must be cut short with a remainder 
term because of their tendency to diverge after a certain point; for 
tolerably large values of x and small values of n the values of /,() 
and K,(x) may, however, be computed with great accuracy by using 
the first few terms of P and Q. 
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The integration to find P and Q offers no particular difficulty. 


fcr d do = Tt gt h = Mt k-YMEE- Do (DF LMF YD). 


The factors previous to I (n + }) combine with n— 3, n— $,---, n—k+ 4, which 
occur in the kth term of the binomial expansion and give the numerators of the 
terms in P and Q. The remainder term must, however, be discussed. The integral 
form (p. 57) will be used. 


v -—l 
Bet (pet By Oty ae 
laedy eae edb: 


f® = (»-5) 7S (n—K+ Atean ce copier 


Let it be supposed that the expansion has been carried so far that n —k—1<0, 


Then (1 + vi/2 ge 2 is numerically greatest when v = 0 and is then equal to 1. 
Hence 
plies ah gee ee ee 
(k (2a)k k} (2x)* 


3 
(wa). (w ean) 
4 4 r 1 
Ei Qaye pret 
It therefore appears that when k > n — 3 the error made in neglecting the remain- 


der is less than the last term kept, and for the maximum accuracy the series for 
P + 4Q should be broken off between the least term and the term just following. 











and. 





ee) 1 
f e-*v" 2Rzdv| < 
0 





EXERCISES 
1. Solve ay” + (2n+1)y — zy = 0 by trying Tet as integrand. 
=a sh =a 
Af (1 — 02)"— Fendt + BY (#—1y'-Tewgs, zt, 0 on 
2. Expand the first solution in Ex. 1 into series; compare with y (ix) above. 
3. Try T(1— tx)” on a(1—2)y” + [y—(@+ 84+ 1)z]y’ — apy =0. 
1 
One solution is f t8-1(1 — t)y-8-1(1 — tx)- edt, B= 0 y>B, Falak 
0 ; 


4, Expand the solution in Ex. 3 into the series, called hypergeometric, 


Rae Arete eee 
Gr all+ Sat iayGsh 


set M+ DEBT UOT Ds] 
1-2-8 +1) (y+ 2) 


5. Establish these results for Bessel’s J-functions : 








un Tr 
(a) J,(x) = ———__—_ sin2” @ cos (x cos f) dg, n>—i, 
Gee : 
4 Hi 
73 


As => z-- 
(8) Salt) = = sag oD 





ie sin?” ¢ cos (ecos¢)d¢,  n=0,1,2,3-: 
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6. Show A i), c cos (nd — «sin ¢) d¢ satisfies 
am Jo 


x 12 sin il 
W+¥s(—S)y=5 =(;-3). 
ay ed 7 eo a 


1 
7. Find the equation of the sccond order satisfied by i (2 — ¢2)"~ 2 sin atdt. 
0 





4 26 a8 10 
8) Show /,(2a)=1— 22 4 = 
0(? 2) ae (22 (3 pe (4!)2 (eI 


9. Compute Jy(1) = 0.7652 ; J,(2) = 0.2289 ; J,(2.405) = 0.0000. 





10. Prove, from the integrals, Jy (x) = — J,(x) and [2-"Jn]’ = — 2- "Jy 41. 


11. Show that four terms in the asymptotic expansion of P + iQ when n = 0 
give the best result when x = 2 and that the error may be about 0.002. 


12. From the asymptotic expansions compute J, o(8) as accurately as may be. 


13. Show that for large values of x the solutions of J,(x) = 0 are nearly of the 
form kr — 4a -+4n7 and the solutions of K,,(x) = 0 of the form kr +47 + $nz. 


14. Sketch the graphs of y = J,(x) and y = J,(«) by using the series of ascend- 
ing powers for small values and the asymptotic expressions for large values of x 


1 


ta (ae S 
ie ¢) == d ] — any (be) dx = O 
15. From J,(«) = i cos (x cosd) dp show Ih € (bx) da ace 


16. Show if "e- ax J\(x)dx converges uniformly when a = 0. 
0 
17. Evaluate the following integrals : (@) ih J (bx) dx = b-1, 
0 
(8) ff sin ace (be) = = sor sin-1- asa>b>0o0rb>a>0, 
0 x 


or 0 as a? > BD? or Lb? > a?, 





wn 1 


or 0 as 0? > a? or a? > 02. 





A 
1 
(8) i cos it Jo (ba) de = — 


b? — a? 








2y eh mS 
18. If u= ViJ,(ax), show ae + (« - a =0. If v= VaJp(b2), 


| du dw 
—— b? — a? tI y(ax) In(dx) dx. 
4 da elle 2 igh eR cd) 


19. With the aid of Ex. 18 establish the relations: 
1 
(a) dIn(4) In 4.1(b) — AIn(b)In 41(4) = (0? — a) td, (aL) J, (bx) da, 
aif a 
(8) aJ,(a) = a? if J (a) da = i xd (a) dat, , 
(1) Fal) In 41( a) + (Tua) Jy, x(t) ~ Tyla) Insala)] = 21 fo [ Tula) Pa. 


2 » sin atdt 2 2 © cos xtdt 
20. Show J,(a) = — { ; K,(«) == if 
Bw?) Vite at 


Ve—1 





CHAPTER XV 
THE CALCULUS OF VARIATIONS 


155. The treatment of the simplest case. The integrai 


B B 
UP i F(a, y, y')dx = f ®(x, y, dx, dy), (1) 
CYA CYA 


where ® is homogeneous of the first degree in dx and dy, may be evalu- 
ated along any curve C between the limits 4 and B by reduction to an 
ordinary integral. For if C is given by y= f(a), 


r= [ Fe ny)de= [Fe S@),s@)ae5 


\C/ A 


and if C is given by x = ¢(¢), y=y¥(), 


B t, 
the jk ®(a, y, dx, dy) =| ®(¢d, Wy, $', y') dt. 
CYA t 


0 

The ordinary line integral ($122) is merely the special case in which 
® = Pde + Qdy and F = P + Qy'. In general the value of J will depend 
on the path C of integration; the problem of the calculus of variations 
is to find that path which will make I a maximum or minimum relative 
to neighboring paths. 

If a second path C, be y = f(x) + n(x), where n(x) is a small quan- 
tity which vanishes at x, and a,, a whole family of paths is given by 


y =f (x) + an(@), =) 2.02 1, 7(%) = 7(@) = 0, 
and the value of the integral 


I(@) =| F(@, tS + an, f' + an') dx, (1') 





taken along the different paths of the family, be- 
comes a function of @; in particular 7(0) and 7(1) 
are the values along C and C,. Under appropriate assumptions as to 
the continuity of F and its partial derivatives Fy, F/, F/, the function 
I(a) will be continuous and have a continuous derivative which may 
be found by differentiating under the sign ($119); then 


(ey = ff [nF (x, f + an, f' + an’) + 9'F (a, f + an, f+ an!) | dx. 
i 400 
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If the curve C is to give 7(@) a maximum or minimum value for all 
the curves of this family, it is necessary that 


10) = f [nye yy) tale y)]de=0; (2) 


and if C is to make J a maximum or minimum relative to all neighboring 
curves, it is necessary that (2) shall hold for any function y (x) which is 
small. It is more usual and more suggestive to write »(«) = $y, and to 
say that dy is the variation of y in passing from the curve C or y = f(«) 
to the neighboring curve C’ or y = f(x) + y(x). From the relations 


! y 
Y=S'@), y=f@+1@, 3 =1@ = dy, 


connecting the slope of C with the slope of C,, it is seen that the variation 

of the derivative is the derivative of the variation. In differential nota- 

tion this is déy = 8dy, where it should be noted that the sign 8 applies 

to changes which occur on passing from one curve C to another curve C,, 

and the sign d apples to changes taking place along a particular curve. 
With these notations the condition (2) becomes 


i ‘(Fray + F/8y') dx = i ‘bFdx = 0, (3) 
*o 0 
where 8F is computed from F, dy, 8y' by the same rule as the differential 
dF is computed from F and the differentials of the variables which it 
contains. The condition (3) is not sufficient to distinguish between a 
maximum and a minimum or to insure the existence of either; neither 
is the conditign g'(x) = 0 in elementary calculus sufficient to answer 
these questions relative to a function g(a); in both cases additional con- 
ditions are required ($9). It should be remembered, however, that 
these additional conditions were seldom actually applied in discussing 
maxima and minima of g(«) in practical problems, because in such cases 
the distinction between the two was usually obvious; so in this case 
the discussion of sufficient conditions will be omitted altogether, as in 
§§ 58 and 61, and (3) alone will be applied. 

An integration by parts will convert (3) into a differential equation 
of the second order. In fact 


as a " d mt be d , 
if Fi by'dx = f he on dydz =| Fi by| — by G7 Ryde. 


0 r% 0 0 


x Ty, / , 
Hence if ‘(F’by + Fy, dy') dx =f (¥; = i Fy = 0, (3’) 
Zo ba) 
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since the assumption that 8y = (#) vanishes at x, and x, causes the 
integrated term [ F,,d/] to drop out. Then 
d Ch Or es Ea eet 
(Po ating regen peal arg Cant nse ae ie 94) 4 
FP, dx By oy dxdy' oyoy' Y oy” iw ( ) 
For it must be remembered that the function 8y = (x) is any function 


that is small, and if F) — < F;, in (3') did not vanish at every point 


of the interval «, = x = x,, the arbitrary function 6y could be chosen 
to agree with it in sign, so that the integral of the product would neces- 
sarily be positive instead of zero as the condition demands. 

156. The method of rendering an integral (1) a minimum or maximum 
is therefore to set up the differential equation (4) of the second order 
and solve it. The solution will contain two arbitrary constants of inte- 
gration which may be so determined that one particular solution shall 
pass through the points A and B, which are the initial and final points 
of the path C of integration. In this way a path C which connects A 
and Band which satisfies (4) is found ; under ordinary conditions the in- 
tegral will then be either a maximum or minimum. An example follows. 


é q 24) == < Fale 
Let it be required to render I =i z v/ i + y?dxz a maximum or minimum. 
x, 
e 





Lviv. Sises eg OE ye. I 
Rey VaevIte, oat, = 


y by y wy yVi+y? 





Hence — Bie y + z ee : : =—y =O or gy ty? +i 
y° YP V1 +4 y? Yy(l+y%)3 
is the desired equation (4). It is exact and the integration is immediate. 
Wy) +1=0, w/tt=e, y+(@—¢,)? =¢y. 

The curves are circles with their centers on the z-axis. From this fact it is easy 
by a geometrical construction to determine the curve which passes through two 
given points A (2, Yo) and B(x, y,); the analytical determination is not difficult. 
The two points A and B must lie on the same side of the z-axis or the integral I 
will not converge and the problem will have no meaning. The question of whether 
a maximum or a minimum has been determined may be settled by taking a curve 
C, which lies under the circular are from A to Band yet has the same length. 
The integrand is of the form ds/y and the integral along C, is greater than along 
the circle C if y is positive, but less if y is negative. It therefore appears that the 
integral is rendered a minimum if A and B are above the axis, but a maximum if 
they are below. 


For many problems it is more convenient not to make the choice of x 
or y as independent variable in the first place, but to operate symmetri- 
cally with both variables upon the second form of (1). Suppose that the 
integral of the variation of @ be set equal to zero, as in (3). 
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B B 
i ie i [Bde + bidy + &;,Sde + ©,,3dy] = 0. 
A A 


Let the rules 8dx = ddx and 8dy = ddy’ be applied and let the terms 
which contain déx and dy be integrated by parts as before. 


B B 

B 

A A 
As A and B are fixed points, the integrated term disappears. As the 

variations 6x and éy may be arbitrary, reasoning as above gives 

&, — de®), = 0, &, — de®, = 0. (4') 
If these two equations can be shown to be essentially identical and to 
reduce to the condition (4) previously obtained, the justification of the 


second method will be complete and either of (4") may be used to deter- 
mine the solution of the problem. 


Now the identity ®(z, y, dz, dy) = F(«, y, dy/dx) dx gives, on differentiation, 
4 la / / (7 , d 
= Fidx, 9, = F’dz, =F, 8,=— i yy 
L 
by the ordinary rules for partial derivatives. Substitution in each of (4’) gives 


vA d ve 
(7, he F, dx = 0, 


Wi, — di, = Keds — AP — Py) = Fide — ah + Kyay + yak 
= Fi dx _— Fide _— Fy dy — Fay’ a F’,dy’ st yak. 


&, — d&,, = Fyde — dF), = 


; par d 
=— F,dy + ydF,, = ~(F, moet /) ay = Ws 


Hence each of (4) reduces to the original condition (4), as was to be proved. 
Vda? + dy? 
eee Then 
y 





Suppose this method be applied to ib sis ri 
y 








P ds _ fo Vda? + dy? =f “ + dyidy ds sv 
ica y a yds ye 


y 
=f [esis (eto) 
ae yds 


where the transformation has been integration by parts, including the discarding 
of the integrated term which vanishes at the limits. The two equations are 





de 0, pe ee and re 
yds yds yds Cy 
is the obvious first integral of the first. The integration may then be completed to 
find the circles as before. The integration of the second equation would not be so 
simple. In some instances the advantage of the choice of one of the two equations 
offered by this method of direct operation is marked. 
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EXERCISES 


1. The shortest distance. Treat i (_1+ yh dx for a minimum. 
2. Treat f V dr? + r2d¢? for a minimum in polar codrdinates. 


3. The brachistochrone. If a particle falls along any curve from A to B, the 
velocity acquired at a distance h below A is v = V2gh regardless of the path fol- 
lowed. Hence the time spent in passing from A to Bis T= i ds/v. The path of 


quickest descent from A to B is called the brachistochrone. Show that the curve 
is a cycloid. Take the origin at A. 


4. The minimum surface of revolution is found by revolving a catenary. 


5. The curve of constant density which joins two points of the plane and has a 
minimum moment of inertia with respect to the origin is c,r? = sec (3¢ + c,). Note 
that the two points must subtend an angle of less than 60° at the origin. 


6. Upon the sphere the minimum line is the great circle (polar codrdinates). 
7. Upon the circular cylinder the minimum line is the helix. 


8. Find the minimum line on the cone of revolution. 


9. Minimize the integral if [; m (=) a sal dt. 
2 dt 2 

157. Variable limits and constrained minima. This second method 
of operation has also the advantage that it suggests the solution of the 
problem of making an integral between variable end-points a maximum 
or minimum. Thus suppose that the curve C which 
shall join some point A of one curve T, to some ?} 
point B of another curve T,, and which shall make 
a given integral a minimum or maximum, is desired. 
In the first place C must satisfy the condition (4) 
or (4') for fixed end-points because C will not give 9 








a maximum or minimum value as compared with 
all other curves unless it does as compared merely with all other curves 
which join its end-points. There must, however, be additional condi- 
tions which shall serve to determine the points A and B which C con- 
nects. These conditions are precisely that the integrated terms, 
B 

[ @.82 + Bi, dy = 0, for A and for B, (5) 
which vanish identically when the end-points are fixed, shall vanish at 
each point A or B provided 6x and dy are interpreted as differentials 
along the curves T, and 1. 
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‘ (ee 
y 





- ds 
For example, in the case of ij treated above, the integrated 
y 


terms, which were discarded, and the resulting conditions are 


[= ns ad & dxda + ar) B- 0 dase + dysy] _ 0 
yds * yds a’ yds a < yds = : 
Here dx and dy are differentials along the circle C and 6x and dy are to be inter- 
preted as differentials along the curves T, and YT, which respectively pass through 
A and B. The conditions therefore show that the tangents to C and Ty at A are 
perpendicular, and similarly for C and I, at B. In other words the curve which 
renders the integral a minimum and has its extremities on two fixed curves is the 
circle which has its center on the z-axis and cuts both the curves orthogonally. 

To prove the rule for finding the conditions at the end points it will be suffi- 
cient to prove it for one variable point. Let the equations 


C:t=9o%), yr), O:e@=eH+s, yv=rOtr, 
F(t) =) =0,  o)=a, nly) =b; d=), dy = (0), 
determine C and C, with the common initial point A and different terminal points 
Band B’ upon T,. As parametric equations of T,, take 


6 ) 
£=L,+ al(s), Y =Y, + bm(s); 5 = to), se = Om (8), 


where s represents the are along I, measured from B, and the functions /(s) and 
m(s) vary from 0 at B to 1 at B’. Next form the family 


x= P(t) + l(s) F(), y=) +ms)q@), Bw =O FI, y= + my, 


which all pass through A fort=t, and which for t=t, describe the curve T,. 
Consider 
t. 
g(8) = ip '@(a + U(s)& y+ m/(s)m, a +l’, y/ + mr’) dt, (6) 
0 


which is the intégral taken from A to I, along the curves of the family, where 
L,Y, v’, y’ are on the curve C corresponding tos =0. Differentiate. Then 


‘5 77 3 rx 
g(8) = ii ‘LU (s) ¢&,, + m’(s) 1, + U(s) 5/8, + m’(s) n°), Jat, 
0 


where the accents mean differentiation with regard to s when upon g, lJ, or m, but 
with regard to t when on & or y, and partial differentiation when on #, and where 
the argument of @ is as in (6). Nowif g(s) has a maximum or minimum when 


8 = 0, then 
90) = f “LOEB, 1, 2%, 1) + MO) 1, + LO) LHF MOB] = 05 
me | Ms joes ; Foe ch _ 
[vo 8, + m0) nt] + i [ro ¢ (% -= «,,) + m/(0)n (*. - =r) dt = 0. 
The change is made as usual by integration by parts. Now as 


@(x, y, v',y)dt = O(a, y, dx, dy), so dt =, $= By,, ete. 
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Hence the parentheses under the integral sign, when multiplied by dt, reduce ta 
(4’) and vanish ; they could be seen to vanish also for the reason that ¢ and are 
arbitrary functions of t except at t=¢, and t=¢,, and the integrated term is a 
constant. There remains the integrated term which must vanish, 





iy fe , / 6x ’ by Z gl , Z eG 
(0) $(G) ®, + m0) (t) By, =|, + 2, | =| Pp dt + Bi, dy |= 0. 


The condition therefore reduces to its appropriate half of (5), provided that, in 
interpreting it, the quantities 6z and éy be regarded not as a = ¢(t,) and b= (E,) 
but as the differentials along I, at B. 


158. In many cases one integral is to be made a maximum or minimum 
subject to the condition that another integral shall have a fixed value, 


x ; x 
jos i F@u Yio Jz { ‘G(x, y, y')dx = const. (7) 
*9 * 
For instance a curve of given length might run from 4 to B, and the 
form of the curve which would make the area under the curve a maxi- 
mum or minimum might be desired; to make the area a maximum or 
minimum without the restriction of constant length of are would ba 
useless, because by taking a curve which dropped sharply from 4A, in- 
closed a large area below the x-axis, and rose sharply to B the area 
could be made as small as desired. Again the curve in which a chain 
would hang might be required. The length of the chain being given, 
the form of the curve is that which will make the potential energy a 
minimum, that is, will bring the center of gravity lowest. The prob- 
lems in constrained maxima and minima are called ‘soperimetrie prob- 
lems because it is so frequently the perimeter or length of the curve 
which is given as constant. 

If the method of determining constrained maxima and minima 
by means of undetermined multipliers be recalled ($$ 58, 61), it will 
appear that the solution of the isoperimetric problem might reasonably 
be sought by rendering the integral 


I+ XS ={ [Fy y') HAG (a, y, y')]dx (8) 


a maximum or minimum. The solution of this problem would contain 
three constants, namely, A and two constants ¢,, ¢, of integration. The 
constants ¢,,e, could be determined so that the curve should pass through 
A and B and the value of A would still remain to be determined in such 
a manner that the integral J should have the desired value. This is 
the method of solution. 
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To justify the method in the case of fixed end-points, which is the only case 
that will be considered, the procedure is like that of §155. Let C be given by 
y =f (x) ; consider 


Y =f (x) + an (x) + BE (2), Ny Sh = H=5=9, 


a two-parametered family of curves near to C. Then 


g(@, 8) =) a G, Y an + BY an + BS’) da, 9 (0, 0)= i 


x 
x, 
h(a B)= [Gy + an + BE Wf + cen’ + BE) de = TF = const. 
0 
would be two functions of the two variables @ and B. The conditions for the mini- 


mum or maximum of g(a, 8) at (0, 0) subject to the condition that h (a, 6) = const. 
are required. Hence 


Ja(0, 0) + MA (0, 0) =0, gg (0, 0) + ANG (0, 0) = 0, 


or f'n (Fy, + XG) + 0 (By, + 0G) de = 0, 
r% 


we. 
J SEL 4G) + By, + XG), da = 0. 
a 
By integration by parts either of these equations gives 
7 d 4 
(F+ Nee AG), = 0; (9) 
the rule is justified, and will be applied to an example. 


Required the curve which, when revolved about an axis, will generate a given 
volume of revolution bounded by the least surface. The integrals are 


DL. x. 
IS if ‘yds, min., d= tr if ‘pdx, const. 
x cary 





Make ih “yds + dy2dz) min. or f “4 (yds + dy2da) = 0. 
ay X% 
wa 5 (yds + dy?dx) = ibe ‘|e ds + 4 ae + 2r\ydydx + rade | =a) 
Zo ds 
=f- ‘| an (— na y?) — ale) + oy (as - aut + 2nydr) | 
‘ ydy 
Hence dd (y?) ge =) or a re + 2rydz = 0. 


The second method of computation has been used and the vanishing integrated 
terms have been discarded. The first equation is simplest to integrate. 

d(C, — y?) di 

—=6,), + ial Y= dy, 

V1 + y? Vy — v2 (c, — y?)? 











y+ y 








The variables are separated, but the integration cannot be executed in terms of 
elementary functions. If, however, one of the end-points 1s on the a-axis, the 
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values a, 0, yj or #,, 0, yj must satisfy the equation and, as no term of the equa- 
tion can become infinite, c, must vanish. The integration may then be performed. 


1 
is OY ea, 1—-vy=N(w—c,)? or (©—6,)? +¥?=— 


V1 — 2? ” 
In this special case the curve is a circle. The constants c, and \ may be deter- 
mined from the other point (#,, y,) through which the curve passes and from the 
value of J =v; the equations will also determine the abscissa x, of the point on 
the axis. It is simpler to suppose 2) = 0 and leave x, to be determined. With this 
procedure the equations are 


1 1 ees pt 
2 2 Di epee eee I ee Biren 2 2 
On = 55? (2, —¢,)? + 4; = 5° er 34 3 cya? + 3czay), 
60 a+yy 
8 2 = 
or e+ 3 yye 0, c 
: zane 7 - 22, ‘ 


wd =a [ (04 Vow eval) + (0— Vows o)!], 


EXERCISES 


1. Show that (a) the minimum line from one curve to another in the plane is 
their common normal ; (8) if the ends of the catenary which generates the mini- 
mum surface of revolution are constrained to lie on two curves, the catenary shall 
be perpendicular to the curves; (y) the brachistochrone from a fixed point to a 
curve is the cycloid which cuts the curve orthogonally. 


2. Generalize to show that if the end-points of the curve which makes any inte- 
gral of the form f F(x, y)ds a maximum or a minimum are variable upon twa 


curves, the solution shall cut the curves orthogonally. 


3. Show that if the integrand # (zx, y, dx, dy, «,) depends “ the limit z,, the 
condition for the limit B becomes | ®iat + dy + dx i 'e | =U; 
ev Xs 


vy 
4. Show that the cycloid which is the brachistochrone from a point A, con- 
strained to lie on one curve Ip, to another curve I, must leaye I, at the point A 
where the tangent to Ty is parallel to the tangent to I’, at the point of arrival. 


5. Prove that the curve of given length which generates the minimum surface 
of revolution is still the catenary. 


6. If the area under a curve of given length is to be a maximum or minimum, 
the curve must be a circular are connecting the two points. 


7. In polar codrdinates the sectorial area bounded by a curve of given length is 
a maximum or minimum when the curve is a circle. 


8. A curve of given length generates a maximum or minimum yolume of 
revolution. The elastic curve 


1 2)$ Sie: 
pee oe ee eee 
y 


ay Vi — (y® — ¢,)? 








“ 
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9. A chain lies in a central field of force of which the potential per unit mass is 
V(r). If the constant density of the chain is p, show that the form of the curve is 


d 
} + Cy =1f : y ; 
rler(pV + d)?r? — 1] 


10. Discuss the reciprocity of I and J, that is, the questions of making I a maxi- 
mum or minimum when J is fixed, and of making J a minimum or maximum when 
I is fixed. 





11. A solid of revolution of given mass and uniform density exerts a maximum 
attraction on a point at its axis. Ans. 2) (x? + y2)2 + a= 0, if the point is at the 
origin. 


159. Some generalizations. Suppose that an integral 


zB B 
Th =[ F(a, Y; y', a) a BiG -) dx ={ ® (x, dx, Y; dy, 2, dz, ae ) (10) 
A y 


(of which the integrand contains two or more dependent variables 
y, 2,--- and their derivatives y’', 2', --. with respect to the independent 
variable «, or in the symmetrical form contains three or more variables 
and their differentials) were to be made a maximum or minimum. In 
case there is only one additional variable, the problem still has a geo- 
metric interpretation, namely, to find 


y =f(2), z=g9(x), or «= (0), y=), z= x; 


a curve in space, which will make the value of the integral greater or 
less than all neighboring curves. A slight modification of the previous 
reasoning will show that necessary conditions are 
° 
re—~ 2 p=0 and F/-< EK, =0 
x dx (11) 
or ®, — db, = 0, &, — de, = 0, ©, — dv, = 0, 


where of the last three conditions only two are independent. Each of 
(11) is a differential equation of the second order, and the solution of 
the two simultaneous equations will be a family of curves in space 
dependent on four arbitrary constants of integration which may be so 
determined that one curve of the family shall pass through the end- 
points A and B. 

Instead of following the previous method to establish these facts, an 
older and perhaps less accurate method will be used. Let the varied 
values of y, 2, ', z', be denoted by 


yt+sy, +82, y'+dy', 2'+62', dy'=(dy)', dz! = (6)! 
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The difference between the integral along the two curves is 


Al =| TFC, y + dy, y' + dy', 2 + 82, #' + dz!) — Fa, y, y', 2, 2) |dx 


0 


3 f Iie i (FiBy + Fi3y! + be + FL8e')de + --, 


where F has been expanded by Taylor’s Formula* for the four variables 
y, y', 2, #| which are varied, and “+ ---” refers to the remainder or the 
subsequent terms in the development which contain the higher powers 
of dy, dy', dz, dz". 

For sufficiently small values of the variations the terms of higher 
order may be neglected. Then if AJ is to be either positive or nega- 
tive for all small variations, the terms of the first order which change 
in sign when the signs of the variations are reversed must vanish and 
the condition becomes 


{ (Fiby + Fy dy' + Fide + Fi82') dx =| 8Fdx = 0. (12) 


Integrate by parts and discard the integrated terms. Then 


= ee RS : oh ties 
J |(B— ge ty + (x — 2 Pe) se 0. (13) 


* In the simpler case of § 155 this formal development would run as 


ed / , 1 mi ” wt e ” r * 
aa ip ‘(Fyay+ Foy’) dey 21 ie “t Pyydy? +2 Pry dydy az Fyy St »)dx+ higher Sree, 
Tt “ 0 


: 1 : 
and with the expansion AJ = 6/ + or 627 + = + +++ it would appear that 


” 


x. xr 
sI= it ‘(Fyay + Fy dy jae, 8L= Ae ‘(Fy,dy? +2 Fy by8u' + Fyn dy'2)ae, 
x X% e 


u” 


ay ae wr , 7 eae 
iy f (Frys dy3 + 3 Poy dY?78Y' +3 Pyydy dy"? sr Fysdy'3) dx, ee 
M4 y ny ! 
0 


The terms 6/, 67/, 63/J, +++ are called the first, second, third, «++ variations of the integral 
Tin the case of fixed limits. The condition for a maximum or minimum then becomes 
6I=0, just as dg = 0 is the condition in the ease of g (7). In the ease of variable limits 
there are some modifications appropriate to the limits. This method of procedure sug- 
gests the reason that dx, dy are frequently to be treated exactly as differentials. It also 
suggests that 62/ > 0 and 62/ < 0 would be criteria for distinguishing between maxima 
and minima. The same results can be had by differentiating (1’) repeatedly under the 
sign and expanding J (@) into series; in fact, 57= 7'(0), 522= 70), +++. No emphasis 


has been laid in the text on the suggestive relations 67 = [orae for fixed limits or 
Oli [se for variable limits (variable in a, y, but not in ¢) because only the most ele- 


mentary results were desired, and the treatment given has some advantages as to 
modernity. 
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As dy and 82 are arbitrary, either may in particular be taken equal to 
0 while the other is assigned the same sign as its coefficient in the 
parenthesis ; and hence the integral would not vanish unless that coefti- 
cient vanished. Hence the conditions (11) are derived, and it is seen 
that there would be precisely similar conditions, one for each variable 
Y, %, +++, no matter how many variables might occur in the integrand. 

Without going at all into the matter of proof it will be stated as a 
fact that the condition for the maximum or minimum of 


fee Oise AY, 2, Ae, oe Is fe = 0, 


which may be transformed into the set of differential equations 
®), — d®,, = 0, &, — d&;,, = 0, &, — d&,, = 0, core 
of which any one may be discarded as dependent on the rest; and 
02 + 7,8y + 07,62 +---= 0, at A and at B, 


where the variations are to be interpreted as differentials along the loci 
upon which A and Bare constrained to he. 

It frequently happens that the variables in the integrand of an inte- 
gral which is to be made a maximum or minimum are connected by an 
equation. For instance 


fe (x, dx, y, dy, 2, dz) min., Sey, 2) 0. (14) 


It is possible to eliminate one of the variables and its differential by 
means of S=O and proceed as before; but it is usually better to 
introduce an tndetermined multipler ($$ 58, 61). From 

S(x, y,#)=0 follows Sidr + S)dy + S2dz = 0 


if the variations be treated as differentials. Hence if 


ir [(@, — d®,,) x + (, — d®,) 8y + (®; — d®%,) 82] = 0, 


it [(@, — de®’, + AS,) dx + (®, — d&, + S/) By 
+ (&, — dy, + dS_) dz] = 0 
no matter what the value of A. Let the value of »X be so chosen as to 
annul the coefficient of 6z. Then as the two remaining variations are 
independent, the same reasoning as above will cause the coefficients of 
8x and sy to vanish and 


Go dhe Ns = 0, odd, AS 0,) P= db), +-25,—=0 (18) 
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will hold. These equations, taken with S = 0, will determine y and z 
as functions of x and also incidentally will fix 2. 

Consider the problem of determining the shortest lines upon a surface 
S(x, y, #)=0. These lines are called the geodesics. Then 


Saree — [ager ta an + ae, (16) 








ds ds 


dx dy dz 
" pated ICG Y mets ( v7 an = 0 
fl i tM )Be-+ (0 HH xs, Jay + («5 + a8%) 02 f 





ty. L— a. a 
ANS a do doy weed SO A ares On and ee 
ds ds Y ds CE a oe 


In the last set of equations A has been eliminated and the equations, 
taken with S = 0, may be regarded as the differential equations of the 
geodesics. The denominators are proportional to the direction cosines 
of the normal to the surface, and the numerators are the components of 
the differential of the unit tangent to the curve and are therefore pro- 
portional to the direction cosines of the normal to the curve in its oscu- 
lating plane. Hence it appears that the osculating plane of a geodesic 
curve contains the normal to the surface. 

The integrated terms dréx + dydy + dzéz = 0 show that the least geodesic which 
connects two curves on the surface will cut both curves orthogonally. These terms 
will also suffice to prove a number of interesting theorems which establish an analogy 
between geodesics on a surface and straight lines in a plane. For instance: The 
locus of points whose geodesic distance from a fixed point is constant (a geodesic 
circle) cuts the geodesic lines orthogonally. To see this write 


P P P P \P 
i ds = const., Af GS==10, eno) | dst 10; i dds = 0 = dréx + dydy + a 
0 O a) O 


The integral in (16) drops out because taken along a geodesic. This final equality 
establishes the perpendicularity of the lines. The fact also follows from the state- 
ment that the geodesic circle and its center can be regarded as two curves between 
which the shortest distance is the distance measured along any of the geodesic 
radii, and that the radii must therefore be perpendicular to the curve. 

160. The most fundamental and important single theorem of mathe- 
matical physics is Hamilton’s Principle, which is expressed by means 
of the calculus of variations and affords a necessary and sufficient con- 
dition for studying the elements of this subject. Let 7 be the kinetic 
energy of any dynamical system. Let X;, Y,, Z; be the forces which 
act at any point a, y;, 2; of the system, and let dx, 8y,, dz; represent 


displacements of that point. Then the work is 


ae > (X/8x, + V8y; + 2,82). 
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Hamilton’s Principle states that the time integral 


4 ty 
a (87 + 8W) dt = ik [87 + D' (Xr + Y8y + 282)]dt=0 (17) 
to to ; 


vanishes for the actual motion of the system. If in particular there is 
a potential function V, then 8W = — 8V and 


es ty 
if sr —v)dt= 3 f (T—V)dt =0, (17') 
to ty 


and the time integral of the difference between the kinetic and potential 
energies is a maximum or minimum for the actual motion of the system 
as compared with any neighboring motion. 


Suppose that the position of a system can be expressed by means of n independ- 
ent variables or codrdinates q,, q2,+**; Ga» Let the kinetic energy be expressed as 


= >, bmi? = f yeam = T (q,; Jo, °**s Ins N Ga) Sire Gn), 


a function of the codrdinates and their derivatives with respect to the time. Let 
the work done by displacing the single codrdinate qg, be 5W = Q,6q,, so that the total 
work, in view of the independence of the coérdinates, is Q,6¢,+ Q.dq, +++: + Qrddn. 
Then 


t Uy - ue * re . 
O= [ \(8T+5W)dt= [{ "(7 / 6q, + Ty dq, +--+ + T) ddr + Ty 89, + Ti; dd, 
to ty 1 p 2 i 2 


Perform the usual integration by parts and discard the integrated terms which 
vanish at the limits¢=t, andt=t,. Then 


ty “a d ifs , d te 
¢ d 7 
Se (7 + Qn - ai T;, oan dt. 
In view of the independence of the variations 6¢,, 6q., +--+, 54n, 


Chee (aNd ah ok! aah Gon — Ose 
& pak) a tee = Q, ahs SS eee — = @,. (18) 
dt 6g, oq dt 04, 6G, dt 0Gn Gn 








These are the Lagrangian equations for the motion of a dynamical system.* If 
there is a potential function V (¢,, G2, +°*; Yn), then by definition 











aV aV av. ek av oV 
Q=-45 er) OY ey ae ee eae ea 
ogy 5 Gn Og, Oe Yn 
doL ob dol ob S 
Hence ele nities gt 20, cat, ee eee), Ieee Te Ps 


dt aq, oq, ' day, aq, dt On 20n 


The equations of motion have been expressed in terms of a single function L, which 
is the difference between the kinetic energy T and potential function V. By 


* Compare Ex. 19, p. 112, for a deduction of (18) by transformation. 
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comparing the equations with (17’) it is seen that the dynamics of a system which 
may be specified by n codrdinates, and which has a potential function, may be stated 


as the problem of rendering the integral i! Ldt a maximum or a minimum ; both the 


kinetic energy T and potential function V may contain the time ¢ without chang- 
ing the results. 

For example, let it be required to derive the equations of motion of a lamina 
lying in a plane and acted upon by any forces in the plane. Select as codrdinates 
the ordinary coérdinates (x, 7) of the center of gravity and the angle ¢ through 
which the lamina may turn about its center of gravity. The kinetic energy of the 
lamina (p. 318) will then be the sum 4Mv? + 37w?. Now if the lamina be moyed a 
distance dx to the right, the work done by the forces will be Yéz, where X de- 
notes the sum of all the components of force along the z-axis no matter at what 
points they act. In like manner Yéy will be the work for a displacement 6y. Sup- 
pose next that the lamina is rotated about its center of gravity through the angle 
6; the actual displacement of any point is ré¢ where r is its distance from the 
center of gravity. The work of any force will then be Rrd¢ where R is the com- 
ponent of the force perpendicular to the radius r; but Rr = @ is the moment of 
the force about the center of gravity. Hence 


T=i1M(i2?+7)+41¢?, sW= Nox + Yoy + b5¢ 


and Uo a gan oe ee 
dt? dt? dt? 

by substitution in (18), are the desired equations, where XY and Y are the total 
components along the axis and ® is the total moment about the center of gravity. 

A particle glides without friction on the interior of an inverted cone of revo- 
lution; determine the motion. Choose the distance r of the particle from the ver- 
tex and the meridional angle ¢@ as the two codrdinates. If 1 be the sine of the 
angle between the axis of the cone and the elements, then ds? = dr? + r2/2d¢? and 
v2 = 7? + y2l?¢?. The pressure of the cone against the particle does no work; it is 
normal to the motion. For a change 6¢ gravity does no work; for a change 6r it 


does work to the amount — mg V1— lér. Hence 


T= im(?? + r2¢?), sW=—mgV1— Por or V=mgV1—Pr. 


72, 2 e 
Then ca rl? (3) =—gV1— 2, =! (ee *) =0 or 3 do _ C. 





di? dt di dt “ 


The remaining integrations cannot all be effected in terms of elementary functions. 


161. Suppose the double integral 


Gz Oz 
ip ={[Fe, Y, %, D, g)dady, p= af ee by (19) 


extended over a certain area of the ay-plane were to be made a maxi- 
mum or minimum by a surface z = 2(, y), which shall pass through a 
given curve upon the cylinder which stands upon the bounding curve 
of the area. This problem is analogous to the problem of § 155 with 
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fixed limits; the procedure for finding the partial differential equation 
which z shall satisfy is also analogous. Set 


sees ds dz + FF F,8p + F,6q) dxdy = 0. 


Write dp = 








» og = see grate by parts. 


Y 
7 B 
festa ee 
A 


(ue 
dy f aa dzdaudy. 


The hmits A and B for which the first term is taken are points upon 
the bounding contour of the area, and 8z = 0 for 4 and B by virtue of the 
assumption that the surface is to pass through a fixed curve above 
that contour. The integration of the term in $y is similar. Hence the 
condition becomes 


— _—_—-l Oe OO — CO P 
ff ereety ike ies i i) Betey = 0 (20) 


dor } dor 
dx 6p dy oq 








or = 0, (20") 


= 


x 


by the familiar reasoning. The total differentiations give 
ee ee Fes pp! i OL Soe Figt = 9. 

The stock illustration introduced at this point is the minimum surface, 
that is, the surface which spans a given contour with the least area and 
which is physically represented by a soap film. Tue real use, however, 
of the theory is in connection with Hamilton’s Principle. To study the 
motion of a chain hung up and allowed to vibrate, or of a piano wire 
stretched between two points, compute the kinetic and potential energies 
and apply Hamilton’s Principle. Is the motion of a vibrating elastic 
body to be investigated ? Apply Hamilton’s Principle. And so in 
electrodynamics. In fact, with the very foundations of mechanics some- 
times in doubt owing to modern ideas on electricity, the one refuge of 
many theorists is Hamilton’s Principle. Two problems will be worked 
in detail to exhibit the method. 

Let a uniform chain of density p and length / be suspended by one extremity 
and caused to execute small oscillations in a vertical plane. At any time the shape 
of the curve is y = y(a), and y = y (a, t) will be taken to represent the shape of the 
curve at all times. Let 7’ = ey/éx and 7 = dy/ct. As the oscillations are small, 
the chain will rise only slightly and the main part of the kinetic energy will be in 
the whipping motion from side to side ; the assumption dz = ds may be made and 
the kinetic energy may be taken as 


vy oy\2 
Te =f : () dx. 
), p ot 
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The potential energy is a little harder to compute, for it is necessary to obtain the 
slight rise in the center of gravity due to the bending of the chain. Let ) be the 
shortened length. The position of the center of gravity is 


Xr r 
fe + by?)de ree fi Lay2dx 
el p 5 ie to Pe ae 
C= = ==-dA— o A—=-az)y dz. 
A r 2 AYo \4 2 


1 4//2 Dy 1 4//2 
f+ iy?) ae + [dude 





Here ds = V1 + 7/2dx has been expanded and terms higher than y? have been 
omitted. 


Al il 1paAl 
= ~y i =(A— vO V =lpg{-l— 
r+ f 5 daz, 5 G af a x) y7dz, po(; z). 


Then fr 7) dt = fs af iE p(“) dx — = 5 Pall —2) (2) vat, (21) 


provided \ be now replaced in V by / which differs but slightly from it. 
Hamilton’s Principle states that (21) must be a maximum or minimum and the 
integrand is of precisely the form (19) except for a change of notation. Hence 


d cu = ( f) 1ey ey = ey 
——|— 1— «)— ]— —(p—)=0 or -—= l—z oe 
S| ea t-2 21-5 (0% Fe tel a a 





The change of variable 1 — x = u?, which brings the origin to the end of the chain 
and reverses the direction of the axis, gives the differential equation 


ey  loy 40 aa o 1dP. 4n 
ou2 wou g al? du2 udu g 








P0338 = Pw) cose 


As the equation is a partial differential equation the usual device of writing the 
dependent variable as the product of two functions and trying for a special type 
of solution has been used (§ 194). The equation in P is a Bessel equation (§ 107) 
of which one solution P(u) = AJ, (2ng~ bu) is finite at the origin u = 0, while the 
other is infinite and must be discarded as not representing possible motions. Thus 


y(t, t) = AS, (2 ng7 2u) cosné, with y(l, t) = AJ, (2ng7 312) =0 


as the condition that the chain shall be tied at the original origin, is a possible 
mode of motion for the chain and consists of whipping back and forth in the peri- 
rere a ag i : ‘ 
odic time 27/n. The condition J) (2 ng 313) = 0 limits n to one of an infinite set 
of values obtained from the roots of J). 
Let there be found the equations for the motion of a medium in which 


T=>4 Tn (E Week +(2) + (2) |aedyae, 
V= 5B i f. re (7 4g? + r) dadydz 


are the kinetic and potential energies, where A and B are constants and 


Age ae a A a 
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4nf=———, 4ng =——, deh tS 
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at relations connecting f, g, h with the displacements &, 7, ¢ along the axes of Cay es 
en 

{ai 5[4.4 ( + 9? + §2)— 1B(f?2 + g? + h®)]dadydzdt = 0 (22) 

is the expression of Hamilton’s Principle. These integrals are more general than 

(19), for there are three dependent variables £, , ¢ and four independent variables 


2%, y, , ¢ of which they are functions. It is therefore necessary to apply the method 
of variations directly. 


After taking the variations an integration by parts will be applied to the varia- 
tion of each derivative and the integrated terms will be discarded. 


Hi Ht f SLA(2 4 92 + @) dadydzdt = ip fi i A (foE + 8% + £88) dedydzdt 
are ab tk dh ns A (ESE + On + §5%) dadydedt. 


LNG 54 B(f2 + g? + h®) dxdydzdt rit B(fof + gg + heh) dadydzat 


“(RE -S)o0l-anl-8 


= x = )| dadydzdt 
OZ Ox Ox cy 
B[/e oh ch 
re Wiive lee =) oe a (= = Z) dn + (Z = “) a¢ | draped, 
47 | \éz oy Gx) a2 oy ox 


After substitution in (22) the coefficients of 6g, dy, 6¢ may be severally equated to 
zero because 6, dy, 6¢ are each arbitrary. Hence the equations 


G2 oh a a2. 5) a a2 a 
a= —B(5— 2), ys alice (2-2), tna = —3(2_ 2), 
ot? oy oz. ; Oe Gis ot? CL Cy 
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With the proper determination of A and B and the proper interpretation of & 7m, §, 
f, g, h, these are the equations of electromagnetism for the free ether. 


EXERCISES 


1. Show that the straight line is the shortest line in space and that the shortest 
distance between two curves or surfaces will be normal to both. 


2. If at each point of a curve on a surface a geodesic be erected perpendicular 
to the curve, the locus of its extremity is perpendicular to the geodesic. 


3. With any two points of a surface as foci construct a geodesic ellipse by tak- 
ing the distances FP + F’P = 2a along the geodesics, Show that the tangent to 
the ellipse is equally inclined to the two geodesic focal radii. 

P 
4, Extend Ex. 2, p.408, to space. If I F(a, y, 2)ds = const., show that the 
0 


locus of P is a surface normal to the radii, provided the radii be curves which 
make the integral a maximum or minimum. 


5. Obtain the polar equations for the motion of a particle in a plane. 
6. Find the polar equations for the motion of a particle in space. 


7. A particle glides down a helicoid (zg = k@ in cylindrical coérdinates), Find 
the equations of motion in (r, ¢), (r, Z), or (z, @), and carry the integration as far 
as possible toward expressing the position as a function of the time, 
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8. If z= az? + by? +---, with a>0,b>0, is the Maclaurin expansion of a 
surface tangent to the plane z = 0 at (0, 0), find and solve the equations for the 
motion of a particle gliding about on the surface and remaining near the origin. 


9. Show that r(1 + q?) + (1+ p?) — 2 pqs = 0 is the partial differential equa- 
tion of a minimum surface ; test the helicoid. 


10. If p and S are the density and tension in a uniform piano wire, show that 
the approximate expressions for the kinetic and potential energies are 


U \ 2 1 t_/ay\2 
Ta. p or) a, vas f s(Z)az. 
2 Jo ot 2 Jo Ox 
Obtain the differential equation of the motion and try for solutions y = P(z) cos nt. 


11. If &, 7, ¢ are the displacements in a uniform elastic medium, and 
) 0 0 a C C oF 
coE so (E03) on GSel Ges) 
Oz Cy oz Oz =Ox oe bY 
are six combinations of the nine possible first partial derivatives, it is assumed that 
VS fff Paedyaz, where Fis a homogeneous quadratic function of a, b, c, fF, g, h, 


with constant coefficients. Establish the equations of the motion of the medium. 








Or or or oF On or er oF 
Pie eee a eae a (er ean merrier en ree A 
ol? oxea bydh ezég ot oxoh cyécb dzaf 


OG Ol Ol ane 
at? axdg «= (yaf ~—s bzée 





12. Establish the conditions (11) by the method of the text in § 155. 


13. By the method of § 159 and footnote establish the conditions at the end 
points for a minimum of {Fe y, y’) dx in terms of F instead of &,. 


14. Prove Stokes’s Formula J = [Fear = [ [ vxF-as of p. 345 by the caleulus 
oO ve 


of variations along the following lines: First compute the variation of ZJ on pass- 
ing from one closed curve to a neighboring (larger) one. 


aI = 6 {_ Fadr = f (eFear — dF-5r) +f a(Fesr) =f (VxF)«(Srxdr), 


where the integral of d(F.6r) vanishes. Second interpret the last expression as 
the integral of VxF-dS over the ring formed by one position of the closed curve 
and a neighboring position. Finally sum up the variations 62 which thus arise on 
passing through a succession of closed curves expanding from a point to final coin- 
cidence with the given closed curve. 


15. In case the integrand contains y” show by successive integrations by 
parts that 


d . Se Clee at + ae rr oe 
*o ( dx dx? 


where y= of 
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PART IV. THEORY OF FUNCTIONS 


CHAPTER XVI 
INFINITE SERIES 
162. Convergence or divergence of series.* Let a series 
Saute boa tees, (1) 
0 


the terms of which are constant but infinite in number, be given. Let the 
sum of the first » terms of the series be written 


n—1 
Sy = Uy Uy FU to yy = SS WU. (2) 
0 
Then Sy S03 Ss» eee) Sap IS eeT ety 


form a definite suite of numbers which may approach a definite limit 
lim S, = S when n becomes infinite. In this case the series is said to 
converge to the value S,and S, which is the limit of the sum of the first 
nm terms, is called the swm of the series. Or S, may not approach a limit 
when m becomes infinite, either because the values of S, become infinite 
or because, though remaining finite, they oscillate about and fail to 
settle down and remain in the vicinity of a definite value. In these 
cases the series is said to diverge. 

The necessary and sufficient condition that a series converge is that a 
value of n may be found so large that the numerical value of Sy, 45 — Sp 
shall be less than any assigned value for every value of p. (See § 21, 
Theorem 3, and compare p. 356.) A sufficient condition that a series 
diverge is that the terms wu, do not approach the limit 0 when n becomes 
infinite. For if there are always terms numerically as great as some 
number 7 no matter how far one goes out in the series, there must 
always be successive values of S, which differ by as much as 7 no 
matter how large n, and hence the values of S, cannot possibly settle 
down and remain in the vicinity of some definite limiting value S. 

*Tt will be useful to read over Chap. II, §§ 18-22, and Exercises. It is also advisable 


to compare many of the results for infinite series with the corresponding results for 


infinite integrals (Chap. XIII). 
419 
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A series in which the terms are alternately positive and negative is 
called an alternating series. An alternating series in which the terms 
approach 0 as a limit when n becomes infinite, each term being less than 
its predecessor, will converge and the difference between the sum S of the 
series and the sum S,, of the first n terms is less than the next term u,. 
This follows (p. 39, Ex. 3) from the fact that|S,,, —S,|< uv, and wu, = 0. 

For example, consider the alternating series 

1— 2? 4 2at—S8a84.-..4 (—1)nr22+.-... 
If |x| = 1, the individual terms in the series do not approach 0 as n becomes infinite 
and the series diverges. If|z] <1, the individual terms do approach 0; for 
i 


lim nz?" = lim = hin 0 
n=O n=o Q- 2” n=2 — 24-2"logax 





And for sufficiently large* values of n the successive terms decrease in magnitude 
since 


2 


—1 
Se) OR 








nx2" <(n—1)a2"-2 gives = 
= ae 


Hence the series is seen to converge for any value of « numerically less than unity 
and to diverge for all other values. 


THe Comparison Test. If the terms of a series are all positive (or all 
negative) and each term is numerically less than the corresponding term 
of @ series of positive terms which is known to converge, the series con- 
verges and the difference S —S,, is less than the corresponding difference 
for the series known to converge. (Of. p. 355.) Let 


Uy + Uy + Uy te tu, tu, +: 
and Ubuytuytes tu ~tagt.--- 


be respectively the given series and the series known to converge. 
Since the terms of the first are less than those of the second, 


Snap Sn = Un boot Una pa SS Ue bee + Un tnt =Spep — Sy 
Now as the second quantity S),,, — S;, can be made as small as desired, 
so can the first quantity S,,, —S,, which is less; and the series must 


converge. The remainders 
* 


> codes a ¥ fae 
WRB — gS) YS eh — Unt Una ter: SS u, 
n 


I 


eel 


4) 
oft veer : é 
k= S—S,=U + Ua +t-::= » u 


*Tt should be remarked that the behavior of a series near its beginning is of no con- 
sequence in regard to its convergence or divergence; the first VV terms may be added 
and considered as a finite sum Sy and the series may be written as S ytUnyt Uy tees 


it is the properties of wy + wy41-++++ which are important, that is, the ultimate behavior 
of the series. 
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clearly satisfy the stated relation R, < R%. The series which is most 
frequently used for comparison with a given series is the geometric, 


Ole 
1—r 


which is known to converge for all values of 7 less than 1. 


a@tar+tar+ar+---, es eS 





, One Tia, (3) 


For example, consider the series 








1 1 
1+1 a erouy fare Taree 
qe lich = sts aa fe ee ee 
1 1 
and ‘ bins 
n 2.209 oct G 


Here, after the first two terms of the first and the first term of the second, each 
term of the second is greater than the corresponding term of the first. Hence the 
first series converges and the remainder after the term 1/n! is less than 

1 al eet ten peng a) 


Bas ee Ri ae 








A better estimate of the remainder after the term 1/n! may be had by comparing 


foc eg tp et OER : 1 et oY 


(n+1)! (n+2)! ah) Obie) nin 








163. As the convergence and divergence of a series are of vital im- 
portance, it is advisable to have a number of tests for the convergence 
or divergence of a given series. The test 
by comparison with a series known to con- 
verge requires that at least a few types of 
convergent series be known. For the estab- 
lishment of such types and for the test 
of many series, the terms of which are 


M4 








ie 


positive, Cauchy's integral test is useful. opi | W 


Suppose that the terms of the series are 

decreasing and that a function f(m) which decreases can be found such 
that wu, =f(n). Now if the terms w, be plotted at unit intervals along 
the n-axis, the value of the terms may be interpreted as the area of 
certain rectangles. The curve y = f(m) lies above the rectangles. and 
the area under the curve is 


f ST (n) dn > u, + Uy +++ + Uy (4) 
1 


Hence if the integral converges (which in practice means that if 


a f(n)dn = F(n), then it Oy erce 2 FC) is finite), 
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it follows that the series must converge. For instance, if 


Tels 1 
se es ee a a i eee See 5 
Tr a (5) 


be given, then wu, = f(n) = 1/n”, and from the integral test 


ive Sl * dn —1 di ye: 
pe a ee 


provided » >1. Hence the series converges if p >1. This series is 
also very useful for comparison with others; it diverges if p=1 
(see Hx..3). 

Tue Ratio Test. If the ratio of two successive terms in a series of post- 
tive terms approaches a limit which is less than 1, the series converges ; 
if the ratio approaches a limit which is greater than one or if the ratio 
becomes infinite, the series diverges. That is 





: a dal 
it lim +? = y < 1, the series converges, 


‘ Q U : ‘ 
if lim + = y' > 1, the series diverges. 

For in the first case, as the ratio approaches a limit less than 1, it must be pos- 
sible to go so far in the series that the ratio shall be as near to y < 1 as desired, 
and hence shall be less than r if r is an assigned number between y and 1. Then 


Un +1 < TUn; Un +2 < Un 41 < aan) prhith. 





2 1 
and Un + Ungi t+ Unto t:+-<U(l+r+r4---)= Mas 


he proof of the divergence when uw, 41/u, becomes infinite or approaches a limit 
greater than 1 consists in noting that the individual terms cannot approach 0. Note 
that if the limit of the ratio is 1, no information relative to the convergence or 
divergence is furnished by this test. 


If the series of numerical or absolute values 


[244] + [2e,| + [eg] + er! + |2,| 5 a 
of the terms of a series which contains positive and negative terms 
converges, the series converges and is said to converge absolutely. For 
consider the two sums 


Map — Sy = hg nN Pete WE af and |w,| + --> + [ap nale 


The first is surely not numerically greater than the second; as the 
second can be made as small as desired, so can the first. It follows 
therefore that the given series must converge. The converse proposition 
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that if a series of positive and negative terms converges, then the series 
of absolute values converges, is not true. 


As an example on convergence consider the binomial series 








m(m—1)_, . m(m—1)(m— 2) m(m— 1)++-(m—n+1) 
1+ maz oe 1ST oe eee 
eae ate 1-2-3 cts 1. 2en Ts 
where cE Sie ley a eal ei 
|Un| n+1 n=0 |Up| 


It is therefore seen that the limit of the quotient of two successive terms in the 
series of absolute values is|x|. This is less than 1 for vaiues of # numerically less 
than 1, and hence for such values the series converges and converges absolutely. 
(That the series converges for positive values of # less than 1 follows from the fact 
that for values of n greater than m + 1 the series alternates and the terms approach 
0; the proof above holds equally for negative values.) For values of # uamerically 
greater than 1 the series does not converge absolutely. As a matter of fact when 
|x] >1, the series does not converge at all; for as the ratio of successive terms ap- 
proaches a limit greater than unity, the individual terms cannot approach 0. For 
the values z = + 1 the test fails to give information. The conclusions are there- 
fore that for values of |«|<1 the binomial series converges absolutely, for values 
of |z|>1 it diverges, and for |x| = 1 the question remains doubtful. 


A word about series with complex terms. Let 


Wo by Waa fly ei 

Hutu tugt---+uw_ytute: 

+ 4(uy uy buy +--+ +i tu +-:-) 
be a series of complex terms. The sum to m terms is S, = S, + iS”. 
The series is said to converge if S, approaches a limit when m becomes 
infinite. If the complex number S, is to approach a limit, both its real 
part Sand the coefficient §” of its imaginary part must approach limits, 
and hence the series of real parts and the series of imaginary parts 
must converge. It will then be possible to take m so large that for any 
value of p the simultaneous inequalities 


| Se ise 


els ws 
pp ule ye and 9.855 aS, 





<6 





where « is any assigned number, hold. Therefore 


as S,,| = Sie - - Si, 


Oreizd “OW 
+ Sees = iss | < €. 





Hence if the series converges, the same condition holds as for a series 
of real terms. Now conversely the condition 





<A 6 | Se 


n+p 


|S — Si i< €. 


Hence if the condition holds, the two real series converge and the com- 
plex series will then converge. 


Seale eee plies s Sip =e, 
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164. As Cauchy’s integral test is not easy to apply except in simple cases and 
the ratio test fails when the limit of the ratio is 1, other sharper tests for conver- 
gence or divergence are sometimes needed, as in the case of the binomial series 
when z= +1. Let there be given two series of positive terms 


ig Uy be Uy oe AN Uy Oy oe Og fe oe 


of which the first is to be tested and the second is known to converge (or diverge). 
If the ratio of two successive terms U,+1/Un ultimately becomes and remains less (or 
greater) than the ratio i +1/Un, the first series is also convergent (or divergent). For if 











v, U v U u my 
fe n+l. n+? —_ —s .., then Ue x, mt1 itn re 
Un Un Un+1 Un +1 Un Un+1 Un+2 
Hence if un = pun, then Un+41< ptn+1, Un +2 < PUn+2, soe 
and Un + Unt1 + Unde +++ < P(Un + Un41 + tn424+-::). 


As the v-series is known to converge, the pv-series serves as a comparison series 
for the u-series which must then converge. If u,+1/Un > Un +1/¥, and the v-series 
diverges, similar reasoning would show that the u-series diverges. 

This theorem serves to establish the useful test due to Raabe, which is 








fy u ee u i 
if lim n( a 1) >1, S, converges; if lim n( = 1) <1, S, diverges. 
n==0 Un +1 n=2 Un +1 


Again, if the limit is 1, no information is given. This test need never be tried 
except when the ratio test gives a limit 1 and fails. The proof is simple. For 


2 dn Lael i ; 
fb =— is finite 
n(log n)i+e a (log n)* 





and jh pcb = log log n| is infinite, 
nlogn 
1 1 1 1 
hence ———__——_ 4 ... + —______ ae wee a a 
2 (log 2)1+@ n (log n)t+ 33 ame (log 2) n (log n) : 


are respectively convergent and divergent by Cauchy’s integral test. Let these be 
taken as the v-series with which to compare the u-series. Then 


Un = +1 (“2 (n + y= (1 at ‘) (ae + “\" 


Un +1 n logn n logn 


and oe (1 + ‘) ae ARS 
Un +1 n logn 


in the two respective cases. Next consider Raabe’s expression. If first 


: u : 
lim n ( _ 1) >1, then ultimately n (= — 1) >y>1 and | aap 
n=o Un +1 Un +1 Un +1 n 


— fog (1 l¢a@ gs 1+ 
Now lim (“ee =*) =1 and ultimately (rt) ji <lt+e, 
n= log n log n 
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where ¢ is arbitrarily small. Hence ultimately if y > 1, 


1\ /log 1+ 
(14 5) (ee +") eee, 
n log n n n n 


or Un/ Vn +1 <Un/Un+1 OF Un 41/Un < Un 41/Pny 


and the u-series converges. In like manner, secondly, if 

















; u : 
lim (“= _ 1) <1, then ultimately Be <1+ Ly, Vi Ls 
N= 20 Un +1 Un +1 n 
and ihe ie (1 de *) ie EP) ON ora eel > isa 
nN nN log n Vos, Onset Un Un 
Hence as the v-series now diverges, the u-series must diverge. 
Suppose this test applied to the binomial series for x = —1. Then 
u n+1 ‘ n+1 ._ m+) 
y= i 5 lim n( —1) = Jim abalaee Sy h 
Un +1 7 Ne n=n0 rm—m n=20 1 m 


It follows that the series will converge if m > 0, but diverge ifm <0. Ifa=+1, 
the binomial series becomes alternating for n >m-+1. If the series of absolute 
values be considered, the ratio of successive terms | Up/Un +1] is still (n + 1)/(n — m) 
and the binomial series converges absolutely if m >0; but when m < 0 the series 
of absolute values diverges and it remains an open question whether the alternat- 
ing series diverges or converges. Consider therefore the alternating series 








UA 5 SOM Fa EE) Pi ape Ura) sas ce DEEL 


n 
1 
hig 1.2 1-2-3 iho Poo ofp 


+*,m<0. 
This will converge if the limit of u, is 0, but otherwise it will diverge. Now if 
m = — 1, the successive terms are multiplied by a factor |m—n+1|/n 21 and 
they cannot approach 0, When —1<m<0, let 1+m=6, a fraction. Then the 


nth term in the series is 
6 6 
ai ( Ue) (ler ates (Lee 
jvm = (1 = )(1-5)--- (1-5) 


6 0 
and — log{u,|=— log (1 — @) — log (4 :) —.--— log (1 — °). 
2 nN 
Each successive factor diminishes the term but diminishes it by so little that it may 
not approach 0. The logarithm of the term is a series. Now apply Cauchy’s test. 


{-- log (1 “) Ohh [- nlog (1 “) + @ log (n — |= wo. 
n n 


The series of logarithms therefore diverges and lim|u,|=e-* = 0. Hence the 
terms approach 0 as a limit. The final results are therefore that when « = — 1 the 
binomial series converges if m > 0 but diverges if m <0; and when z = + 1 it con- 
verges (absolutely) if m > 0, diverges if m <~—1, and converges (not absolutely) if 
—-l1<m<0. 
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EXERCISES 


1. State the number of terms which must be taken in these alternating series tu 
obtain the sum accurate to three decimals. If the number is not greater than 8, 
compute the value of the series to three decimals, carrying four figures in the work: 




















ho ay 1 1 ivr 1 1 
(4) 5 ogi 1g. i dost: 10 a) Oe oe ok ag he ad 
tread 1 1 1 
Pie ly eee EP ee 3 = =e 
CON east. S44 th) ino ogee deed 
‘ll il 1 . aah | — 7, —F y— 4 Seu 
(gee aces ae (f) e-1—2e-24+ 3e Bees = Jt 


2. Find the values of « for which these alternating series converge or diverge: 











(e) 1- a tet ah te, @1-F 45-2 4 
G)a-E4e Fy... (Q) e—- S45 -F4., 

(@) 1-4 EF 4... () 22-72 TE _TE 
Oks sacpinwene eae ee Oem teat 


3. Show that these series converge and estimate the error after n terms : 











tee aot 1 Aa ee 
je Sale SEE i Be Feet us al 8 Ha - 
or ss ie See Ba 
Liacned 1 1 W\2 /1.2\2 /1-2-8\2 
Motoetsatpat (3) (5, oa Per + : 


From the estimate of error state how many terms are required to compute the 


series accurate to two decimals and make the computation, carrying three figures. 
Test for convergence or divergence : 


( ) sind + sind zi it ¢) sin? 1 ant mee 
é€) & cto, eg ann: F (¢) sin RU ae ors 








1 1 
(m) tan-1]1 + tan~}~ + tan-l-4..-, (6) tani+ een i tan ~ + . 
Z sf i fi 
1 1 1 1 1 1 
MO rece an ar SS me NG, NG) ee oe 
Fe Di / DS anes Q— 12° g2— 92 42 B2 
Yon) Dn ie Do Do RK i ve Vs. Va 
N es * ei eo 
iter ja aes a = Be ae agi 


4. Apply Cauchy’s integral to determine the convergence or divergence : 





log2 log8 log 4 1 ] 1 
Gt) otal eae ese ene 8) 1 - = oe ae 
ted QP BP 4p Lae 2 (log 2)p + 3 (log 3)? + 4 (log 4)? T ‘ 
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“ 1 . 1 
(Ga) se ———————; 6) 1 aa SEE PeEE EEE 
Sy nlognlog log n fens p> n log n (log log n)» 
(€) cote! 1 4 cot-12 =... (1+ é + é + Z fees, 





22+] 3742 4248 
5. Apply the ratio test to determine convergence or divergence : 
92 94 


93 
pio t 3 * gio to" 





Lee, 3 4 
We uoee oi otk os (8) 


2 oh ae 2 g2 38 at 
(y) es tes ley erp ets 





g10 glo = 10 
+ 


(<) Bx.3(a), (8), 0), (8); Bx. 4), 0, ©) T5+ tip 


dives, 


Cae eta ge HE re 
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g2 8 of 1 bx 02x38 
aaa bee ae a ge 


6. Where the ratio test fails, discuss the above exercises by any method. 
7. Prove that if a series of decreasing positive terms converges, lim nu, = 0. 


8. Formulate the Cauchy integral test for divergence and check the statement 
bn page 422. The test has been used in the text and in Ex. 4. Prove the test. 


9. Show that if the ratio test indicates the divergence of the series of absolute 
values, the series diverges no matter what the distribution of signs may be. 


10. Show that if Vu, approaches a limit less than 1, the series (of positive 
terms) converges; but if V un approaches a limit greater than 1, it diverges. 


11. If the terms of a convergent series uy + u, + UW, +--+ of positive terms be 
multiplied respectively by a set of positive numbers ay, a,, @),--+ all of which are 
less than some number G, the resulting series ajuy + U1 + AU, + +++ converges, 
State the corresponding theorem for divergent series. What if the given series has 
terms of opposite signs, but converges absolutely ? 

12. Show that the series a = a ie sea +--+ converges abso- 
lutely for any value of z, and that the series 1+ vsin 6 + a? sin26+ a> sin3@ +4... 
converges absolutely for any x numerically less than 1, no matter what @ may be. 





13. If a, a, a,,--- are any suite of numbers such that W/\an| approaches a 
limit less than or equal to 1, show that the series a) + a,” + a@,22 +--+ converges 
absolutely for any value of « numerically less than 1. Apply this to show that the 
following series converge absolutely when |a| < 1; 

1.3 1-3-5 


oe 8 des ait, 1—24+4+3a2—47+..., 
ee Sere 6) i 





(a) 14 5at + 


(y) L+a t+ 272? + 3728 + 4pat+.---, (6) 1—wlog1+ a*log4—a®log9 +---. 
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14. Show that in Ex. 10 it will be sufficient for convergence if Wun becomes 
and remains less than y < 1 without approaching a limit, and sufficient for diver- 
gence if there are an infinity of values for n such that Wun >1. Note a similar 
generalization in Ex. 18 and state it. 


15. If a power series a, + a, + a,a? + a,22 + .-- converges for z= X>0, it 
converges absolutely for any « such that |x| <_X, and the series 


ac +4a,0%?+4a02+--- and a,+2a.0¢+4+ 34,07 +---, 


obtained by integrating and differentiating term by term, also converge absolutely 
for any value of x such that |«|< X. The same result, by the same proof, holds if 
the terms a), @,X, a,X,--- remain less than a fixed value G. 


16. If the ratio of the successive terms in a series of positive terms be regarded 
as a function of 1/n and may be expanded by Maclaurin’s Formula to give 


Un 





2 
= at p- es (‘) ,  p@Yemaining finite as ao 0, 
i PANGS n 


Un + 
the series converges if a >lora@=1,8>1, but diverges if a<lora=1, B=1. 
This test covers most of the series of positive terms which arise in practice. Apply 
it to various instances in the text and previous exercises. Why are there series to 
which this test is inapplicable ? 


17. If py, P1, Po,--* is a decreasing suite of positive numbers approaching a 
limit \ and Sj, S,, S,,--- is any limited suite of numbers, that is, numbers such 
that |S,| = G, show that the series 


(Po — P1) So + (P1 — Pe) S, + (Pe — P3) Sp +--+ converges absolutely, 


> (Pn — Pn+1) Sn 
0 


18. Apply Ex. 17 to show that, py, p,, py,--- being a decreasing suite, if 


and = G (p)— 2d). 








Up + Uy + Uy +--+ Converges, Poo + Pyty + Poly +--+ will converge also. 
NB. potto + Pyty + +++ + Prin = PoS, + Py (Sy — Sy) + +++ + Pn (Sn41— Sn) 
= Sy (Po oad P,) =p Hh Sn (Pn=1 = Pn) + PnSn 41. 
19. Apply Ex. 18 to prove Ex. 15 after showing that pu, + p,u, +--+ must 
converge absolutely if py) + p, +--+ converges. 
20. If a,, dy, dg,+++, M are n positive numbers less than 1, show that 
(1 + a,)(1 + a,)-»-(1+ a) >1+4+ y+ dg + +++ + a 
and (1 — a,) (1 — ay)+ ++ (1 — a) > 1— a, — ag — ++ — ay 
by induction or any other method. Then since 1 + a, < 1/(1— a,) show that 
1 
1= (a + ay +++ + Gy) 
1 
1+ (@) + dy + +++ + Gy) 





> (1+ a) (1+ a)+++ (1+ a) > 14 (a, a, +---+4,), 





> (1 — a,) (1 — ag) +++ (1 — ay) > 1— (a, + ag +++ + Oy), 
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if a, +d, +-+--+a,<1. Orif TT be the symbol for a product, 


n n 


(- 4) > tatoos Se (u+ 30) stto-9s1- Ya 


21. Let T (1 + uy) (1 + ug)- ++ (1 + un) (1 +%41)+++ be an infinite product and 


let P, be the product of the first n factors. Show that | Pn +» — Pal <eis the neces- 
sary and sufficient condition that P, approach a limit when n becomes infinite. 
Show that u, must approach 0 as a limit if P, approaches a limit. 


22. In case P,, approaches a limit different from 0, show that if e be assigned, 
a value of n can be found so large that for any value of p 


n+p 





sate 1] = 


Pp, n+1 





n+p 
(+u)—I}<e or TT (+uj=1+% — |nl<e 
n+ 


Conversely show that if this relation holds, P, must approach a limit other than 0. 
The infinite product is said to converge when P,, approaches a limit other than 0; in 
all other cases it is said to diverge, including the case where lim P,, = 0. 


23. By combining Exs. 20 and 22 show that the necessary and sufficient con- 
dition that 


P, = (14+ a,)(1+a,)---(1+ an) and Qn =(1—a4,) (1— a,)-+-(1— an) 


conyerge as n becomes infinite is that the series a, + a, +++++Q, +--+ shall con- 
verge. Note that P, is increasing and Q, decreasing. Show that in case Za diverges, 
P,, diverges to © and Q, to 0 (provided ultimately a; <1). 


24. Define absolute convergence for infinite products and show that if a product 
conyerges absolutely it converges in its original form. 


25. Test these products for convergence, divergence, or absolute convergence : 


(MDE Dos or d)Ord) Ora) 














(y) Tr[1-( = igi (3) (1+ a)(1 + (1 + a4)(1 +4 a8)--, 
1 n+1 
1 1 1 “ Cm \es 
— le |] — ———__}..., ses ar 
(¢) (1 all call ier) (®) T|( etn). 
1 y2 
au or bu? <u — log (1+ u) <5 or 2 according as u is a posi- 
uU 


26. Given 
1+u 


tive or negative fraction (see Ex. 29, p.11). Prove that if Du2 converges, then 
Un +1 + Unte +++: + Untp — log (1+ um+4i) (1+ Un +2)+++(1+Un+p) 

= (Sn+p— in) J (log Pn+p— log P,) 
can be made as small as desired by taking n large enough regardless of p. Hence 
prove that if Du? converges, TT (1 + wm) converges if Zu, does, but diverges to oo 


if Su, diverges to + o, and diverges to 0 if Zu, diverges to — «© ; whereas if Su, 
diverges while Zu, converges, the product diverges to 0, 
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i 1 1 1 
27. Apply Ex.26to: (a) (1 ah )( - s(t + )(t- ;) “ries 


12) 


(i BYer AN yos or 45) FOH TIES) 


28. Suppose the integrand f(x) of an infinite integral oscillates as z becomes in- 
finite. What test might be applicable from the construction of an alternating series ? 





165. Series of functions. If the terms of a series 

S (a) =u, (0) +m (+ + a(t) + (6) 
are functions of x, the series defines a function S(#) of « for every 
value of x for which it converges. If the individual terms of the series 
are continuous functions of # over some interval a = x = 4, the sum 
S, (x) of n terms will of course be a continuous function over that interval. 
Suppose that the series converges for all points.of the interval. Will it 
then be true that S(«), the limit of S, (#), is also a continuous function 
over the interval ? Will it be true that the integral term by term, 


b b b 
Aff U, (a) dx +f u,(x)dx+---, converges to f S (x) dx ? 


Will it be true that the derivative term by term, 
Ug (xe) + w(x) +--+, converges to S'(a)? 


There is no @ priori reason why any of these things should be true ; for 
the proofs which were given in the case of finite sums will not apply 
to the case of a limit of a sum of an infinite number of terms (cf. § 144), 


These questions may readily be thrown into the form of questions concerning 
the possibility of inverting the order of two limits (see § 44). 


b b 
For integration; Is lim S, («) dv = lim , Sy (x) dx ? 
an=n n=nva 
; eee (ak aa ; eek ee 
For differentiation : Is — lim S,(z) = lim — S, (x)? 
av n=0 n=o AL 
For continuity: Is lim lim S,(z) = lim lim S, (2) ? 
x =X n=O t—o c= Xp 


As derivatives and definite integrals are themselves defined as limits, the existence 
of a double limit is clear. That all three of the questions must be answered in the 
negative unless some restriction is placed on the way in which S, (x) converges to 
S(a) is clear from some examples. Let 0 = 2 = 1 and 


S,(@) =an%e—"*, then lim S,(#)=0, or S(z)=0. 


r= 2 


No matter what the value of a, the limit of S, (x) is 0. The limiting function is 
therefore continuous in this case ; but from the manner in which S, (@) converges 
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to S(x) it is apparent that under suitable conditions the limit would not be con- 
tinuous. The area under the limit S(z)=0 from 0 to 1 is of course 0; but the 
limit of the area under S, (z) is 

[ 


1 
lim an2e— edz = lim 


N=oVv0 n=0 


1 
e~ X= (— nw — | = il. 
0 


The derivative of the limit at the point a = 0 is 
of course 0; but the limit, 


lim [= (ene— 2 
n=o | de x=0 


= lim [ we LEAT na) == bia 7p = wo), 
x=0 


n= 0 n= 








of the derivative is infinite. Hence in this case two of the questions have negative 
answers and one of them a positive answer. 


If a suite of functions such as S, (a), S,(),---, S,(x),--- converge toa 
limit S (a) over an interval a = a = 3, the conception of a limit requires 
that when « is assigned and a, is assumed it must be possible to take n 
so large that |R,(x,)|=|S(@,) — S,(@,)|< ¢ for this and any larger n. 
The suite is said to converge uniformly toward its limit, if this condition 
can be satisfied simultaneously for all values of x in the interval, that is, 
if when ¢ is assigned it is possible to take n so large that |R, (a)|< 
for every value of x in the interval and for this and any larger n. In 
the above example the convergence was not uniform; the figure shows 
that no matter how great n, there are always values of x between 0 and 
1 for which S,,(a) departs by a large amount from its limit 0. 

The uniform convergence of a continuous function S, (a) to its limit is 
sufficient to insure the continuity of the limit S(x). To show that S(a) is 
continuous it is merely necessary to show that when e is assigned it 
is possible to find a Aw so small that |S(# + Av) — S(a#)|<«. But 
|S (@ + Ax) — S(x)|=|S, (@ + Az) — S,(@) + R, (@ + Ax) — R, (@) |; and 
as by hypothesis R, converges uniformly to 0, it is possible to take n 
so large that |R,, (x + Ax)| and |R,,(x)| are less than } ¢ irrespective of a. 
Moreover, as S,,(#) 1s continuous it is possible to take Aw so small that 
|S, (a +Ax) —S, (w)|<}eirrespective of. Hence|S (w+ Ax) —S(a)|<e, 
and the theorem is proved. Although the uniform convergence of S, to S 
is a sufficient condition for the continuity of S, it is not a necessary con- 
dition, as the above example shows. 

The uniform convergence of S,,(#) to its limit insures that 


b b 
lim if S, (#) dx = il S (a) da. 
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For in the first place S(x) must be continuous and therefore integrable. 
And in the second place when e is assigned, 7 may be taken so large 


that | R,, (x) |< «/(6 — a). Hence 
6 b 
€ 
uf Ki, (ayaa <4 ros t= 5 


f sea = [ seoyae 


and the result is proved. Similarly if S), (a) is continuous and converges 
uniformly to a limit T(x), then T(a) = S'(x). For by the above result 
on integrals, 


[ t@ dg = lim fs (x) dx = ins (x) — S,, |= S(ax) — S(a). 

















n=o 


Hence T(x) = S'(x). It should be noted that this proves incidentally 
that if Si(x) is continuous and converges uniformly to a limit, then 
S(x) actually has a derivative, namely T(x). 

In order to apply these results to a series, it is necessary to have a 
test for the uniformity of the convergence of the series ; that is, for the 
uniform convergence of S,(x) to S(#). One such test is Weierstrass’s 
M-test: The series 


u(x) + u,(v) +--+ + u, (x) ++ (7) 
will converge uniformly provided a convergent series 
M,+M,+-:-+M,+-: (8) 


of positive terms may be found such that ultimately |u;(x)|= M;. The 
proof is immediate. For 


|F, (w)| =|, (@) + Uy yi(@) +--+} SM, + My, 4+--: 


and as the M-series converges, its remainder can be made as small as 
desired by taking n sufficiently large. Hence any series of continuous 
functions defines a continuous function and may be integrated term by 
term to find the integral of that function provided an M-test series may 
be found; and the derivative of that function is the derivative of the 
series term by term if this derivative series admits an M-test. 


To apply the work to an example consider whether the series 


COS & cos 


: Ss 
S (s) = 
Biri 2 








2% cose cos na 
oO aP 


32 SS a +... (7) 


n* 


defines a continuous function and may be integrated and differentiated term by 











term as ss ‘ fee. ing 
é sing sin2«e  sin8e sin nz 
fs Sie) = — — $e oh (7) 
0 18 28 38 n3 at 
a. sing sin22 sin3z si 
and — §(z) = — Lg hank Ao (7) 
da il 2 3 n 
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As |cos 2] 1, the convergent series 1 + = + * fees ee +.+--+may be taken as 
ni 

an M-series for S(x), Hence §(«) is a continuous function of 2 for all real values 

of x, and the integral of S(z) may be taken as the limit of the integral of 8S, (a) 

that is, as the integral of the series term by term as written. On the other hand, 

an M-series for (7) cannot be found, for the series 1 + } +1+4.--- is not conver- 

gent. It therefore appears that S’(x) may not be identical with the term-by-term 


derivative of S (x) ; it does not follow that it will not be, — merely that it may not be. 
166. Of series with variable terms, the power series 


S@) a a, + a, (2 ee @) + a, (% — @)? + ie a UO epee (9) 


is perhaps the most important. Here z, a, and the coefficients a; may 
be either real or complex numbers. This series may be written more 
simply by setting = z—a; then 


S@+a)=$(@)= ay +O % + aa Pets O88 ote ac (9') 
is a series which surely converges for « = 0. It may or may not con- 
verge for other values of x, but from Ex. 15 or 19 above it is seen 
that if the series converges for X, it converges absolutely for any x 
of smaller absolute value; that is, if a circle of radius X be drawn 
around the origin in the complex plane for « or about 
the point @ in the complex plane for z, the series (9) 
and (9') respectively will converge absolutely forall 4 
complex numbers which lie within these circles. 

Three cases should be distinguished. First the 
series may converge for any value x no matter how 
great its absolute value. The circle may then have 
an indefinitely large radius; the series converge for all values of x or z 
and the function defined by them is finite (whether real or complex) 
for all values of the argument. Such a function is called an integral 
function of the complex variable z or «. Secondly, the series may con- 
verge for no other yalue than « = 0 or z = wand therefore cannot define 
any function. Thirdly, there may be a definite largest value for the 
radius, say #, such that for any point within the respective circles of 
radius R& the series converge and define a function, whereas for any point 
outside the circles the series diverge. The circle of radius R is called 





O il 


the circle of convergence of the series. 


As the matter of the radius and circle of convergence is important, it will be 
well to go over the whole matter in detail. Consider the suite of numbers 


|, |, V |e), V\a5|, a V| n|, 


Let them be imagined to be located as points with codrdinates between 0 and + oo 
on aline. Three possibilities as to the distribution of the points arise. First they 
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may be unlimited above, that is, it may be possible to pick out from the suite a set 
of numbers which increase without limit. Secondly, the numbers may converge to 
the limit 0. Thirdly, neither of these suppositions is true and the numbers from 0 
to + © may be divided into two classes such that every number in the first class is 
less than an infinity of numbers of the suite, whereas any number of the second 
class is surpassed by only a finite number of the numbers in the suite. The two 
classes will then have a frontier number which will be represented by 1/R 
(see §§ 19 ff.). 

In the first case no matter what x may be it is possible to pick out members 
from the suite such that the set Vail, Val, VI Viax|,--- , Withi <j<k---, increases 
without limit. Hence the set Vias||x, * |a;||z],--- will increase vatilioast limit; the 
terms a,x a;x),--- of the series (9’) do not approach 0 as their limit, and the series 
diverges for all values of « other than 0. In the second case the series converges 
for any value of x. For let e be any number less than 1/|xz|. It is possible to go so 
far in the suite that all subsequent numbers of it shall be less than this assigned e. 
Then 


[ang par tP| <entzr|an+> and elcptertirm tty... ele] <, 


serves as a comparison series to insure the absolute convergence of (9’). In the 
third case the series converges for any x such that |z|< R but diverges for any 
x such that |z|> R. For if |x| <R, take e< R —|z|so that|z| << R — e. Now proceed 
in the suite so far that all the subsequent numbers shall be less than 1/(R — e), 
which is greater than 1/R. Then 


jae te Bid ete 
——— <l and 
(Bere Ue eer (R= e)n+p 


will do as a comparison series. If |«|> R, it is easy to show the terms of (9) do not 
approach the limit 0. 


[an 4 pth +P < 


Let a circle of radius 7 less than R be drawn concentric with the 
circle of convergence. Then within the circle of radius r < R the power 
series (9") converges uniformly and defines a continuous function ; the 
integral of the function may be had by integrating the series term by 
term, 

x 
® (x) =[ p(x) da = aye + : aa + : (ie? eet 1 Ge a ae 
; 2 3 3) eas 
and the series of derivatives converges uniformly and represents the 
derivative of the function, 


Wee eet 2 = 
(a) = a, + 2 apt + 8a? +... + na,am—1+..., 


To prove these theorems it is merely necessary to set up an M-series 
for the series itself and for the series of derivatives. Let X be any 
number between 7 and R. Then 


|] + [ay] X + || 





n[X™ fo (10) 
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converges because X < RF; and furthermore | a,a"| <|a,| X”" holds for any 


x such that || <_X, that is, for all points within and on the circle of 
radius 7, Moreoves as |2|< X, 


n—1 
irewe "| =a) 5(2) X" <[a,| X* 


xX 





holds for sufficiently large values of » and for any x such that |a] = +. 
Hence (10) serves as an M-series for the given series and the series of 
derivatives ; and the theorems are proved. It should be noticed that it 
is incorrect to say that the convergence is uniform over the circle of 
radius R, although the statement is true of any circle within that circle 
no matter how small 2 —7. For an apparently slight but none the 
less important extension to include, in some cases, some points upon 
the circle of convergence see Ex. 5. 

An immediate corollary of the above theorems is that any power 
series (9) in the complex variable which converges for other values than 
z= a, and hence has a finite circle of convergence or converges all over 
the complex plane, defines an analytic function f(z) of z in the sense of 
§§ 73, 126; for the series is differentiable within any circle within the 
circle of convergence and thus the function has a definite finite and 
continuous derivative. 

167. It is now possible to extend Taylor’s and Maclaurin’s Formulas, 
which developed a function of a real variable # into a polynomial plus 
a remainder, to infinite series known as Taylor’s and Maclaurin’s Series, 
which express the function as a power series, provided the remainder 
after n terms converges uniformly toward 0 as m becomes infinite. It 
will be sufficient to treat one case. Let 


Fla) =f 0) + fax + yi f"O)a8 + + 
lS 


@ ee oe? gn 1 ale 1B 


R,= == fo (60 ve a a oe eae a tae 1 f™ (a — t) dt, 
lim Rk, (a) = 0 ae in some interval —h Sau Sh, 


where the first line is Maclaurin’s Formula, the second gives differnet 
forms of the remainder, and the third expresses the condition that the 
remainder converges to 0. Then the series 


1 9 
F (0) +f (O)a + ait (O)x 


1 


pagel COP een ae readiness © CLL) 
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converges to the value f(a) for any x in the interval. The proof con- 
sists merely in noting that f(x) — R, (x) = S,(a) is the sum of the first 
nm terms of the series and that |R,(«)| <<. 


In the case of the exponential function e” the nth derivative is e*, and the re- 
mainder, taken in the first form, becomes 


iY 1 
Tey Gs) ag ebxgn, | Ry (z)|< ae hr, |x| =A. 


As n becomes infinite, R, clearly approaches zero no matter what the value of h ; 


and 
ceaeaee a 

x — — — woe — we 

cy ach, 2igt CRA oles 

is the infinite series for the exponential function. The series converges for all 

values of « real or complex and may be taken as the definition of e* for complex 

values. This definition may be shown to coincide with that obtained otherwise (§ 74). 
For the expansion of (1 + «)™ the remainder may be taken in the second form. 








_mim—l)---(m—ntl) /1—@y aes 
Mes 1.275 : ten Cees 
m(m — 1)-.-(m—=n-+ 1)|, ee 
| Bn (a) |< Te ol) hn (1+ hy}, A<1, 





Hence when h <1 the limit of R, (x) is zero and the infinite expansion 





m(m — m (m — 1) (m — 
2! 3! 

is valid for (1 + z)™ for all values of « numerically less than unity. 
If in the binomial expansion @ be replaced by — 2? and m by — 3, 


2 
(1 + 7)™ =1+4 me + Y) ey Dy Be 





This series converges for all values of 2 numerically less than 1, and hence con- 
verges uniformly whenever |z|=h<1. It may therefore be integrated term by 
term, s 

Pete aogo bos so ol Lette By yee 


sin—1¢ =o = =s a ey 
1s 3 UGce ee 7 +3.4.6-8 9 t 





This series is valid for all values of « numerically less than unity. The series also 
converges forz = + 1, and hence by Ex. 5is uniformly convergent when — 1S2=1. 

But Taylor’s and Maclaurin’s series may also be extended directly to 
functions f(z) of a complex variable. If f(z) is single valued and has 
a definite continuous derivative f'(z) at every point of a region and on 


the boundary, the expansion 
=, a) n—1 


AN, ec if ! ) a 4 fe 
S(®) =f(@) + Hf'(@) @— @) Hee + LO-Y%(@) (n—1)! 


has been established ($ 126) with the remainder in the form 


(@@— a) f f (tat 
R. (2) \ = 
[#, (#)] | 27 olt — a)" — 8) 


+ R, 


il ” ML 
aed 27 p"p—?r 
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for all points z within the circle of radius (Ex. 7, p. 306). As m becomes 
infinite, #, approaches zero uniformly, and hence the infinite series 





S@) =f(e@) + f'(@) (@ — a) +--+» + f(a) (= als +++» (12) 


n! 


is valid at all points within the circle of radius 7 and upon its circum- 
ference. The expansion is therefore convergent and valid for any z 
actually within the circle of radius p. 

Even for real expansions (11) the significance of this result is great 
because, except in the simplest cases, it is impossible to compute f™ (a) 
_and establish the convergence of Taylor’s series for real variables. The 
result just found shows that if the values of the function be considered 
for complex values z in addition to real values a, the circle of conver- 
gence will extend out to the nearest point where the conditions imposed 
on f(z) break down, that is, to the nearest point at which f(z) becomes 
infinite or otherwise ceases to have a definite continuous derivative f' (z). 
For example, there is nothing in the behavior of the function 

(1+ 2)-'=1—a2?+a*—a +28 -..., 

as far as real values are concerned, which should indicate why the expan- 
sion holds only when || <1; but in the complex domain the function 
(1 + 2*)~' becomes infinite at z = +7, and hence the greatest circle 
about ~ = 0 in which the series could be expected to converge has a unit 
radius. Hence by considering (1 + 2”)~* for complex values, it can be 
predicted without the examination of the nth derivative that the Mac. 
laurin development of (1 + x?)~1 will converge when and only when a 
is a proper fraction. 





. EXERCISES 
1. (a) Doesa + «(1— a) + 2(1—2@)?+.--- converge uniformly when 0 =a=1? 
1 
= _ - —2k : 
(8) Does the series (1 + k)k =1+4+1+4 a : =f e oe ) + +--+ converge uni- 


formly for small values of k ? Can the derivation of the limit e of § 4 thus be made 
rigorous and the value be found by setting k = 0 in the series ? 


2. Test these series for uniform convergence ; also the series of derivatives: 
(a) 14+ asin6 + 2?sin26 + a sin386+4.---, lz)S xX <1, 
sing, sin?’a) Vsine a.) sin+ a 


13) * os) + 32h 7 get 


mn Ste eit 1 
(7) = =45(° ‘) +36 Yao, =<ystaX<o, 
3 a9 2 
1 





[jc] = X<oaw, 


(8) 1+ 


DOP 











iy 2 © 











ole tee Ne (=) , 
3 Es seyret ()eearya es ype Ana Or, 
( deal We: ec) 


(e) Consider complex as well as real values of the variable, 
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3. Determine the radius of convergence and draw the circle. Note that in prac- 
tice the test ratio is more convenient than the theoretical method of the text: 


(@) c—far?+4e%—Adaet+.--, (8) e—4a84405>—Fa7t4+---, 
1 ber b4a2 bea? hate Be he ae 
(y S[14 24 ete], (6) 1-—« Poh ea ane 


(c) }e-Gt)CHE+EFDP-G+E+ Ett, 
3243 8¢4+3 , 38943 
CR Cee aT 
(ny) l—aw+at— o> 4+ e8— 294 a2 — 78 4..., 
(8) (@—3)'— 4@— 1)? +4 (@— 18-32-14 +---, 
Ci ED ae Ce eae 
3! 5} 
te ie x8 
(*) Mn ely Of 2 lene Tye EO) 38. 81(m +1)(m+2)(m+3)~ 
OF ce fil al eA Te Sl aay Dian ae eS 
Oe Sutera ele ach we ok ; 
ap a(a+1)p(6 +1), , a(a+))(@+2)8(6+1)(6+ 2), 
1 w+ 7 De feee, 
o ey WFO Gy G1) 1-2-3-¥(y¥ +1) (7 + 2) 


ro vee, 





























4. Establish the Maclaurin expansions for the elementary functions: 
(a) log (1— 2), (8) sina, (vy) cos a, (5) cosh z, 
(e) a, (GQ) hae (n) sinh-! a, (@) tanh-lz. 


5. Abel’s Theorem. If the infinite series a, + a,a + a,x? + a,x + --- converges 
for the value X, it converges uniformly in the interval 0 =r =X. Prove this by 
showing that (see Exs, 17-19, p. 428) 

6 


| R(x) | =| ana” a6 Oy, peel 5 eas <($ 


n 

) [Qnx™ SF one 5 Ant pA*t?|, 

when p is rightly chosen. Apply this to extending the interval over which the 
series is uniformly convergent to extreme values of the interval of convergence 
wherever possible in Exs. 4 (a), (9, (8). 


6. Examine sundry of the series of Ex. 3 in regard to their convergence at ex- 
treme points of the interval of convergence or at various other points of the cireum- 
ference of their circle of convergence. Note the significance in view of Ex. 5. 

1 

7. Show that f(z) =e «, f(0) =0, pasa be expanded into an infinite Mac- 
laurin series by showing that R, =e 2, and hence that R, does not converge 
uniformly toward 0 (see Ex. 9, p. 66). Show this also from the consideration of 
complex values of «x. 


8. From the consideration of complex values determine the interval of con- 
vergence of the Maclaurin series for 


sin © x 
tan ¢ = ——» : h i 
‘2 cos £ (8) e—] (y) tanh z, (5) log (1 + e*) 
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9. Show that if two similar infinite power series represent the same function 
in any interval the coefficients in the series must be equal (cf. § 82). 





10. From 1+ 2rcosz +72 = (1 + re) (1 + re-*) = 1? (1 ati =) (1 te a *) 
r 








Tp 
r2 7 
prove log (1+ 2reosz +19) =2(reose—T cos2a + Tcosdz—---), 
3 i 3 r<l 
is log (1+ 2rcosa + r?) dx = 2 rsina — —sin2a¢ + —sin38a—... 5 
0 22 32 : 
and log (1+ 27 cos + 94) = Blog r +2(2 coe a - 
r 2 72 3 72 
Sin ve Shi 2 ces oe, ieee 
l 74 os o c= ev fe 
ie og (1+ 2rcosaz + r?)dz = 22 log r42/ z 2 32,2 ii 





iE Perera neg ne ). 


wee | ere HS 


1k. Prove f= _ L 1-3 1.3: oe f 
Ta 225 904.9 224.6 wes 





12. Evaluate these integrals by expansion into series (see Ex. 23, p. 452) 


~ e-graj " 8 y\ 5 
(a) ij ede = 7-3 (7) 4 5(“)— = tartZ, 
q 3\q/ 5\9 q 


log (1+ log (1 + cos x) : 7 gsing te 
dx = m sin-1k os 
(8) ie cos & y : (7) o 1+ costa aod 





a) ay B\? 7 
(3) f ces cos 2pnie = Ye Br (e) {j log (1+ 2rcosa + r?) dz. 


13. By formal multiplication (§ 168) show that 


Ae 

Pepe ea tloaa eee? cos fats 

1—2acosz+ a? 
* asine 


=asing+ a*sin2c¢+... 
1—2acosz + a? 





14. Evaluate, by use of Ex. 13, these definite integrals, m an integer : 














7 cos madz Tram us x sin eda 
(a) = © e1Oidh 5 = Slog (1 + a), 
1—2acost+a? 1—a? » 1—2acost+a 
Gh 7 sing sin medx Se te ft 
o 1—%ia cosa -- a2 2 





5 7 sin? adr 
i) i (1—2acosx + a*)(1—2 B cosa + 6?) 
15. In Ex. 14 (y) let a=1—h/mand «=z/m. Obtain by a limiting process, 
and by a similar method exercised upon Ex. 14 (a): 
ogsinzdz 7 = coszdz om, 
ff Ss ——. = —e~", 
0 W+e 2 0 At+22 2 


Can the use of these limiting processes be readily justified ? 
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16. Let 2 and z be less than 1. Assume the expansion 


fh) 2 STEP) EPP 
V1— 22h + hi? 
Obtain therefrom the following expansions by differentiation : 
A pr eee ee Ee (t+ hPL + h?PZ +--+ + he tPl te, 
Ve" (1—22h + h2)3 


; r—h 
ia 
(1 —2ah + h?)2 


Hence establish the given identities and consequent relations: 


=P, +2hP, + 32?P, +---4+ nh"-1Pat---. 








= UPL tA@P,— Pi) +--+ AGP Py) tees 
f= P, + h(2P,) 4 +++-+ hn-1(nP,) piensa, 
2 / 
CA) f= -14 P+ h(P,—P) ts Bind 0 PFE 2) geen mn) ter = 
2 ahf = h(22) + +++ + h"(2aPy-1). 
Or eek) cM a and |F t0 oy = Pa = 2a. 


Hence @P,=Pis,—(n+1)P, and (@—1)P, =n(@P, — Py). 
Compare the results with Exs. 13 and 17, p. 252, to identify the functions with the 
Legendre polynomials. Write 
1 hs 1 5 1 
(1—2eh 4 49¢ (1—2heosd + Ht (1 — heioy} A — he-ioyt 


Les (ee eel ss : 
—" p2e2ia +...) (14 —he-te +. —~ p2e—2104....), 
erie 4 ) (14 jhe he ree ) 





Lares 
= (1+ —het 
(14 She +904 
1-.3--.(2n—1) 


b IPR 6) =2 
and show P,,(cos @) 2.4...2n 


1l-n 
cos 26 -- —— — — —— 
1-(2n—1) 


168. Manipulation of series. Jf an infinite series 
S=u, tu, +ut-::+ uy +uy +: (13) 


converges, the series obtained by grouping the terms in parentheses with- 
out altering their order will also converge. Let 


S'=U,+ U, +--+ Uy + Uy te: (13') 


and Si) Seo 


cos(n—2)8 +--+}. 


“7 
aeye 5 Poe 


be the new series and the sums of its first »' terms. These sums are 
merely particular ones of the set S,, S,,++-, S,,-:-,and as n! < n it 
follows that » becomes infinite when n' does if be so chosen that 
S, = Sy. As S, approaches a limit, S;, must approach the same limit: 
As a corollary it appears that if the series obtained by removing paren- 
theses in a given series converges, the value of the series is not affected 
by removing the parentheses. 


2 
! 
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Tf two convergent infinite series be given as 
S=u+ut--, and T=v,+%,+:°::, 
then Au, ~L Lv,) ie (Qu, + pv,) + eee 


will converge to the limit AS + wT, and will converge absolutely provided 
both the given series converge absolutely. The proof is left to the reader. 

If a given series converges absolutely, the series formed by rearranging 
the terms in any order without omitting any terms will converge to the 
same value. Let the two arrangements be 


PF ca 0 iy Ne) Py et) NCE 
and SS ty + by + Uy oe by i + Uy toe: 


As S converges absolutely, m may be taken so large that 


[en | + en 4a] + Pisa <a SE, 


and as the terms in S' are identical with those in S except for their 
order, n' may be taken so large that Sj, shall contain all the terms in 
S,. The other terms in S;, will be found among the terms w,, w, 44, +++. 
Hence / 
Si, — Sn) <[Up|+|gilt oo <e 
As |S — S,| < «, it follows that|S — S),|< 2. Hence S;, approaches S 
as a limit when n’ becomes infinite. It may easily be shown that S' also 
converges absolutely. 

The theorem is still true if the rearrangement of S is into a series some 
of whose terms are themselves infinite series of terms selected from S. 

t rT 

Thus le S'=U,+U, + U, tet Ui t Ue te; 


> 
where U; may be any aggregate of terms selected from S. If U; be an 


infinite series of terms selected from S, as 
U; = Up + Ug + Ug Foes $y Fo -', 


the absolute convergence of U; follows from that of S (cf. Ex. 22 below). 
It is possible to take n! so large that every term in S, shall occur in one 
of the terms U,, U,,---, U,_1. Then if from 


CoN nga en pre net hrc (14) 








there be canceled all the terms of S,, the terms which remain will be 
found among U,,) U,41) °*:, and (14) will be less than «. Hence as 7! 
becomes infinite, the difference (14) approaches zero as a limit and the 
theorem is proved that 


S=U,+U, +++ Uyiit Ovt = S 
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If a series of real terms is convergent, but not absolutely, the number of posi- 
tive and the number of negative terms is infinite, the series of positive terms and 
the series of negative terms diverge, and the given series may be so rearranged as 
to comport itself in any desired manner. That the number of terms of each sign 
cannot be finite follows from the fact that if it were, it would be possible to go so 
far in the series that all subsequent terms would have the same sign and the series 
would therefore converge absolutely if at all. Consider next the sum S, = P; — Nn, 
1+m=n, of n terms of the series, where P; is the sum of the positive terms and 
Ny» that of the negative terms. If both P; and N,, converged, then P; + N, would 
also converge and the series would converge absolutely ; if only one of the sums 
P, or N» diverged, then S would diverge. Hence both sums must diverge. The 
series may now be rearranged to approach any desired limit, to become positively 
or negatively infinite, or to oscillate as desired. For suppose an arrangement to 
approach L as a limit were desired. First take enough positive terms to make the 
sum exceed ZL, then enough negative terms to make it less than L, then enough 
positive terms to bring it again in excess of ZL, and so on. But as the given series 
converges, its terms approach 0 as a limit; and as the new arrangement gives a 
sum which never differs from Z by more than the last term in it, the difference 
between the sum and LZ is approaching 0 and L is the limit of the sum. In a similar 
way it could be shown that an arrangement which would comport itself in any of 
the other ways mentioned would be possible. 


If two absolutely convergent series be multiplied, as 


S=utwytuyt-::-t+ut-:::, 
T=vutytvy+t--- tut: 


and W = Ut) + UU + Ugly +--+ UU +--- 
+ Uy + UV, + UQ’y +--+ U,V, +--- 
ote . . . . . . . 
Ht Up + UV, + UV, +--+ + u,v, +:-- 
a . . . . . . . 


and if the terms in W be arranged in a simple series as 

UU -f (UY, ++ Uv; oa Uy) ee (Ue, ao Uv, + Uv, + uv, aa UU) +... 
or in any other manner whatsoever, the series is absolutely convergent 
and converges to the value of the product ST. 

In the particular arrangement above, S,7,, S,T,, S,7,, is the sum of 
the first, the first two, the first » terms of the series of parentheses. As 
lim S,7, = ST, the series of parentheses converges to ST. As Sand 7 
are absolutely convergent the same reasoning could be applied to the 
series of absolute values and 


[ol |%o} or [ee 1[%| +|u,||,| te lel [r,| += | %o|[vo| mice 


would be seen to converge. Hence the convergence of the series 


UU, -4- UV, + Uv; f Uv, + Ue, 4 Uv; of Uv, + U,V, + UV, t.... 
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1s absolute and to the value S7’ when the parentheses are omitted. 
Moreover, any other arrangement, such in particular as 


UY + (UY, + UY,) + (UY, + UU, + Uv.) +---, 


would give a series converging absolutely to ST. 

The equivalence of a function and its Taylor or Maclaurin infinite 
series (wherever the series converges) lends importance to the operations 
of multiplication, division, and so on, which may be performed on the 
series. Thus if 


S@)=4,+ a+ ag?+ ae?+---, |e | Ce op 
g (x) = 6, + ba + bo? + bo +---, [ej ete, 
the multiplication may be performed and the series arranged as 
F(x) 9 (x) = a,b, + (a,b, + 4,6,)@ + (4,0, + 2,0, + 0.) x? + +++ 


according to ascending powers of « whenever z is numerically less than 
the smaller of the two radii of convergence R,, R,, because both series 
will then converge absolutely. Moreover, Ex. 5 above shows that this 
form of the product may still be applied at the extremities of its inter- 
val of convergence for real values of x provided the series converges 
for those values. 


As an example in the multiplication of series let the product sina cosa be found. 





1 1 1 1 1 
i =f — 7 po =] — — 72 tees CRE aera 
sin 2 = & ain oar” , cosxz = 1 oe oOo oe : 


The product will contain only odd powers of «. The first few terms are 


. 
Corey sek Ura 1 roe bite 
re (5 +5,)8 +(S+ontqle —(Stontpata) Wei: 


The law of formation of the coefficients gives as the coefficient of 72*+1 














(— 08] ee : + er eee +a | 
G@ELit @k—1)121 @r—3)141 31(2k—2)1 (2%)! 
(-1* |, Ee ga) 8 OE) or OE 
| 











2! 4! i 


2k+1)2k 
But gok+1 = (14 1)2k+1=14 (2k 41) 4! aS 








pes (opel 1. 


Hence it is seen that the coefficient of 22*+1 takes every other term in this symmet- 

rical sum of an even number of terms and must therefore be equal to half the sum. 
The product may then be written as the series 

; 1 D5) San (ae) is See 

BOG 22 — ( - Ip + S—— —.../=—sin2a. 


3! 5! 


Ww) 


b 
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169. If a function f(x) be expanded into a power series 
S@=a,+ae+a’+ae+---, le} =o; (15) 


and if « =a is any point within the circle of convergence, i may be 
desired to transform the series into one which proceeds according to powers 
of (x — a) and converges in a cirele about the pointz =a. Lett =x—a. 
Then « = a+ ¢ and hence 


eo=a+2at+?, =a + 3a%t+ 3004+ Fh, coe 
f@)=a,+4,@4+0)4+0@+4+2at+P)+---. (15') 


Since |a| < R, the relation |a|+|¢| < & will hold for small values of ¢, 
and the series (15') will converge for « =|a|+|t|. Since 


a, + 4,(la] + |é]) + a,(/a? + 2[a]|¢] + [2/) + --- 


is absolutely convergent for small values of ¢, the parentheses in (15') 
may be removed and the terms collected as 


S@=eO=(@4+ae+ a+ a0 +---)+ (a,+2aa4+ 3a,c°+---Jt 
+(a4,4+3a,a+--J)P+(a,+--)P+---, 


or F(@) = o(@ — a) = A, + A, — @) + A, (@ — a)? 
+ A,(x—a)?+---, (16) 


where A,, 4,, 4,,--- are infinite series; in fact 
1 ; 
A,=f(@); A,=f'@), 4,=5) F"(®), A,= 3! Fe), 8 


The series (16) in « — @ will surely converge within a circle of radius 
R —|a| about « = a; but it may converge ina larger circle. As a matter 
of fact it will converge within the largest circle whose center is at @ and 
within which the function has a definite continuous derivative. Thus 
Maclaurin’s expansion for (1 + a”)~? has a unit radius of convergence ; 
but the expansion about a = } into powers of 2 — } will have a radius 
of convergence equal to V5, which is the distance from x = } to either 
of the points «= + 7%. If the function had originally been defined by 
its development about « = 0, the definition would have been valid only 
over the unit circle. The new development about « = } will therefore 
extend the definition to a considerable region outside the original 
domain, and by repeating the process the region of definition may be 
extended further. As the function is at each step defined by a power 
series, it remains analytic. This process of extending the definition of 
a function is called analytic continuation. 
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Consider the expansion of a function of a function. Let 
J(®) =a, + a,x + ag? + a + --. ar] <i, 
t= b(y)=b thy +by+oy+--,  ly|<R,, 


and let |d,| << R, so that, for sufficiently small values of y, the point a 
will still lie within the circle R,. By the theorem on multiplication, the 
series for x may be squared, cubed, ---, and the series for 2, x*,--- may 
be arranged according to powers of y. These results may then be sub- 
stituted in the series for f(a) and the result may be ordered according 
to powers of y. Hence the expansion for f[¢(y)] is obtained. That 
the expansion is valid at least for small values of y may be seen by 
considering 

Jel lale+laletlalet---, &< Rk, 

€=[8)+ [allyl +lallyP+---, ly] small, 


which are series of positive terms. The radius of convergence of the 
series for f[¢(y)] may be found by discussing that function. 


For example consider the problem of expanding e¢°8* to five terms. 
walt ytsy rey tayt-, y = cost =1—}a?+ watt---, 
yre=1—x?+igt—..., y=1—$a24+4at—..., ye=1—2a2?412at—-..., 
ev = 14 (1— gat + pyat—--)+ 41a? 4 fat—.-) +9 (1— gar pat—-) 
+ A (1— 2224+ 12¢t—-..) 4... 
=(1¢1+h444ert-)-Gththeate 2 
CF me Maer s.0n FeO Coeur on 


ey = ecosx = 217 — 1] xg? + 2294... 


col 


It should be noéted that the coefficients in this series for e¢** are really infinite 
series and the final values here given are only the approximate values found by 
taking the first few terms of each series. This will always be the case when 
y =b) + b,e +--+ begins with b) 4 0; it is also true in the expansion about a new 
origin, as in a previous paragraph. In the latter case the difficulty cannot be 
avoided, but in the case of the expansion of a function of a function it is some- 
times possible to make a preliminary change which materially simplifies the final 
result in that the coefficients become finite series. Thus here 


ecosx — elt+z —¢ez, z=cosxr—l=—}ar+ Aat— phy eit---, 
g=iat—y,a84+.--., 2=—4a54..., zt, 25, 2=04+.---, 


4 ili oe Bcd 
e#=14 (—$2? + pat — phy to +++) +h (jet — eh t+ -)+R(—FO He) te, 
ecosr — eez — e(1— 42? “. 4 at ae Pay 28 +... Sn 
The coefficients are now exact and the computation to 26 turns out to be easier 


than to 22 by the previous method ; the advantage introduced by the change would 
be even greater if the expansion were to be carried several terms farther. 
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The quotient of two power series f(x) by g(a), Uf gO) #9, may be 
obtained by the ordinary algorism of division as 
F@) _ % aye + a9" +: 
g(x) b, + 6,0 + 6,2? +-+- 
For in the first place as g(0) # 0, the quotient is analytic in the neigh- 
borhood of « = 0 and may be developed into a power series. It there- 
fore merely remains to show that the coefficients ¢,, ¢ --. are those 
that would be obtained by division. Multiply 
(a, tae +ag?+--)=(,tea+teg*?+---)(0,+be +b2'+---) 
= 6,6, + (,¢, + 5,¢,)% + (6,6, + 8,6, + 5,¢,) a7 +:--, 


and then equate coefficients of equal powers of x. Then 


-=¢,+¢0 +eg2+-+-, b, # 0. 





C 


1742? 


a, = 0,05, a,=bo¢,+b¢,, a, = bie, + b,c, + be.) °*- 


is a set of equations to be solved for ¢,,¢,, ¢,,---. The terms in f(x) and 


g(a) beyond «” have no effect upon the values of ¢,, ¢,,---, ¢,, and hence 
these would be the same if 6, ,,, 0,42, --- were replaced by 0, 0,---, and 
hn 1 Gn429°**) Vans Gangi,*** by Such values a', 4, @',40, -*+, @ aq, 0,--- 
as would make the division come out even; the coefficients ¢,, ¢,,---, ¢, 
are therefore precisely those obtained in dividing the series. 


If y is developed into a power series in 2 as 


y=f@)=a, +an+ap?+---, a, # 0, (17) 
then # may be developed into a power series in y — a, as 
c= f'y—a)=b,y¥—a)+d,y—a)? +--:. (18) 


For since a, # 0, the function f(a) has a nonvanishing derivative for 
x = 0 and hence the inverse function f—'(y — a,) is analytic near « = 0 
or y =a, and can be developed (p. 477). The method of undetermined 
coefficients may be used to find 6,, 6,,---. This process of finding 
(18) from (17) is called the reversion of (17). For the actual work it is 
simpler to replace (y — a,)/a, by ¢ so that 


t=a+ ay + ayv® + ajat+---, a= a;/a,, 
and e=t+ d+ bt + bet +--:, bf = bal. 
Let the assumed value of # be substituted in the series for ¢; rearrange 


the terms according to powers of ¢ and equate the corresponding coef- 


ficients. Thus . a ee ; 
t=t+ (+a)? +O + 2b,a,+a;)8 


+ (04 + 2 bjag + 07a, + 3 bjay + ay) tt +. 


i , Ee , ¢ 2 , , Av 
or 6 = —as, b= 2a, — a;, 6,=—5a7+5 as; — A, 
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170. For some few purposes, which are tolerably important, a formal 
operational method of treating series is so useful as to be almost indis- 
pensable. If the series be taken in the form 


Oe! 2 ose 3 Che 
ag Taras ak, MR a 
with the factorials which occur in Maclaurin’s development and with 


unity as the initial term, the series pe be written as 


*—1+ae+ 5 pat Sat ge See ere 


n! 
‘provided that a be interpreted as the formal equivalent of a,. The 
product of two series would then formally suggest 


emtede — platdye 44 (a fis bye as 4 (a ay bya? +..:, (19) 


and if the coefficients be transformed by setting a‘l? = a,b;, then 


wD) Oo 
(1+ ae tet )(1the + ptt) 
Ay + 2a, by + by 
ee Ve 
This as a matter of fact is the formula for the product of two series 


and hence justifies the suggestion contained in (19). 
For example suppose that the nhc rae of 


=1+(, + bx SP 


x 


were desired. As the development begins with 1, the formal method 
may be applied and the result is found to be 
x 


e—1 
a , a? 
peat (aly Be (B41) Be) oes el) 





= oBe, ge = eBt)e _ oBe, (20) 


Spl h—0, (B+iy—P=0,---, (B+it—-B—),-::; 
or 2B, +1=0, 3B3,4+3B,4+1=0, 43,+6B8,+4B3,+1=0,---, 
or B,=—-% B= 4) B, = 9, Bata, fo 

The formal method leads to a set of equations from which the suc- 
cessive B’s may quickly be determined. Note that 


x ge wece-+l « & x 55 
ee ee ee Oth = eet = cot — 3 22 
aie ag Te hee ( cy 
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is an even function of 7, and that consequently all the B’s with odd 
indices except B, are zero. This will facilitate the calculation. The 
first eight even B’s are respectively 


$ — go) Fa) — gy, ae — #735» %, = Peres (23) 


The numbers B, or their absolute values, are called the Bernoullian 
numbers. An independent justification for the method of formal cal- 
culation may readily be given. For observe that e%e?* = e@*)* of (20) 
is true when B is regarded as an independent variable. Hence if this 
identity be arranged according to powers of B, the coefficient of each 
power must vanish. It will therefore not disturb the identity if any 
numbers whatsoever are substituted for B', B’, B®, ---; the particular 
set B,, B,, B,,--- may therefore be substituted ; the series may be rear- 
ranged according to powers of x, and the coefficients of like powers of 
x may be equated to 0,—as in (21) to get the desired equations. 
If an infinite series be written without the factorials as 


1+ ae + ag? +a,2° +---+ 4,2" +--+, 


a possible symbolic expression for the series is 





=1+ a2 + a? + a*2'+.--., ai = a,. 


1— ax 
If the substitution y = x/(1+-) or x = y/(1—y) be made, 
a yi 1—y 


1—ax y Piet swwe (24) 
ey 


Now if the left-hand and right-hand expressions be expanded and a be 
regarded as an independent variable restricted to values which make 
< 1, the series obtained will both converge absolutely and may be 
arranged according to powers of a. Corresponding coefficients will then 
be equal and the identity will therefore not be disturbed if a; replaces 
a’. Hence 


AX 








L+age+agi+.-=1—y)(1+d+a)y+(i+a)y?+---], 
provided that both series converge absolutely for a; = a‘. Then 
1+ae+ag’?+aa>+.--=1+ay+ al+a)y+ a(l+a)*yi+--- 

=1+ayt+(a,+4)y + (a, +2a,+4,)y¥+---, 
or ae + ag? + a+... =ay+ (a,+a)y/ 
+ (a,+2a,+a,)y?+---. (25) 
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This transformation is known as Luler’s transformation. Its great 
advantage for computation lies in the fact that sometimes the second 
series converges much more rapidly than the first. This is especially 
true when the coefficients of the first series are such as to make the 
coefficients in the new series small. Thus from (25) 


log(l+2)=a—}a?+}a°—jott+}at—patt... 

etsy artes Varn cae vet enegl ttre 
To compute log 2 to three decimals from the first series would require 
several hundred terms; eight terms are enough with the second series. 
An additional advantage of the new series is that it may continue to 
converge after the original series has ceased to converge. In this case 
the two series can hardly be said to be equal; but the second series of 
course remains equal to the (continuation of the) function defined by 


the first. Thus log 3 may be computed to three decimals with about a 
dozen terms of the second series, but cannot be computed from the first. 


EXERCISES 
1. By the multiplication of series prove the following relations: 
(a) A+e24a24a24+.-..)? =(14+ 2748224 40% 4...) =(1—2)-2, 
(8) cos? + sin?z =1, (vy) e%e¥ = er ty, (6) 2sin?a =1— cos2a. 
2. Find the Maclaurin development to terms in 26 for the functions: 
(a) e* cosa, (8) e*sing, (vy) (1+ z)log(1+ 2), (5) cosxsin—1y. 


3. Group the terms of the expansion of cosa in two different ways to show that 
cos1>0 and cos2 £0. Why does it then follow that cos§ =0 wherel1 << 2? 


4. Establish the developments (Peirce’s Nos. 785-789) of the functions: 
(a) esing, (B) etan, (y) esin— ta, (6) etan—la, 


5. Show that if g(x) = bnw™ + bm410"t14--- and f(0) ¥ 0, then 





F(t) My + 4,0 + 4,07 +--- meee Cam4t 4 
g (x) ~ mem = Diet + see gm qm-l 


C_1 
BOON i Hy ae OO 
x 
and the development of the quotient has negative powers of a. 
6. Develop to terms in «® the following functions: 
ae toe ypc fae 
(a) sin(ksin 2), (8) log cosa, (y) V cosa, (6) (1— k? sin2z)~ 2, 
7. Carry the reversion of these series to terms in the fifth power: 
(a) y=sing =x¢—422+.--., (8) y= tan-17=a¢—42%+4..., 


(y) y= @=Hlt+et+yctt::-, (6) y=2u4 3024 4234 5at+... 
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8. Find the smallest root of these series by the method of reversion: 


a dl 1 1 
am —a2dn — o — _ 78 Fey GH 
ig = = fre ee as Ae 
1 x dx 
aes 2da, i 
(8) 4 i ep trad 5 ll a Vi— 2) (1— 424) 


9. By the formal method obtain the general equations for the coefficients in the 
developments of these functions and compute the first five that do not vanish: 
sin & fig 


Clprea ak eile, ays 





10. Obtain the general expressions for the following developments: 








ib ee | Bae Bon (2 x)?” 
a) cothz = == 8s Lee em See 
© Ba) 94h.) 045 a (2n)!a ; 
Te | Hee Bon (22)2” 
cote = — — —— —— ——_— ::- Be iy re tata le A 
(8) z 8 45 945 aioe) (2n)!z , 
: eee sn Ban (22)?” _ 
loesin t= loo. — ————— re el ee ee 
OP cig Ae) geass ae 2 Sup mee 
x2 4 76 5 (Qy)2n 
(6) logsinha = log pS Se se LEO Eee ed Be 
6 180 2835 2n-(2n)! 


11. The Eulerian numbers £2, are the coefficients in the expansion of sech z. 
Establish the defining equations and compute the first four as — 1, 5, — 61, 1385. 


12. Write the expansions for see z and log tan (17 + } 2). 





























; : 1 2 
13. From the identity = : derive the expansions: 
ee—1 e&t—] e411 
ce 1 a n—l 
a ~ B,(2? — 1) = B — 1) — By, (22" — ae 
(ere es ys, + B(2* ay ter hee "ie ass 
1 1 x x n—1 
——— = — — B, (22 —1)—— B — 1)— —..- — Bg, (22" — ee 
(8) sag tg BOS - Bt By(22" —1) $0, 
, 23 2n— 
(y) Sinan anne estan 
2! ! aaa 
- ae + 17a? g2n-1 
( fevee (-— 1)n—1(22n — 1) 22" Bo, 4+... 
315 2n! z 
(€) ok > ane 1)" —1(22" — 1) 22" B, Shel 
2 12 45 "On-2n! ; 
4 Qn 
(¢) log tan x = log x + — + iat ees fb (— 1)" -1(22n—-1 — J) 2228, se ae 
n-2n! 4 
1 cD 1 Ho xn 
sc © = — (cot — + te eae Syeeioge Bs — 1)n—19(Q2n-1 — 
(m) ese a 5 (cots eed aa + (—1)"-12 (22-1 1) Bons» 


(@) log cosh a, (:) log tanh a, (x) esch a, (A) sec? x. 
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Observe that the Bernoullian numbers afford a general development for all the 
trigonometric and hyperbolic functions and their logarithms with the exception of 
the sine and cosi€ “which have known developments) and the secant (which re- 
quires the Eulerian numbers). The importance of these numbers is therefore 
apparent. 


14. The coefficients P,(y), P,(y), «++, P,(y) in the development 


eyr — 


1 
rey Py(y)% + Pay) a? +--+ + Paly)ar+--- 


are called Bernoulli’s polynomials. Show that (n + 1)! P,(y) = (B+ y)nt+1— But 
and thus compute the first six polynomials in y. 


15. If y= Nisa positive integer, the quotient in Ex. 14 is simple. Hence 
n! Py(N) =1+ 274 8% 4...4+(N—1) 


is easily shown. With the aid of the polynomials found above compute: 








(ay 12s Ste 10 (6) 1425 + 8 +... 4 95, 
Cyt ety 82 ee (NR 12m | (3) Loh 88 (Nhs, 
1 1 1 1 1 qn+1 — pri 
. # a = eS a 0 
Oe 1 he ~ se alece sre >) eo 
17. From AL “e- aa) tdt = : establish formally 
0 — ac 
7) 1 ey 
2 3 me —t = x 
1+ a,x + av? + a,0° + i e—*F (at) dt - i e *F(u)du, 


1 il 
where F(u)=1+ayu+ at Ayu? + Sti a,ue + - 
Show that the integral will converge when 0< a4 <1 provided |a;|=1. 
1 
18. If in a series the coefficients a; =f) tif (t) dt, show 
0 
L+ aye + cyt? + aga +. = f FO a, 
Z “? o 1—at 


19. Note that Exs. 17 and 18 convert a series into an integral. Show 














DP A tile 1 1(— logt)p -1 Tl (p) % F 
Get ai ~ dé by ——= e—néEp—1(dé, 
2s bce ay eae T(p)J¥o 1—«at Tne if ae 
1 L x Lf =-f 1 gin logt a We get ain Ede 
@ atigstieet 1— at a=, : 


a(a+1) 2 a(a +1) (a+ 2) xe tue. 
b(b+1) b(b + 1) (b + 2) 


- I (b) i= ee Uae eae 
D(a) DT (b—a) 1— at 





(7) 1+ S04 
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20. In case the coefficients in a series are alternately positive and negative show 
that Euler’s transformed series may be written 


a2 — age? + aga® — agzt ++. = ayy + Any? + Aray® £ APayy* + --- 
where Aaj = a — dz, Aa, = Aa, — Ady = a; — 22 4+ az,--- are the successive 
first, second, --- differences of the numerical coefficients. 


21. Compute the values of these series by the method of Ex. 20 witha =1,y=}4. 
Add the first few terms and apply the method of differences to the next few as 
indicated : 


(a) 1— ; + ; = it .++ = 0.69815, add 8 terms and take 7 more, 

(6) T= ae ai ee = a »++ = 0.6049, add 5 terms and take 7 more, 
2 3 4 

fe t= -; .- : 4... =0.78539813, add 10 and take 11 more, 





in 1 1 DA ee i 1 1 
(6) Prove (1+ ++ G4-)=e- 4 (1- +. = +--+) 


and compute for p = 1.01 with the aid of five-place tables. 


22. If an infinite series converges absolutely, show that any infinite series the 
terms of which are selected from the terms of the given series must also converge. 
What if the given series converged, but not absolutely ? 


23. Note that the proof concerning term-by-term integration (p. 432) would not 
hold if the interval were infinite. Discuss this case with especial references to 
justifying if possible the formal evaluations of Exs. 12 (a), (5), p. 439. 


24. Check the formula of Ex. 17 by termwise integration. Evaluate 


ieee 
~ SPOIL eS 24:2\—% 
af € *Jo(bu) du =1— yo%a? + 4-9 (1 + b2x2) 


by the inverse transformation. See Exs, 8 and 15, p. 399, 


CHAPTER XVII 
SPECIAL INFINITE DEVELOPMENTS 


171. The trigonometric functions. If m is an odd integer, say 
m = 2n-+1, De Moivre’s Theorem (§ 72) gives 


sin mo a a ian sin? @ + sae (5) 


m sin b 3! 


where by virtue of the relation cos? ¢ = 1 — sin’ ¢ the right-hand mem- 
ber is a polynomial of degree nm in sin?¢. From the left-hand side it is 
seen that the value of the polynomial is 1 when sin ¢ = 0 and that the 
n roots of the polynomials are 


sin? a /m, sin? 2 a/m, wey sin? ni /m. 


Hence the polynomial may be factored in the form 


snmp _/,  _sin’¢ sin? __sin’?¢ 
msing — (1 sin? a (1 sin?2a/m) sin? n/m) (2) 
If the substitutions @¢ = x/m and $ = ix/m be made, 


' ee 7s 8 
sin x =(1 sin a) (1 sin? x /m ) hal (1- sin? x /m ) (3) 











msina/m \ sin?a/m sin? 2 1 /m sin? nr /m 

sinh x sinh? a /m sinh? a /m sinh? a /m 
————- = —— —————}.-.- lt ——_——_— )-¢«: I 
m sinh «/m (: a sin? i) (1 2 sin? 2 1 /m es sin? 4 @) 


Now if m be allowed to become infinite, passing through successive 
odd integers, these equations remain true and it would appear that the 
limiting relations would hold: 


























sin « xe xe 0 ie 
. =(1-%) (tga) = Ta) (4) 
sinh « x x 2 Ata 
wa ff (1 ar =) (1 + 3 a cic iy (1 fi aa) (*) 
sin? — E ao ) #3 
since es (in eee ka 1 [kar We a 7278 
Ba m 6\m 
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In this way the expansions into infinite products 


& a : cd a 5 
nee I (1— a3) sinh =o (14753) (5) 
would be found. As the theorem that the limit of a product is the prod- 
uct of the limits holds in general only for finite products, the process 
here followed must be justified in detail. 


For the justification the consideration of sinh, which involves only positive 
quantities, is simpler. Take the logarithm and split the sum into two parts 








: i sinh? ik sinh? — 

ie _sinh o_ a -> eel aa = >S ie te m 
a 

msinh= 1 Sit ff ec sin? — 

m m m 








by sinh? = 2 sinh? ox : 

Ree log} 1+ <a = sinh? = —— 
pti sin? — p+1 gin? “p+ sin? 

m m 


Now as n<im, the angle k7/m is less than 37, and sint > 2£/m for <i, by 
Ex. 28, p. 11. Hence 





n 
Paka . m2 ss ~ dk 
R < sinh? enh apie sinh? ‘ 
ms 4 a 4 m 2 ~ mdp Kk 
: x 
i p sinh? — i 
_sinh a nhe Poem m2 , x 
Hence log =f << re sinh? —, 
m 
m sinh ~ = 1 eC P 
m m 


Now let m become infinite. As the sum on the left is a finite, the limit is simply 


sinh a sinh x = 
log Pe (14S 5) < go 5 and log => (1+ ea) 


then follows easily by letting p become infinite. Hence the justification of (4). 








By the differentiation of the series of logarithms of (5), 


2 


sine < x shha < a , 
log ak > log (1 sak =: log - = > log (1 = aaa (6) 


the expressions of cot « and coth a in series of fractions 








cS Dh. 


1 22 ; 1 2x o 
cot xe = z > Pr cy eoth x = . a >» i (7) 
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are found. And the differentiation is legitimate if these series converge 
uniformly. For the hyperbolic function the uniformity of the conver- 
gence follows from the M-test 


1 


hPa? ak gi 


1 
2 ee 


it 
and —; converges. 
Lee 6 
The accuracy of the series for cot « may then be inferred by the substi- 
tution of ia for a instead of by direct examination. As 


= Dir 1 il stots ak 
pe aang a a ee ee ceil (8) 








In this expansion, however, it is necessary still to associate the terms 
for k= +n and k = —n; for each of the series for & > 0 and for 
k < 0 diverges. 

172. In the series for cotha replace « by $a”. Then, by (22), p. 447, 


2n 


AP = x : 
5 coth 5 Sym aa Te, Eno gE (9) 


If the first series can be arranged according to powers of a, an expres- 
sion for B,,, will be found. Consider the identity 


ao Ge -—* Ye t= 0 (1) 


which is derived by division and in which 6 is a proper fraction if ¢ is 
positive. Substitute ¢ = x?/4k?7?; then 


























17 yy 
n—1 Gp NON = a no all ts 
£2) Uae bt 
Sia ye 4 1° Dre 
aa | 1 1 
Let Daa dale cern ota Aas 
1 





* The @ is still a proper fraction since each 6; is. The interchange of the order of 
summation is legitimate because the series would still converge if all signs were positive, 
since Dk 2” is convergent. 
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As S,, approaches 1 when n becomes infinite, the last term approaches 
0 if a < 27, and the identical eam are 


wo 


= ave ie we 
2) San(— 1)? SRS pa aie =o ee 


! 
Hence Dy J en At Oh. S, (11) 


and = Goth = = 1 », Ba (12) 
z 
The desired expression for B,, is thus found, and it is further seen 
that the expansion for 4a coth } can be broken off at any term with 
an error less than the first term omitted. This did not appear from the 
formal work of §170. Further it may be noted that for large values of 
n the numbers B,,, are very large. 
It was seen in treating the I-function that (Ex. 17, p. 385) 


log I'(n) = (n — 4) log n — n + log V2a+ w(n), 











Ot hn 

where w(n) = fi & coth = _ 1) e= <. 
0 

nx % — nx T2Qp oes 1) 2p ! 
As ft x*Pe™ dar =-[ x*Pe- "da = FT gieed o. geet 
the substitution of se and the integration gives the result 

By, Bat ars OB, By n—’ ap +l 

ots tae ores 3)(@p—2)' G@p—lap “ 


For large values of n this development starts to converge very rapidly, 
and by taking a few terms a very good value of w(n) can be obtained ; 
but too many terms must not be taken. Compare §§ 151, 154. 


EXERCISES 
1. Prove cose = So = (1 4*_). 
2sin x * (2k + 1)2r? 


2. On the assumption that the product for sinhz may be multiplied out and 
collected according to powers of x, show that 
1 ar 
—- = —, wherek +l, 
k22 ~ 120" " 


™ . 
——_ = —, if k may equal 2 
oo 
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. 2 
3. By-aid of Ex. 21 (0), p. 452, show: (a) l+Statptcst 
) 

iL 1 it 172 , 1 il 1 72 

Tepeke toe eee Eee we ai es et 
@itatatat g 0 OSA as a 12 








2 o 
4. Prove: (a) ete = ae a (8) f ias-= 








— 2 1 ne 1 


— 2 
+o 


5. From Bere = ae 
R= 1) 


WW aun a) (1 _ 1 Ga (— 2/22 
show csc = —(cot— + tan —})= ae ae See 
Al 2a ) Daycare ao tt? — Kear? 


6. From 





n—1 on n—1 
a ak ap ene ena Peso 








1 ya-1 — (— 1)* it 
show i Gh) = , and compute for a = — by Ex. 21, p. 452. 
ol4+2 Da ¥ Ve ota te 


7. If a isa proper fraction so that 1— a is a proper fraction, show 


1 y—adz ln i fs 1)* wo ga—l o ga—l T 
dz dx = 3 
(@) J, 1l+¢2 “Sees I; tee ®) f, ita. sinaw 


1 

















—- 2n 
8. When n is large Be, = (— 1)"-1 4V arn (“) approximately (Ex. 13). 
Te, 


9. Expand the terms of 3 5 coth = —-=1+ > ipece by division when « <27 


and rearrange according to powers of x. Is it easy to justify this derivation of (11) ? 


° 
10. Find w’(n) by differentiating under the sign and substituting. Hence get 














T’(n) 1 B, B, Boy-2 OB», 
— log a IT 0 = 
LT (n) : Pip, Phage ~ Abanke (2p — 2)n2P—-2 2pn2p 
4 11~ qr-1 
11. From ll) +y¥ aiff pas da of §149 show that, if n is integral, 
I (n) o l—-@ 
T’(n) AP gal 1 Ih4(i) R 
Slt Ae Se og Oe en hit = — —— = 0.5772156649 ... 
Tee, posers ian ar vf T (1) 


by taking n = 10 and using the necessary number of terms of Ex. 10. 


12. Prove log T (n + 4) = n(logn — 1) + log V2 + w, (n), where 


x2 
2 


w,(n) aii (: = tt ate, w,(n) = w(n) — w(2n), 


Bon-) 1 Bin 1 Byn-> 1 ) 
eee = ie ees eee 
BS ie (1 ae ( “jererelt 95) * 
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ra 


6 
13. Show n! = V27 (yen or V2 x (= aye 2, %4+12_ Note that the 
e 








results of § 149 are now obtained rigorously. 


n—1 


=», enka 4S isle a e-ke 4. 9 o ; “and the formulas 


14. From = 
1—e- l]—e-« 








of § 149, prove the expansions 
d? 1 ) 
ees = 1 2 
(ct) log F (n) = Sr spr) RlerOty= Bes —, 


— (n k i! = n\ ~% 
(vy) log T(n+1)+ yn= > (F — tog" # ), (6) seep eat ze 
AL, 








173. Trigonometric or Fourier series. If the series 


S(@)=44, +>, (a, cos kx + 0, sin har) 
1 


14 
=}a,+a,cosx+a,cos2x+a,cos3x+--- (14) 


+6,sine+6,sin2¢2+6,sn3z+--- 


converges over an interval of length 27 in a, say O=a@ < 27 or 
—w < «= 7, the series will converge for all values of 2 and will de- 
fine a periodic function f(a + 27) = f(x) of period 27. As 


Q0 f eee ken 
if cos kx sin ladx = 0 and if = ; a - dx=Qorm (18) 
0 0 


sin ka sin lx 


according as k # J or k = l, the coefficients in (14) may be determined 
formally by multiplying f(x) and the series by 


L='cos Om, COS x, sin @, co 


nm 


22, sin 22, --- 
successively and integrating from 0 to 27. By virtue of (15) each of 
the integrals vanishes except one, and from that one 


il! 20 1 20 
o, = ip F(x) cos kad, gees ee i F(x) sin kedx. (16) 
0 0 


Conversely if f(x) be a function which is defined in an interval of 
length 27, and which is continuous except at a finite number of points 
in the interval, the numbers a, and }, may be computed according to 
(16) and the series (14) may then be constructed. If this series con- 
verges to the value of f(x), there has been found an expansion of f(«) 
over the interval from 0 to 27 in a trigonometric or Fourier series.* 
The question of whether the series thus found does really converge to 


* By special devices some Fourier expansions were found in Ex. 10, p. 439. 
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the value of the function, and whether that series can be integrated or 
differentiated term by term to find the integral or derivative of the 
function will be left for special investigation. At present it will be 
assumed that the function may be represented by the series, that the 
series may be integrated, and that it may be differentiated if the differ- 
entiated series converges. 


For example let ev be developed in the interval from 0 to 27. Here 





1 4 1 te : Q2ak 
2 2m7k JZ tC /ie sj 
E=— i e cos krdz = — e* cos ydy = E (" sty belts | 
0 7 











Us ka Jo k24+1 0 
or oer fl Rei ete vanes el Sh 
T 7 us k2+1 wk? +1 
and b= =f “ersinkede = — 1 am is hee P 
7/0 7 R241 0 wh? +1 
Ter 1 i 1 
Hence = cosa” + ———_ cos 2” + ——— _ cos3 see 
27] 2° 241 fofa i. Ligaee jee a 
é 2 83 
— sin x — ——— sin2¢ — ——— sin3z7+---. 
+1 241 341 % 


This expansion is valid only in the interval from 0 to 27; outside that interval the 
series automatically repeats that portion of the function which lies in the interval. 
It may be remarked that the expansion does not hold for 0 or 27 but gives the 
point midway in the break. Note further that if the series were differentiated the 
coefficient of the cosine terms would be 1+ 1/k? and would not approach 0 when 
k became infinite, so that the series would apparently oscillate. Integration from 
0 to would give 

w(e*—1) 1. ear: 1 sin22 1 sin3e@ 

== =f -- sin z+ + 
en — ] 2 ?v+1 2+1 2 BP+1 38 


. 














1 
cos 2£ cos 2a + ——cos3z7+.-.-- 
es 224.41 + Raq ay te 


and the term 3a may be replaced by its Fourier series if desired. 


As the relations (15) hold not only when the integration is from 0 
to 2 but also when it is over any interval of 27 from @ to a + 27, 
the function may be expanded into series in the interval from a to 
a-+2 by using these values instead of 0 and 2 as limits in the 
formulas (16) for the coefficients. It may be shown that a function 
may be expanded in only one way into a trigonometric series (14) valid 
for an interval of length 27; but the proof is somewhat intricate and 
will not be given here. If, however, the expansion of the function is 
desired for an interval a << # < B less than 277, there are an infinite 
number of developments (14) which will answer; for if (a) be a 
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function which coincides with f(v) during the interval a<2< 8, 
over which the expansion of f(x) is desired, and which has any value 
whatsoever over the remainder of the interval B << x«<a+2z7, the 
expansion of ¢(x) from a to a+ 27 will converge to f(x) over the 
interval a<a< B. 

In practice it is frequently desirable to restrict the interval over 
which f(x) is expanded to a length 7, say from 0 to 7, and to seek an 
expansion in terms of sines or cosines alone. Thus suppose that in the 
interval 0 < x < 7 the function ¢ (x) be identical with f(a), and that 
in the interval — 7 < a < 0 it be equal to f(— x); that is, the func- 
tion ¢(x) is an even function, ¢(«) = ¢(— «), which is equal to f(x) 
in the interval from 0 to 7. Then 


+7 7 a 
¢ (x) cos krdax = 2 ip $ (x) cos kadx = 2 f J (2) cos kadz, 
0 0 


Ty 


+7 7 7 
¢f (a) sin kada =[ ¢ (x) sin kadx -[ $ (x) sin kadx = 0. 
0 0 


Hence for the expansion of ¢(x) from — 7 to + 7 the coefficients 0, all 
vanish and the expansion is in terms of cosines alone. As f(x) coin- 
cides with ¢(x) from 0 to 7, the expansion 


Co) i>) 7 
t(£) > a, 08 ka, ty = = f F(x) cos kadx (17) 


of f(«) in terms of cosines alone, and valid over the interval from 0 to 
m, has been found. In like manner the expansion 


— ‘ > 
JF) => b, sin ka, o, = = ah J (x) sin kadx (18) 
u 0 


in term of sines alone may be found by taking $(2) equal to f(x) from 
0 to m7 and equal to — f(— x) from 0 to — z. 


Let 3x be developed into a series of sines and into a series of cosines valid over 
the interval from 0 to 7. For the series of sines 


eat ee (—1)* 2 wa sinks 
== f —xsinkrdz = — ’ = a 
* wrdo Q o k pa == 








2 k 
or se =sing— jsin22+4sin3e—sindr+.. (A) 
as == "> ada =“, a = 5 oskaedz = foe sual 
— _ == . = — —-ZCc = 
Die ata aA | — a Few. 
1 ig coss$x , cosi& , cos7z 
He -v% = — — — | COSz tae 
ence 5 x Ve [« osa + 3 ra 7 | (B) 
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Although the two expansions define the same function } 2 over the interval 0 to 7, 
they will define different functions in the interval 0 to — 7, as in the figure. 
The development for } 2? may be had by integrating either series (A) or (B). 


422 =1— cosx — }(1— cos2a) + 4(1— cos8a) — 74 (1— cos4z)4+--- 


T =| si 
=—ef—-—]|sineg+ 
T 








sin8e  cosSa 
a arte | 


38 58 


These are not yet Fourier series because of the terms } rz and the various l’s. For 
; 7 its sine series may be substituted and the terms 1— 1+44—-.- may be col- 
lected by Ex. 8, p. 457. Hence 





= 7 — cose + jeos2x— | cos3x + cos de. (A’4 


1 27 (7? Ce Ww? 2 . 
or —x? = —| (——1) sina — — sin2« = — SI — S14 lene (1S 
ap ee ) ae re “a 4 | oe 


The differentiation of the series (A) of sines will give a series in which the individual 
terms do not approach 0; the differentiation of the series (B) of cosines gives 


djr=sing+tsin3¢+4tsin5e+47,sin7e+-:-- 


and that this iS the series for 7/4 may be verified by direct calculation. The differ- 
ence of the two series (A) and (B) is a Fourier series 


are cos 3a , sin 2a 
== § +++? —][ sing — ete ( 
I (2) 4 =| cose + 32 oo | | 9 + | (C) 








which defines a function that vanishes when 0 <2 <7 but is equal to — @ when 
USS Ss tise 

174. For discussing the convergence of the trigonometric series as formally 
calculated, the sum of the first 2n + 1 terms may be written as 


1 27 J ‘ 
i if [>+ cos(t — x) + cos2(é—@)+++++ cosn (a) | sat 
0 : 


me sin @n +1) =" Eee 
a Oe 2 F(a +2 
=) (3 t—@z F(t) aa ME oo) 


sin(2n-+1)u 

sin (2 n +1)w du 
xn ? 
2 sin 2 


sin u 





¢ 
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where the first step was to combine a cos kz and 1, sin ke after replacing z in the 
definite integrals (16) by ¢ to avoid confusion, then summing by the formula ot 
Ex. 9, p. 30, and finally changing the variable to w=4}(t— a). The sum S, is 
therefore represented as a definite integral whose limit must be evaluated as n 
becomes infinite. 

Let the restriction be imposed upon f(z) that it shall be of limited variation in 
the interval 0<2<27. As the function f(r) is of limited variation, it may be 
regarded as the difference P(x) — N(z) of two positive limited functions which 
are constantly increasing and which will be continuous wherever f(z) is continu- 
ous (§ 127). If f(z) is discontinuous at 2 = Zp, it is still true that f(c) approaches 
a limit, which will be denoted by f(z, — 0) when z approaches «, from below ; for 
each of the functions P(z) and N(z) is increasing and limited and hence each 
must approach a limit, and f() will therefore approach the difference of the limits. 
In like manner f(z) will approach a limit f(x, + 0) as 2 approaches z,) from above. 
Furthermore as f(x) is of limited variation the integrals required for S,, ax, bg will 
all exist and there will be no difficulty from that source. It will now be shown that 





lim; (>) = jim Alhe ? Fla, + 9 woe wt 1)u 


n= wo 7 J—— sin u 


1 
du AG [F(£p + 0) — F(x — 0)]. 
This will show that the series converges to the function wherever the function is con- 
tinuous and to the mid-point of the break wherever the function is discontinuous. 


sin(2n+1)u sin ku 
Se a 





sin (2 n+ FI)u =f (tq + 2%) 


Let f(t + 2u)— 
sin w sin u u 











a é 
Me sink 1 
then 8S, ( == [a pe EY) = “du == fo F(u u) du, — m<a<0<b<m 
_-— a 


As f(x) is of limited variation provided — <a =u Sb <7, so must f(xy + 2u) 
be of limited variation and also F(u) = uf/sinu. Then F(w) may be regarded as 
the difference of two constantly increasing positive functions, or, if preferable, of 
two constantly decreasing positive functions ; and it will be sufficient to investigate 
the integral of F(u)uw-lsinku under the hypothesis that F(w) is constantly de- 
creasing. Let n be the number of times 2 7/k is contained in b. 


; 1 29 47 2 nr “3 

4 sin ku ae on: 4 sin ku 

F'(u) —— du 1 
i, ( ) U 0 ae ey var 2a — —1ye T : bas F(u u) - du 


Ee 


US Fes ip sin u sin ku 
= fot] bees F )= ne a F 
I, V2r i sae 2 te “+ Saw (u ) 


As F(u) is a decreasing function, so is w-1F(u/k), and hence each of the integrals 
which extends over a complete period 27 will be positive because the negative ele- 
ments are smaller than the corresponding positive elements. The integral from 
2nm/k to b approaches zero as k becomes infinite. Hence for large values of k, 


bss sin ku 2pm /u\ sin u ; 
F(u) du > f I ( —— (lu, p fixed and less than n. 
Jo u Jo k/ ou 
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Again, f F(u weg du= ("4 [7+ ike 


vo 


(2rn—1)7 u\ sinu sin ku 
a oaralh a erat uF anne A) 


2n—3)7 U 








Here all the terms except the first and last are negative because the negative ele- 
ments of the integrals are larger than the positive elements. Hence for k& large, 


k 2p—1)7 j 
fi Fw we * du << i r(2) eae du, p fixed and less than n. 
0 u 


In the inequalities thus established let k become infinite. Then u/k-0 from 
above and F(u/k) = F(+ 0). It therefore follows that 


(2p—1)7r 4 
F(+ of i ee Re ie F(u au Lor of 2p sin te 


u k=a 

















Although p is fixed, there is no limit to the size of the number at which it is fixed. 
Hence the inequality may be transformed into an equality 








sin ku sinu | 7 
li F(. lu = F(+ 0 Uh == JE 
im (Pw au = F(+ 0) f* = F(+ 0) 


k=a 








0 J he ao sl 
Likewise lim sf F (uw) toe = F(— %) | sal du = Coie 0). 
k=nda u 0 u 2 





b i . 
Hence lim ll F(u) ae du = - [F(+ 0) + F(— 0)] 


k=0 


nr, 


1 isirerey sin(2n + l)u 
or lim = [x Se 2 1) ee a 
n=0 TU—> sin wu 


= 5 (ey + %) + F (to — 9). 


Hence for every point z, in the interval 0 <2<27 the series converges to the 
function where continuous, and to the mid-point of the break where discontinuous. 

As the function f(z) has the period 27, it is natural to suppose that the con- 
vergence at c=0 and «= 27 will not differ materially from that at any other 
value, namely, that it will be to the value 4[f(+ 0) +/(27—0)]. This may be 
shown by a transformation. If k is an odd integer, 2 + 1, 


sin(2n + 1)u=sin(2n 4+ 1) (7 — u) = sin(2n+41)w, 


sin (27 ->_ sin(2n 4 1)w’ , 
lim [Re au = lim fF) ok = Me du = 2 Fw = +0). 
0 u 


n=aodb U n= 2 








sin(2n+1)u, ,. l BD ie aoitcerias 6 
du lim +f = 5 [F(+ 0) + F(@.— 0]. 


U n=o0 


Tv 
Hence lim [ F(u) 
n=0 V0 


sin (2 + -Iju u 


sin u 
will therefore be 4 [f(+ 0) + (2m — 0)] as predicted above. 
The convergence may be examined more closely. In fact 


1 roe u sinku J b@ oe sin ku 
Sq (2) = pet » f(t + 2U) — Civ ieee: Wine ste: 
rd sinu u T Ja(r) 


9 


1 
Now for « = 0 or x = 27 the sum S, = — ie f (2 u) du, and the limit 
m JO 
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Suppose 0< a=x2=8 <27s0 that the least possible upper limit b(x) ism — 38 
and the greatest possible lower limit a (x) is —4a@. Let n be the number of times 
27/k is contained in w— 4. Then for all values of g ina=a“=f8, 


@p-—1)7 sin u sin ku 
in —— du < Fa ; du 
i («. ) ute { (@, ) 


sin wu 
aif F (c, = du + n, pon, 


where e and 7 are the integrals over partial periods neglected above and are uni- 
formly small for all a’s of a=a =f since F(z, u) is everywhere finite. This 
shows that the number p may be chosen uniformly for all z’s in the interval and 
yet ultimately may be allowed to become infinite. If it be now assumed that f(z) is 
continuous for a =z = 8, then F(z, uw) will be continuous and hence uniformly 
continuous in (z, u) for the region defined by a=2=f and —4¢4Su=7—-He. 
Hence F(z, u/k) will converge uniformly to F(z, + 0) as k becomes infinite. Hence 


F@, +0) f- nN ay ute< fo F(a, w) 


where, if 6>0 is given, K may be taken so large that |e’| <6 and |n’|<dfork>K; 
with a similar relation for the integration from a(x) to 0. Hence in any interval 
0<a@aSe=8<27 over which f(x) is continuous S,(x) converges uniformly 
toward its limit f(z). Over such an interval the series may be integrated term by 
term. If f(x) has a finite number of discontinuities, the series may still be inte 
grated term by term throughout the interval 0 = 2 = 27 because S, (x) remains 
always finite and limited and such discontinuities may be disregarded in integration. 








sin ku sin u 


du < F(a, +0) fo —— du + 9f 





EXERCISES 


1. Obtain the expansions over the indicated intervals. Integrate the series. 
Also discuss the differentiated series. Make graphs. 





(a) ha : 1 cose + tcos2a : cos 3x + : cos 4x 
pa EE Se ee Se = antes Ss . — oat 206 
2 sinha 2° 2 5 10 17 

1 2 3 4 a 

+ —sing — —sin2e¢ + —sin3x2— —sin4zr4.-.-., 

2 5 10 1 

(8) 47, as sine series, 0 to 7, (y) £7, as cosine series, 0 to 7, 
: 4/1 cos2 cos4a cos6 x 
(3) sing = | cos2x  cos4x  cos6x el Ge 
7 L2 1-3 3.5 5-7 
(€) cosa, as sine series, 0 to 7, (£) e”, as cosine series, 0 to 7, 
(n) xsing, — 7 to 7, (@) xcosx, — m to m7, () +2, —7 to 7, 
(«) sin @x, — 3 to 7, @ fractional, (A) cos @x, — 7 to 7, 6 fractional, 
La, O<U<7T, fim, 0<x<in, : : 

(um) F(x) ={3 eat sue (v) A aa ey oe Peer as a sine series, 0 to 7, 


1 1 
(0) — log (2 2sin 3) = cosa + J cos 2a + {cose + pcosdn f+ , 0 to 7, 


“4 
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(7) «, —47 to $c, (p) sind x, —i7 to 8a, (c) costa, —$mrtoin, 
(7) from (0) find expansions for log cos}, log vers x, log tan}z. Note that in 
these cases, as in (0), the function does not remain finite, but its integral does. 


2. What peculiarities occur in the trigonometric development from — 7 to 
for an odd function for which f(x) = f(r — x)? for an even function for which 


f(®) =f (4 — «)? 


3. Show that f(x Sb, sin with by = ‘ fees 4 sin =™ de is the trigo- 
gs 


nometric sine series for fle) over a interval . <a <c and that the function thus 
defined is odd and of period 2c. Write the corresponding results for the cosine 
series and for the general Fourier series. 


4. Obtain Nos. 808-812 of Peirce’s Tables. Graph the sum of Nos. 809 and 810. 
5. Let e(x) = f(x) — fa) — a, cosa —---— a, cos nx — b, sing —-+-— db, sin nz 
be the error made by taking for f(a) the first 2n + 1 terms of a trigonometric series. 
1 nm 6 , 
The mean value of the square of e(@) is - ii [e(x) ]?dx and is a function 
TdT 


F(a, 1, +++ Gn, 0,, +++, On) of the coefficients. Show that if this mean square 
error is to be as small as possible, the constants a), @,, +--+, Gn, 0,,-++, bn must be 
precisely those given by (16); that is, show that (16) is equivalent to 


ay tor, ae or 8 are 
ae On, 


6. By using the variable ) in place of « in (16) deduce the equations 


‘oa raised {70 cos (a ~ 2) an 





27 
—2)ig, = yt =f F(a) ex *ride ; 
0 


i} 
2 





i * F(x) e= bide, 


and hence infér f(x) = y aper kei, Ca 


7. Without attempting rigorous analysis show formally that 


f ¢(a)da= lim [---+ ¢(—n-Aa)Aa+ ¢(—n+1-Aa)Aa +--+. + ¢(—1-Aa)Aa 
= Aa=0 
+ $(0:Aa)Aa + (1: Aa)Aw+-+--+ (n+ Aa)Aa +--+] 


S ~ a\ a 
= lim A Aa) Aw = lim >; o(t =) e 


Aae=0~* c= om C/ Cc 


show 1012S [i109 Pa LY [pore tO Ea 


is the expansion of f(x) by Fourier series from — ¢ toc. Hence inter tha), 


PLT =) 8 a a 


AL) = Sf. ie f(A) e* @A-*Did\da = wnt am =>? ih frye e es 
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is an expression for f(z) as a double integral, which may be expected to hold for 
all values of 2. Reduce this to the form of a Fourier Integral (Ex. 15, p. 377) 


fay== ff F(R) cos a(d — a) dadex. 


8. Assume the possibility of expanding f(x) between —1 and + 1 asa series of 
Legendre polynomials (Exs. 13-20, p. 252, Ex. 16, p.440) in the form 


Sf (@) = AgPo(&) + OP, (&) + a,P,(X) +--+ + OnPn(@)+---- 


2k+1 71 
: fs S (0) Pale) de. 


For this expansion, form e(x) as in Ex.5 and show that the determination of the 
coefficients a; so as to give a least mean square error agrees with the determi- 
nation here found. 


By the aid of Ex. 19, p. 253, determine the coefficients as a, = 





9. Note that the expansion of Ex.8 represents a function f(z) between the 
limits + 1 as a polynomial of the nth degree in z, plus a remainder. It may be 
shown that precisely this polynomial of degree n gives a smaller mean square error 
over the interval than any other polynomial of degree n. For suppose 


Yn (©) = Cy +.C,% + +--+ Cpe" = by + OP, +--- + OnPar 


be any polynomial of degree n and its equivalent expansion in terms of Legendre 
polynomials. Now if the c’s are so determined that the mean value of [ f(x) — g,(x)]? 
is a minimum, so are the 6’s, which are linear homogeneous functions of the c’s. 
Hence the b’s must be identical with the a’s above. Note that whereas the Maclaurin 
expansion replaces f(x) by a polynomial in « which is a very good approximation 
near ¢ = 0, the Legendre expansion replaces f(x) by a polynomial which is the 
best expansion when the whole interval from — 1 to + 1 is considered. 


10. Compute (cf. Ex. 17, p. 252) the polynomials P, = 2, P, = — } + $22, 
Pi, =— et $23, P,=%— iba? 4+ 8524, Pz, =iASa— 8828 + S875, 


ke 2 6 2 
Compute ie x' sin rrdx = 0, — (1 = =} 0, —, 0 wheni = 4, 3, 2, 1,0. Hence show 
-1 Tv ao Tv 


that the polynomial of the fourth degree which best represents sin 7x from —1 
to + 1 reduces to degree three, and is 


; is é 
sin 7a = Be —_ “ (= = 1) (5 xz — >) = 2.692 — 2.8928, 
7 aw \q? 2 2 


a 


Show that the mean square error is 0.004 and compare with that due to Maclaurin’s 
expansion if the term in v4 is retained or if the term in 2x3 is retained. 


12 168 /10 
So Pier! Samm 1) Pee 1, Soha Oe 
1 . 


2 


11. Expand sin ; re = 


a? \r 


12. Expand from — 1 to +1, as far as indicated, these functions : 











(a) cos 7x to.P;, (8) & to P,, (y) log(1+ 2) to P,, 

(8) V1—2? to Pir (e) cos—4z to Py, (¢) tan—lz to P;, 
1 1 1 

(n) = Mote, 0) ——— toP,, ——— tO Pes 

V1i+a : Sena ; ul V1+ 22 Pike 


What simplifications occur if f(x) is odd or if it is even ? 
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175. The Theta functions. It has been seen that a function with the 
period 27 may be expanded into a trigonometric series; that if the 
function is odd, the series contains only sines; and if, furthermore, 
the function is symmetric with respect to x = 47, the odd multiples 
of the angle will alone occur. In this case let 


J (@) =2[a, sina — a,sndea+---4+(—1)"a,sin(2n+4+1)xe+4+---]. 


As 2 sin nx = — i (e"™ — e~™"), the series may be written 
S(@) i (—1)*a, sin (2 +1)e=— DS ka, cote Oe ==, ay. 
0 —xn 


This exponential form is very convenient for many purposes. Let ip 
be added to x. The general term of the series is then 


Uy e2™— D+ iE — Qe EU —D Pg 2aig@nt Dari, 


n—1© 
Hence if the coefficients of the series satisfy a,_, 
general term is identical with the succeeding term in the given series 
multiplied by — e?e~?™. Hence 


e-?" —a,, the new 


Se “iF ip) a= — efe- 4% J («) if i Crews 


The recurrent relation between the coefficients will determine them 
in terms of a, For let gy =e’. Then 


= yee 2n y2n—2 = 2n ~2n—2 ones a 
Ay, = My -19 a Oe 0 en 7. aoe = 4d q nee =a,g" ts, 


a _ -2 — —2,)—-4 __ oom —n 7 
@, = 41 = 4_2of ~ = 4_ 39 = = A_y_19 i 


0 


The new relation on the coefficients is thus compatible with the original 
relation a_ 


nu 


aetee, Ifa. qs; the series thus becomes 
f@)=2¢' sing —2g% sin 8a 4-.-+(—1)"2gFO" sin(2Qn4+)e+--, 
fet2n)=sf@, fetm=—-f@, Seti) =— Ce /(a). 


The function thus defined formally has important properties. 
In the first place it is important to discuss the convergence of the 
series. Apply the test ratio to the exponential form. 


ai 


7 4 ss pune ae y — setp—2 
Uy 41 /'tn a q é p) Viney) Won SSN: 


For any « this ratio will approach the limit 0 if ¢ is numerically less 
than 1. Hence the series converges for all values of # provided |7|< 1. 
Moreover if |x| < 4G, the absolute value of the ratio is less than |q["e", 
which approaches 0 as becomes infinite. The terms of the series 
therefore ultimately become less than those of any assigned geometric 
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series. This establishes the uniform convergence and consequently the 
continuity of f(x) for all real or complex values of x. As the series for 
J'(z) may be treated similarly, the function has a continuous derivative 
and is everywhere analytic. 

By a change of variable and notation let 





Tu — 1 
H(w) ayite q=e *, (19) 
; . OFF ne 
H(u) = 2gt sin 5 — 2g% sin yam sie ieee (20) 


The function H(w), called eta of u, has therefore the properties 


Hw+2K)=—H(u), H(u+2ik) =—q"e * H(w), (21) 


H(u+2mK + 2 ink") = (—1)™t"q~ ne K"A(u), m, n integers. 


The quantities 2 K and 27K' are called the periods of the function. They 
are not true periods in the sense that 2 7 is a period of f(@); for when 
2 K is added to w, the function does not return to its original value, but 
is changed in sign; and when 27K' is added to uw, the function takes 
the multiplier written above. 

Three new functions will be formed by adding to uw the quantity K 
or iK' or K + ik’, that is, the half periods, and making slight changes 
suggested by the results. First let H,(w) = H(w+ K). By substitution 
in the series (20), 

3 TU 


2K 





1 TU 9 25 5 7 
H,(u) = 29% cos 5— + 29% cos +2q? 008 ae tee (22) 


By using the properties of H, corresponding properties of H,, 


H,(u+2K)=—H,(u),  H,(u+2ik)=+q~e ¥"H(w), (23) 
are found. Second let iA’ be added to win H(w). Then 


LOnt1® Ont ZT ewtiny — wtnty —e(nty™ enty Zin 
q 7 2 = 4 x 2K 


y 
is the general term in the exponential development of H(w + ¢K’) 
apart from the coefficient + 7. Hence 


x ni Ti 
n n?—2 =u Inu 


H(w+ik))=i> (—l)q “e 2%" "2% 


— 7 


T . Ti 
es nn? 2n-— 


ai eS yee 
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Let @(u) = — ig’e?®"H (u + iK") = yy (— 1)"g'¢ "Be". 
The development of @(w) and further properties are evidently 


U 
Se ane) 





( 6 
Sa z 
ona 2 q° cos 








© (u) = 1-24 cos 3 4 2 44 cos <2 


@u+2K)=O(u), O(u+2iK)=—q-e R"O(u). (25) 
Finally instead of adding K + iK' to win H (w), add K in @(u). 








K42¢— Yee at 


A or 
ee 60s) OWE 


20 
Ou) =1+ 2 ¢ cos | oie 


es (26) 
O(w+2K)=O(u), O(u+2iK)=+ qe k"O(u). (27) 
For a tabulation of properties of the four functions see Ex. 1 below. 
176. As H(w) vanishes for «= 0 and is reproduced except for a 
finite multiplier when 2 mK + 2 niK' is added to w, the table 
H(u)=0 for vw=2mK42 nik’, 
Hu)=0 for w=(2m+1)K+2 mK’, 
@(u)=0 for w=2mK+(2n +1)iK', 
@(u)=0 for w=(2m+1)K+(2n+4+1) ik’, 
contains the known vanishing points of the four functions. Now it is 
possible to form infinite products which vanish for these values. From 
such products it may be seen that the functions have no other vanish- 


ing points. Moreover the products themselves are useful. 
It will be most convenient to use the function @,(v). Now 


1 a mK-+K + 2niK’ + ik’ 
Fi dicen Sek. ee at en, OOo <a Os 


in ir 
Hence eK 4 op PR euatel a ©e~ ae Jat. n= 0, 


are two expressions of which the second vanishes for all the roots of 
@,(w) for which n = 0, and the first for all roots with n < 0. Hence 


T=C Tr(1 ae Pek") (4 ae gente k) 


is an infinite product which vanishes for all the roots of @,(w). The 
product is readily seen to converge absolutely and uniformly. In pavr- 
ticular it does not diverge to 0 and consequently has no other roots 
than those of @,(w) above given. It remains to show that the product 
is identical with @,(w) with a proper determination of C. 
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ge 
Let ©,(u) be written in exponential form as follows, with z = ex 


1 1 ye 
6) = OW) =144 (242) 4042+ 5) tot (z ta)een, 


¥ (2) = OT TT (uw) = (1+ gz) (1 + 9°2) (1+ 9°2)-- (1+ tz): 


8 5 2n—-1 
x (1+4) (142) (142) (42 Jen. 


A direct substitution will show that ¢ (q?z) = q—1z—19(z) and y (q?z) = g-1z—-1y(z) 
In fact this substitution is equivalent to replacing u by u + 27K’ in 0;. Next con- 
sider the first 2 terms of y(z) written above, and let this finite product be W,(z) 
Then by substitution 

(G2" + 92) Yn (722) = (1+ 2" +12) Yn (2). 


Now wy, (z) is reciprocal in z in such a way that, if multiplied out, 





’ 1 1 1 2 
Yn (2) = a + (2 + 2 + de art FO ale aay © an = Q”- 


n n 

Then (q2" + gz) > a; (q?izt + q—2%2—-*) = (1 + g2" +12) > a; (z+ 2-4), 
0 0 

and the expansion and equation of coefficients of z' gives the relation 


a . — gq2n—2k4+2 
g2i-1(1 — g2n—2i+2) q ag q 74) 








a; =G&-1 or A= a 








et ae id Tr (1 — g2nt2k+2) 
k=0 
n—1 es ‘ 
T (1— q2"+2k+2) g (1 — g2nt+2it2k) 
From d=9", dy = “=*— “ ehear 
TT (194) TT (=a?) 
1" E=1 


Now if n be allowed to become infinite, each coefficient a; approaches the limit 


a2 


lima =, C= TT d-@) =) (=a) A= 9). 


oo fs) im), Sey 
Hence 0, (u) = TT (1 — @?”)- Th + gintlek a1¢ + q2ntle & ), 
1 0 


provided the limit of y,(z) may be found by taking the series of the limits of the 
terms. The justification of this process would be similar to that of § 171. 


The products for ®, H,, H may be obtained from that for ®, by sub- 
tracting K, iK', K+ 7K' from u and making the needful slight altera- 
tions to conform with the definitions. The products may be converted 
into trigonometric form by multiplying. Then 


1. WU® é 2 ru : 
H(w) = C2q*sin ow WT (1 — 2°" cos Wd + i), (28) 
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Tu = : 2 Tru 
H,(u) = C2 gheos Tg TT (142 gos DE +0), (29) 











@(u) = CTT (1 — 2g?" cos A 4 gine? (30) 

0 2K z 
@,(w) = CTT (14 242" cos A 4 gtnts (31) 

: 0 2K 3 
c=TA—g)=-9) 1-H A-9)--, (32) 


H,(0)= C24 T +9"), @(O0)=C Tr Ql — gary? 


T 
2K 





H'(0) = C2 qi TA Se, @,(0) = C Tr (1 + g2*4)?. 


The value of H'(0) is found by dividing H(w) by wu and letting wu = 0. 
Then - 

H1'(0) = 57 1,(0) 0 (0) ,(0) (38) 
follows by direct substitution and cancellation or combination. 


177. Other functions may be built from the theta functions. Let 
as K 0 Je! 
ee os ve aD). ¢er0 








~ @(K)  @,(0)' ®,(0) k ~~ H,(0) 
Pel aa af k! H,(w) — Vp 2M). (ax 
snu = ip a nu = Ae @(u) ) dn wu = Vk! @(u) (35) 


The functions sn w, cn uv, dn w are called elliptic functions* of vu. As H 
is the only odd theta function, sn w is odd but cn w and dn wu are even. 
All three functions have two actual periods in the same sense that sin a 
and cos x have the period 27. Thus dnw has the periods 2 K and 47K! 
by (25), (27); and sn w has the periods 4 K and 27K' by (25), (21). 
That cnw has 4K and 2K + 2iK' as periods is also easily verified. 
The values of « which make the functions vanish are known; they are 
those which make the numerators vanish. In lke manner the values 
of u for which the three functions become infinite are the known roots 
of O(w). of 

If g is known, the values of Vk and Vk! may be found from their 
definitions. Conversely the expression for Vii, 


— @(0) 1-—2¢4+2¢—-—2¢74+-::: 
fe 2 36 
Vi @(0) 14+2¢+2q4+29°4+.-- oo 





* The study of the elliptic functions is continued in Chapter X1X. 
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is readily solved for g by reversion. If powers of g higher than the 
first are neglected, the approximate value of g is found by solution, as 


11—vVke' oo g+pt-: 
ETUAS Tir ley wes 
1 5, (= EY B()+ 

BL LD cng ole) \ na 
is the series for g. For values of k' near 1 this series converges with 
great rapidity; in fact if k?=4,k'> 0.7, Vi! > 0.82, the second term 
of the expansion amounts to less than 1/10° and may be disregarded 
in work involving four or five figures. The first two terms here given 


are sufficient for eleven figures. 
Let # denote any one of the four theta series H, H,, ©, ©,. Then 


#P(w) — $ (2) — > liar. Fo ek" (38) 


=q—2¢+5g+---. 





(37) 


may be taken as the form of development of #; this is merely the 
Fourier series for a function with period 2 K. But all the theta func- 
tions take the same multiplier, except for sign, when 2 7K' is added to w; 
hence the squares of the functions take the same multiplier, and in par- 
ticular $(q7%) = q~*z~°p(z). Apply this relation. 


» b,q° ne" = qz-* Ds 6,2", Ue cia = on 


It then is seen that a recurrent relation between the coefticients is found 
which will determine all the even coefficients in terms of b, and all the 
odd in terms of 6,. Hence 


#P(u) = b,® (z) + 6, (2), b,, 6,, constants, (38') 


is the expansion of any # or of any function which may be developed 
as (38) and satisfies $(q*z) = g~*27*(z). Moreover ® and W are iden- 
tical for all such functions, and the only difference is in the values of 
the constants 4,, ,. 

As any three theta functions satisfy (38') with different values of the 


constants, the functions ® and W may be eliminated and 

ad? (wu) + BIZ (w) + yd? (wv) = 0, 
where a, B, y are constants. In words, the squares of any three theta 
functions satisfy a linear homogeneous equation with constant coefti- 
cients. The constants may be determined by assigning particular values 
to the argument w. For example, take H, H,, ®. Then* 


*¥For brevity the parenthesis about the arguments of a function will frequently be 
omitted. 
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aH? (w) + BH? (w) = yo (x), BHO = y@"0, aH? K = yOrK, 
OK H?(u) _ 00 Hy (wv) 
= bey ey py ye ee ‘ 
PK Ow) So 720 ©(u) 1, Or sh? -- cn? = 1; (39) 
By treating H, ©,, © in a similar manner may be proved 
?sm?u+dn?u=1 and +k"? =1. (40) 
The function #(w)%(« — a), where a is a constant, satisfies the rela- 
tion  (q°’2) = q-*2-* C$ (z) if log C = ima/K. Reasoning like that used 
for treating # then shows that between any three such expressions 
there is a linear relation. Hence 


aH (u) H(u — a) + BH, (uw) H, (u — a) = yO(w) O(u — a), 
Ciba): BH, (0) H, (a4) = yO (0) 9), 
thie) Ke aH, (0) H, (a) = yO, (0) ®, (a), 
000,00,cH(u)Hw—a) , O“O H(wH(uw—a)_ 00 Ha 
H70 Oa (w) @ (u — a) H?0 @(uj@(u—a) HO Oa 4 














or dnasnusn (vu — «) + chucn(u— a) =cna. (41) 
In this relation replace a by — v. Then there results 
cnwen(w + v)+snudnvsn(u+v)=cny, 
or cnven(u+v)+snvdnusn(u + v)=cnu, 


en? wv — cn?v = sn?v — sn?u 





and sn(w+v)= (42) 


> 
snvenudnw—snucnvdnv 


by symmetry and by solution. The fraction may be reduced by multiply- 
ing numerator and denominator by the denominator with the middle 
sign changed, and by noting that 


- 
sn?v en? uv dn? u — sn?u en? v dn? v = (sn’?v — sn?w) (1 — k? sn? wsn?v). 


snucnvdny+snvenudnwu 

















Then sn(w+v)= : ; 43 
( ) 1 — kh? sn? usn?v (43) 
d ( snucnvdnv — snvenudnw 
an sn(u—v)= —— , 
) 1 — k?sn77 sn?v 
2snvenudn wu 
hel 4 
and sn (w+ v) — sn(u— v) = —— —-s 44. 
ye) ( ) 1 — k? sn? usn?v “) 
The last result may be used to differentiate sn wv. For 
sn(wu+ Aw)—snw sn} Aw en (u + 4 Aw)dn(u + } Au) 
Au ~ Au 1—k*sn?} Ausn?(u + } Au) , 
d . snr . 
—snu=gcenudnu, g = lm : (45) 
du u=0 
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Here g is called the muitiplier. 3 definition of sn w and by (33) 
a7 (9) a Sar Sci) seve 
The periods 2 K, 2iK' have been independent up to this point. It will, 


however, be a convenience to have g = 1 and thus simplify the formula 
for differentiating snu. Hence let 


ges 2K _o.@y=1424+2¢+~ (46) 

Now of the five quantities A, K', k, k', g only one is independent. 

If g is known, then #' and K may be computed by (36), (46); & is de- 

termined by 4? + k” =1, and K' by 7 K'/K =— log gq of (19). If, on the 

other hand, &' is given, gy may be computed by (37) and then the other 
quantities may be determined as before. 


EXERCISES 


1. With the notations \ = q~ te 2K" ,m=qoe- = establish: 


H(—uy=—HA(u), H(u+2Kh)=— A(u), H(u + 21K’) =— pH (u), 
H,(—4)=+ 4,(), H,u+2K)=— FH, (u), H, (uw + 21K’) =+ wd, (u), 
0(— u) =+ O(u), O@(u+2K)=+ O(u), O(u + 21K’) =— pO (u), 
6,(—u)=+ 0,4), 9,(u+2K)=+ 0, (u), 0, (u + 21K’) =+ uO, (uv), 


Hiu-+ K)=+ Hu), H(w+ ik’) =v0(u), H(u+ K + ik’) =+ dO, (w), 
H,u+ K)=—H(u), H,(w+ik’)=40,(W, H,(ut+ K+ ik’) =— irO(u), 
O(u+ K)=+06,(u), O(U+ ih’) = DA (u), O(u+ K + ik’) =+4+ dA, (w), 
0, (u+ K)=+ O(u), 0,(u+ ih’)=+4+ AH, (u), 9, (u+- HK 41K) =+4+ DA (uw). 
2. Show that if wis real and g = 1, the first two trigonometric terms in the 


series for H, H,, 0, ,, give four-place accuracy. Show that with g = 0.1 these 
terms give about six-place accuracy. 


sin @ F Ae : 
3. Use ee =qsina+ @sin2a + q@sin3@+--- to prove 
1—2qceosa+q? 


FIR) See ate ~ =. Sau 
’ qsin— g?sin— _ Q® sin — 
a Ou) ar K K K 
— log 8 (u) = SE a Ee I Sl 
du O(u) KK 1—-¢ 1— q 1— ¢ 


4. Prove the double periodicity of en uw and show that : 





ni 1 
sn (u + It) = eet sn (u + 1A’) = ——_, sn(u + K + ik’) = Sn ’ 
dn wu ksnu kenu 


- —k’sni = id he? 
en(u + K) = — lla en(u + i’) = pe a atu cee ae 
dn u ksnu kenwu 


- ky’ = 
dn (wu + Kv) = ; dn(u + ik’) = — “het es dn(u + AK + ik’) = ih’ eoduft 
dn u "sn u cnu 
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5. Tabulate the values of sn u, enu, dnu at 0, K, ik’, K + ik’. 


6. Compute ’ and k? for gy = 1 andg = 0.1. Hence show that two trigonometric 
terms in the theta series give four-place accuracy if k’ = 1. 


enucnv—snusnvdnudny 


7. Prove en(u + v) = 
1— k? sn? u sn? v 





’ 





dnudnv— k2?snusnvenuenv 
and dn (wu + v) = - . 
1— k? sn2usn?v 
d d 
8. Prove — cnu =— snudnu, ae u=—k?snucnu, Gp eile 
U U 


e du 
0 V(1— wu?) (1 — ku?) 


9. Prove sn-lu = 





from (45) with g =1. 





10. If g =1, compute k, k’, K, K’, for q = 0.1 and g = 0.01. 

Lees Gi ecomputcrc arg AGH, Tork tes ae 

12. In Exs. 10, 11 write the trigonometric expressions which give sn u, enu, dn u 
with four-place accuracy. 


13. Find sn2u, en2u, dn2u, and hence sn}u, en}u, dn du, and show 
> Ree! se af \= J 1 a hi? 
mjK=(1+kh)-2, ong K=Ve(1+k)-3, ani K=VE. 

14. Prove — k fisn udn = log(dnu + ken ux); also 


6? (0) H(u + a) H (wu — a) = 0? (a) H? (u) — H?(a) 6? (u), 
62 (0) 8 (u + a) O(u — a) = 8? (u) 62 (a) — H?2(u) H? (a). 


CHAPTER XVIII 
FUNCTIONS OF A COMPLEX VARIABLE 


178. General theorems. The complex function w («, y) + tv (a, y), 
where wu (a, y) and v (, y) are single valued real functions continuous 
and differentiable partially with respect to « and y, has been defined 
as a function of the complex variable z = x + iy when and only when 
and w= —v’, are satisfied ($73). In this case 


a“ 


the relations uw, = v, 
the function has a derivative with respect to which is independent 
of the way in which Az approaches the limit zero. Let w= f(z) be a 
function of a complex variable. Owing to the existence of the deriva- 
tive the function is necessarily continuous, that is, if « is an arbitrarily 


small positive number, a number 8 may be found so small that 
l\f@) —f@)|<¢« when |z—2,|< 4, (1) 


and moreover this relation holds uniformly for all points z, of the 
region over which the function is defined, provided the region includes 
its bounding curve (see Ex. 3, p. 92). 

It is further assumed that the derivatives wu’, w), v2, v, are continuous 
and that therefore the derivative f'(z) is continuous.* The function 
is then said to be an analytic function (§ 126). All the functions of a 
complex variable here to be dealt with are analytic in general, although 
they may be allowed to fail of being analytic at certain specified points 
called singular points. The adjective “analytic” may therefore usually 
be omitted. The equations 


w= f(z) or w= ula, y), v=, ¥) 


define a transformation of the wy-plane into the wv-plane, or, briefer, of 
the z-plane into the w-plane; to each point of the former corresponds 
one and only one point of the latter ($63). If the Jacobian 





i Rey eee ne Pit 
ee le Te) RIF (2) 





*It may be proved that, in the case of functions of a complex variable, the 
continuity of the derivative follows from its existence, but the proof will not be 
given here. 
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of the transformation does not vanish at a point #, the equations may 
be solved in the neighborhood of that point, and hence to each point 
of the second plane corresponds only one of the first: 


C= 2 (U, v), y=y(U, v) or z= ¢(w). 


Therefore it is seen that if w = f(z) is analytic in the neighborhood 
of z= %,, and if the derivative f'(z,) does not vanish, the function may be 
solved as x = ¢(w), where ¢ is the inverse function of f, and is like- 
wise analytic in the neighborhood of the point w = w,. It may readily 
be shown that, as in the case of real functions, the derivatives f(z) and 
¢'(w) are reciprocals. Moreover, it may be seen that the transforma- 
tion is conformal, that is, that the angle between any two curves is 
unchanged by the transformation (§ 63). For consider the increments 


Aw =[f'(@) + Az =f"(@%) 1+ e/P@)]Ae — f'(%) # 0. 


As Az and Aw are the chords of the curves before and after transforma- 
tion, the geometrical interpretation of the equation, apart from the infin- 
itesimal ¢, is that the chords Az are magnified in the ratio | f'(z,)| to 1 
and turned through the angle of /’(z,) to obtain the chords Aw (§ 72). 
In the limit it follows that the tangents to the w-curves are inclined at 
an angle equal to the angle of the corresponding z-curves plus the angle 
of f'(z,). The angle between two curves is therefore unchanged. 

The existence of an inverse function and of the geometric interpre- 
tation of the transformation as conformal both become illusory at points 
for which the derivative f'(z) vanishes. Points where f'(z) =0 are 
called critical points of the function (§ 183). 

It has further been seen that the integral of a function which is ana- 
lytic over any simply connected region is independent of the path and 
is zero around any closed path (§ 124); if the region be not simply con- 
nected but the function is analytic, the integral about any closed path 
which may be shrunk to nothing is zero and the integrals about any 
two closed paths which may be shrunk into each other are equal (§ 125). 
Furthermore Cauchy’s result that the value 


$O= 79 [ te4 3) 


of a function, which is analytic upon and within a closed path, may be 
found by integration around the path has been derived (§ 126). By a 
transformation the Taylor development of the function has been found 
whether in the finite form with a remainder (§ 126) or as an infinite 
series (§ 167). It has also been seen that any infinite power series 
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which converges is differentiable and hence defines an analytic function 
within its circle of convergence (§ 166). 

It has also been shown that the sum, difference, product, and quotient 
of any two functions will be analytic for all points at which both func- 
tions are analytic, except at the points at which the denominator, in the 
case of a quotient, may vanish (Ex. 9, p.163). The result is evidently 
extensible to the case of any rational function of any number of analytic 
functions. 

From the possibility of development in series follows that if two 
functions are analytic in the neighborhood of a point and have identical 
values upon any curve drawn through that point, or even upon any set 
of points which approach that point as a limit, then the functions are 
identically equal within their common circle of convergence and over all 
regions which can be reached by (§ 169) continuing the functions analyti- 
cally. The reason is that a set of points converging to a limiting point 
is all that is needed to prove that two power series are identical pro- 
vided they have identical values over the set of points (Ex. 9, p. 439). 
This theorem is of great importance because it shows that if a function 
is defined for a dense set of real values, any one extension of the defti- 
nition, which yields a function that is analytic for those values and for 
complex values in their vicinity, must be equivalent to any other such 
extension. It is also useful in discussing the principle of permanence of 
form; for if the two sides of an equation are identical for a set of 
values which possess a point of condensation, say, for all real rational 
values in a given interval, and if each side is an analytic function, then 
the equation must be true for all values which may be reached by ana- 
lytic continuation. 


For example, the equation sin x = cos(4 7 — 2) is known to hold for the values 
0=2=3}7. Moreover the functions sinz and cos z are analytic for all values of z 
whether the definition be given as in § 74 or whether the functions be considered 
as defined by their power series. Hence the equation must hold for all real or 
complex values of «. In like manner from the equation eteY = e=+4 which holds 
for real rational exponents, the equation e*ev = e*+~ holding for all real and im- 
aginary exponents may be deduced. For if y be given any rational value, the 
functions of « on each side of the sign are analytic for all values of z real or com- 
plex, as may be seen most easily by considering the exponential as defined by its 
power series. Hence the equation holds when « has any complex value. Next 
consider x as fixed at any desired complex value and let the two sides be con- 
sidered as functions of y regarded as complex. It follows that the equation must 
hold for any value of y. The equation is therefore true for any value of z and w. 


179. Suppose that a function is analytic in all points of a region ex- 
cept at some one point within the region, and let it be assumed that 
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the function ceases to be analytic at that point because it ceases to be 
continuous. The discontinuity may be either finite or infinite. In case 
the discontinuity is finite let | f(z)|< G@ in the neighborhood of the 
point «=a of discontinuity. Cut the point out 

with a small circle and apply Cauchy’s Integral to — 
aring surrounding the point. The integral isappl- /” t—z 
cable because at all points on and within the ring (a 

the function is analytic. If the small circle be 
replaced by a smaller circle into which it may be 
shrunk, the value of the integral will not be changed. 


een (07 tO Re 
FO = Fei | [cet f Pal pa? tea 


Now the integral about y; which is constant can be made as small 
as desired by taking the circle small enough; for | f(¢)|< @ and 
|¢ —z|>|a —z|—7,, where 7, is the radius of the circle y, and hence 
the integral is less than 2 7r,G/[|z — a|—7,]. As the integral is con- 
stant, it must therefore be 0 and may be omitted. The remaining inte- 
gral about C, however, defines a function which is analytic at z= a. 
Hence if f(a) be chosen as defined by this integral instead of the 
original definition, the discontinuity disappears. Linite discontinuities 
may therefore be considered as due to bad judgment in defining a 
function at some point; and may therefore be disregarded. 

In the case of infinite discontinuities, the function may either become 
infinite for all methods of approach to the point of discontinuity, or it 
may become infinite for some methods of approach and remain finite for 
other methods. In the first case the function is said to have a pole at 
the point 2 = a of discontinuity; in the second case it is said to have 
an essential singularity. In the case of a pole consider the reciprocal 









function 





1 
F@)= 7 p 2 S= Mp F(a) = 0. 


The function F(z) is analytic at all points near = «@ and remains 
finite, in fact approaches 0, as z approaches a. As F(a) = 0, it is seen 
that F(z) has no finite discontinuity at x =« and is analytic also at 
z= a. Hence the Taylor expansion 


F(z) = a,,(2 — @)™ + Gn yi(@ — @)™t + -- 


is proper. If # denotes a function neither zero nor infinite at z= a, 
the following transformations may be made. 
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F)=(@—a)"E,@), f@=@—4) "E,@); 


t 


Cc Catt C4 
S@= @— de "Eo ain Ngee g 


+ C,+ Ce —a)+ Ce—a)?+--. 

In other words, a function which has a pole at =a may be written 
as the product of some power (z — a)~™ by an £-function; and as the 
E-function may be expanded, the function may be expanded into a 
power series which contains a certain number of negative powers of 
(z—a). The order m of the highest negative power is called the order 
of the pole. Compare Ex. 5, p. 449. 

Tf the function f(z) be integrated around a closed curve lying within 
the circle of convergence of the series C, + C\(z —a@)+---, then 


{GOS reenter 


rp [C,+ C,@ —a)+---]dz =27iC_,, 
O 








or [re a= 2 TiO nas: (4) 
fo) 


for the first m—1 terms may be integrated and vanish, the term 
C_,/(#— 4) leads to the logarithm C_,log (2 — a) which is multiple 
valued and takes on the increment 2 7iC_,, and the last term vanishes 
because it is the integral of an analytic function. The total value of 
the integral of f(z) about a small circuit surrounding a pole is there- 
fore 2 7iC_,. The value of the integral about any larger cireuit within 
which the function is analytic except at # = a and which may be shrunk 
into the small circuit, will also be the same quantity. The coefficient 
C_, of the term (2 — a)~? is called the residue of the pole; it cannot 
vanish if the pole is of the first order, but may if the pole is of higher 
order. 

The discussion of the behavior of a function f(z) when z becomes 
infinite may be carried on by making a transformation. Let 


ii 1 oe 
z=) a f(@) =f (2) = F(z). (5) 


To large values of # correspond small values of z'; if f(z) is analytic 
for all large values of z, then F(z') will be analytic for values of z' near 
the origin. At 2'=0 the function /'(2') may not be defined by (5); but 
if F(z') remains finite for small values of z', a definition may be given 
so that it is analytic also at 2! = 0. In this case (0) is said to be the 
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value of f(z) when z is infinite and the notation f(«) = F(O) may 
be used. If F(z’) does not remain finite but has a pole at 2! = 0, then 
J(#) is said to have a pole of the same order at z=; and if F(@') 
has an essential singularity at z' = 0, then J (2) 1s said 6 have an essen- 
tial singularity at x = oo. Clearly if f(z) has a pole at z = », the value 
of f(#) must become indefinitely great no matter how z becomes infi- 
nite; but if f(z) has an essential singularity at z =o, there will be 
some ways in which z may become infinite so that f(z) remains finite, 
while there are other ways so that f(z) becomes infinite. 

Strictly speaking there is no point of the z-plane which corresponds 
to z'= 0. Nevertheless it is convenient to speak as if there were such 
a point, to call it the point at infinity, and to designate it as z= oo. If 
then F(z') is analytic for z' = 0 so that f(z) may be said to be analytic 
at infinity, the expansions 


Ss) = Co+ Cye' + Cy? tee + (OSS eS sec — 
: C. (oF Ee 
FO) Oy a, ee he 


are valid; the function f(z) has been expanded about the point at infin- 
ity into a descending power series in z, and the series will converge for 
all points 2 outside a circle |z|= Rk. For a pole of order m at infinity 


G Gs 
FT (2) = (8 Sige =e Cee ere 1 + ren: + Cae + Ce + me a <9 + es 


Simply because it is convenient to introduce the concept of the point 
at infinity for the reason that in many ways the totality of large values 
for z does not differ from the totality of values in the neighborhood of 
a finite point, it should not be inferred that the point at infinity has 
all the properties of finite points. 


EXERCISES 
1. Discuss sin(« + y) = sin « cos y + cos « sin y for permanence of form. 


2. If f(z) has an essential singularity at z = a, show that 1/f(z) has an essential 
singularity at z= a. Hence infer that there is some method of approach to z = a 
such that f(z) = 0. 


3. By treating f(z) —c and [ f(z) — c]-1 show that at an essential singularity a 
function may be made to approach any assigned value ¢ by a suitable method of 
approaching the singular point z = a. 


4. Find the order of the poles of these functions at the origin : 


(a) cotz, (8) esc? z log (1— 2), (y) z(sinz — tan z)-1, 
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5. Show that if f(z) vanishes at z = a once or n times, the quotient f’(z)/f(z) has 
the residue 1 or n. Show that if f(z) has a pole of the mth order at z =a, the 
quotient has the residue — m. 


6. From Ex. 5 prove the important theorem that: If f(z) is analytic and does 
not vanish upon a closed curve and has no singularities other than poles within 
the curve, then 





1 I) 
—— On Ny fess +Mm™— mM, —mM —---—m=N— M, 
alge elas ala ON MN PE : : 


where N is the total number of roots of f(z) = 0 within the curve and M is the 
sum of the orders of the poles. 


7. Apply Ex. 6 to 1/P(z) to show that a polynomial P(z) of the nth order has 
just » roots within a sufficiently large curve. 


8. Prove that e cannot vanish for any finite value of z. 


9. Consider the residue of zf’(z)/f(z) at a pole or vanishing point of f(z). In 
particular prove that if f(z) is analytic and does not vanish upon a closed curve 
and has no singularities but poles within the curve, then 


oe ee dz = Ny, + Nga +--+ + MG — Mb, — Mb, —--- — mb 
where @,, d,,---, &% and n,, N,,---, Mm are the positions and orders of the roots, 
and 6,, b2,-++, 6, and m,, m,,---, mj of the poles of f(z). 

10. Prove that ©,(z), p. 469, has only one root within a rectangle 2K by 2iK’. 
11. State the behavior (analytic, pole, or essential singularity) at z = o for: 
(a) 2 +22, (6) e% (vy) 2/1 +2), (8) 2/(@* +1). 

12. Show that if f(z) = (z — a)FE(z) with — 1<k <0, the integral of f(z) about 
an infinitesimal contour surrounding z = @ is infinitesimal. What analogous theo- 
yem holds for an infinite contour ? 


180. Characterization of some functions. The study of the limita- 
tions which are put upon a function when certain of its properties are 
known is important. For example, a function which is analytic for all 
values of z including also z = «& is a constant. To show this, note that 
J (2)| < G@. Consider the dif- 
ference f(z,) — (0) between the value at any point 2 = 2, and at the 
origin. Take a circle concentric with «= 0 and of radius R > |z 
Then by Cauchy’s Integral 


ty eee a ‘dO erat a _ &% Tf (t)dt 
I) 1O=79| f Soa [pel =e 


2 27RG Gz, 
or %) — FO < fal 2ane 
| ZC Ri rae )| 2m R(R —|z,|) R—|z 


as the function nowhere becomes infinite, 





ol- 


ol 
By taking R large enough the difference, which is constant, may be 
made as small as desired and hence must be zero; hence f(z) = f(0). 
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Any rational function f(z) = P(z)/Q(z), where P(z) and Q(#) are 
polynomials in z and may be assumed to be devoid of common factors, 
can have as singularities merely poles. There will be a pole at each 
point at which the denominator vanishes; and if the degree of the 
numerator exceeds that of the denominator, there will be a pole at in- 
finity of order equal to the difference of those degrees. Conversely it 
may be shown that any function which has no other singularity than a 
pole of the mth order at infinity must be a polynomial of the mth order ; 
that if the only singularities are a finite number of poles, whether at in- 
Jinity or at other points, the function is a rational function; and finally 
that the knowledge of the zeros and poles with the multiplicity or order 
of each is sufficient to determine the function except for a constant 
multiplier. 

For, in the first place, if f(z) is analytic except for a pole of the mth order at 
infinity, the function may be expanded as 


SF (2) = Game ++ + Oe + Ay + 42-1 $+ agz-2 Hes, 
or SF (2) — [Qa me™ + ++ + G42] = iy + 2-1 + gez-2 + -, 


The function on the right is analytic at infinity, and so must its equal on the left 
be. The function on the left is the difference of a function which is analytic for 
all finite values of z and a polynomial which is also analytic for finite values. 
Hence the function on the left or its equal on the right is analytic for all values 
of z including z = o, and is a constant, namely a). Hence 


F(Z) = dy + G12 + +++ +a_ pz" is a polynomial of order m. 


In the second place let z,, 2, +--+, Z, «© be poles of f(z) of the respective orders 
M1, My,°°*, M,, m. The function 


@ (2) = (% — %)"M(z — 2)" + + (2 — 2x)"*F (2) 


will then have no singularity but a pole of order m, + m, + +++ + my +m 
at infinity; it will therefore be a polynomial, and f(z) is rational. As the 
numerator ¢(z) of the fraction cannot vanish at z,, 2), +--+, Z, but must have 
m, +m, +--: +m, +m roots, the knowledge of these roots will determine the 
numerator ¢(z) and hence f(z) except for a constant multiplier. It should be 
noted that if f(z) has not a pole at infinity but has a zero of order m, the above 
reasoning holds on changing m to — m. 


When f(z) has a pole at «=a of the mth order, the expansion of 
f(z) about the pole contains certain negative powers 


C_4 





P(z— a) = tt tet 


CS a)” ae Be ie a a 





and the difference f(z) — P(z—«) is analytic at z =a. The terms 
P(z—a) are called the principal part of the function J (2) at the pole a. 
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If the function has only a finite number of finite poles and the prin- 
cipal parts corresponding to each pole are known, 


$@=f@ — Pe—%) — Pe 4) —-- — Pl —%) 


is a function which is everywhere analytic for finite values of 2 and 
behaves at x = oo just as f(z) behaves there, since P,, P,, ---, P,all 
vanish at z=. If f(z) is analytic at z = », then $(#) is a constant; 
if f(z) has a pole at = 0, then ¢(z) 1s a polynomial in and all of 
the polynomial except the constant term is the principal part of the 
pole at infinity. Hence if a function has no singularities except a finite 
number of poles, and the principal parts at these poles are known, the 
function is determined except for an additive constant. 

From the above considerations it appears that 1f a function has no 
other singularities than a finite number of poles, the function is ra- 
tional; and that, moreover, the function is determined in factored form, 
except for a constant multipler, when the positions and orders of the 
finite poles and zeros are known; or is determined, except for an addi- 
tive constant, in a development into partial fractions if the positions 
and principal parts of the poles are known. All single valued functions 
other than rational functions must therefore have either an infinite 
number of poles or some essential singularities. 

181. The exponential function e* = e(cos y + isin y) has no finite 
singularities and its singularity at infinity is necessarily essential. The 
function is periodic ($ 74) with the period 2 i, and hence will take on 
all the different values which it can have, if z, instead of being allowed 
all values, is restricted to have its pure imagi- 
nary part y between two limits y, Sy<y,+27; 
that is, to consider the values of e* it is merely 
necessary to consider the values in a strip of 
the z-plane parallel to the axis of reals and of breadth 2 3 (but lacking 
one edge). For convenience the strip may be taken immediately above 
the axis of reals. The function e* becomes infinite as 2 moves out 
toward the right, and zero as moves out toward the left in the strip. 
If ¢=a-+ bi is any number other than 0, there is one and only one 
point in the strip at which e? =c. For 





a b 
ee eS oF ee 
V a7 -L 6? ‘ Via so 


have only one solution for w and only one for y if y be restricted to an 


w= Va'+6? and cosy+isiny= 


interval 27. All other points for which et = ¢ have the same value for 
rv and some value vy + 2 nr for y. 
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Any rational function of e%, as 


em + aye +... 4a, _ 6? + dy 
Oe tee pe b. 

will also have the period 277i. When z moves off to the left in the 
strip, R (e*) will approach Ca,,/o,, if b,, = 0 and will become infinite if 
b,, = 9. When z moves off to the right, R(e*) must become infinite if 
n > m, approach C if m =m, and approach 0 if n << m. The denomi- 
nator may be factored into terms of the form (e* — a)*, and if the frac- 
tion is in its lowest terms each such factor will represent a pole of the 
kth order in the strip because e* — a = 0 has just one simple root in 
the strip. Conversely it may be shown that: Any function f(z) which 
has the period 2mi, which further has no singularities but a finite 
number of poles in each strip, and which either becomes infinite or ap- 
proaches a finite limit as z moves off to the right or to the left, must be 
I (2) = R(€), @ rational function of e*. 


R(@)=C 





The proof of this theorem requires several steps. Let it first be assumed that f(z) 
remains finite at the ends of the strip and has no poles. Then f(z) is finite over all 
values of z, including z = 0, and must be merely constant. Next let f(z) remain 
finite at the ends of the strip but let it have polesat some points in the strip. It will 
be shown that a rational function R (e?) may be constructed such that f(z) — R (e*) 
remains finite all over the strip, including the portions at infinity, and that there~ 
fore f(z) = R(e) + C. For let the principal part of f(z) at any pole z =c be 











Ck C-k+1 C4. c_ zeke CH 
PE OG ont Gaara tere) SO een @— oF 
is a rational function of e* which remains finite at both ends of the strip and is 
such that the difference between it and P(z—c) or f(z) has a pole of not more 
than the (k —1)st order at g=c. By subtracting a number of such terms from 
f(z) the pole at z=c may be eliminated without introducing any new pole. 
Thus all the poles may be eliminated, and the result is proved. 

Next consider the case where f(z) becomes infinite at one or at both ends of the 
strip. If f(z) happens to approach 0 at one end, consider f(z) + C, which cannot 
approach 0 at either end of the strip. Now if f(z) or f(z) + C, as the case may be, 
had an infinite number of zeros in the strip, these zeros would be confined within 
finite limits and would have a point of condensation and the function would vanish 
identically. It must therefore be that the function has only a finite number of 
zeros; its reciprocal will therefore have only a finite number of poles in the strip 
and will remain finite at the ends of the strips. Hence the reciprocal and conse- 
quently the function itself is a rational function of e*. The theorem is completely 
demonstrated. 


If the relation f(z + w) = f(z) is satisfied by a function, the func- 
tion is said to have the period w. The function f(2 7iz/w) will then 
have the period 27%. Hence it follows that if f(z) has the period w, 
becomes infinite or remains finite at the ends of a strip of vector breadth 
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w, and has no singularities but a finite number of poles in the strip, the 
function is a rational function of e"*/, In particular if the period 
is 2, the function is rational in e”, as is the 
case with sin z and cos z; and if the period is 
a, the function is rational in ¢’/*, as is tan 2. Zz 
It thus appears that the single valued elemen- 
tary functions, namely, rational functions, and 
rational functions of the exponential or trigonometric functions, have 
simple general properties which are characteristic of these classes of 
functions. 

182. Suppose a function f(z) has two independent periods so that 


fet+o)=f/@, feto)=f©). 
The function then has the same value at z and at any point of the 
form z+ mo + no', where m and n are positive or negative integers. 
The function takes on all the values of which it is capable in a parallel- 
ogram constructed on the vectors w» and ow’. Such 


a function is called doubly periodic. As the values 4,4) ea 
of the function are the same on opposite sides of w+! 
the parallelogram, only two sides and the one in- wr oie 
cluded vertex are supposed to belong to the figure. 

w 


It has been seen that some doubly periodic func- 

tions exist (§ 177); but without reference to these 0 
special functions many important theorems concerning doubly periodic 
functions may be proved, subject to a subsequent demonstration that 
the functions do exist. 

If a doubly periodic function has no singularities in the parallelogram, 
it must be constant; for the function will then have no singularities at 
all. If two periodic functions have the same periods and have the same 
poles and zeros (each to the same order) in the parallelogram, the quo- 
tient of the functions is a constant; if they have the same poles and the 
same principal parts at the poles, their difference is a constant. In these 
theorems (and all those following) it is assumed that the functions 
have no essential singularity in the parallelogram. The proof of the 
theorems is left to the reader. If f(z) is doubly periodic, /"(z) is also 
doubly periodic. The integral of a doubly periodic function taken 
around any parallelogram equal and parallel to the parallelogram of 
periods is zero; for the function repeats itself on opposite sides of the 
figure while the differential dz changes sign. Hence in particular 


if f(z)dz = 0, LE) 75 0, FRO Lol 
fay of) ate 





COMPLEX VARIABLE 487 


The first integral shows that the sum of the residues of the poles in the 
parallelogram is zero ; the second, that the number of zeros is equal to 
the number of poles provided multiplicities are taken into account; the 
third, that the number of zeros of f(z) — C is the same as the number of 
zeros or poles of f(z), because the poles of f(z) and f(z) — C are the same. 

The common number m of poles of f(z) or of zeros of f(#) or of roots 
of f(z) = C in any one parallelogram is called the order of the doubly 
periodic function. As the sum of the residues vanishes, it is impossible 
that there should be a single pole of the first order in the parallelogram. 
Hence there can be no functions of the first order and the simplest 
possible functions would be of the second order with the expansions 
_ a ek ee eee i + ¢, +--- and = 


(z— a)? z—4, z— at, 








Be aie or 


in the neighborhood of a single pole at z = a of the second order or of 
the two poles of the first order at 2 = a, and z =a,. Let it be assumed 
that when the periods , w' are given, a doubly periodic function g (z, a) 
with these periods and with a double pole at z = @ exists, and similarly 
that h(#, @,, a) with simple poles at @, and a, exists. 

Any doubly periodic function f(z) with the periods w, w' may be ex- 
pressed as a polynomial in the functions g(z, a) and h(z, a,, a) of the 
second order. For in the first place if the function f(z) has a pole of 
even order 2% at z =a, then f(z) — C[g(@, a)]*, where C is properly 
chosen, will have a pole of order less than 2k at z =a and will have 
no other poles than f(z). Hence the order of f(z) — C[g(z, a) }* is less 
than that of f(z). And if f(z) has a pole of odd order 24 + 1 at z=a, 
the function f(z) — C[g (z, a) ]}'(z, a, 6), with the proper choice of C, 
will have a pdle of order 2% or less at =a and will gain a simple 
pole atz=06. Thus although f— Cg*h will generally not be of lower 
order than f, it will have a complex pole of odd order split into a pole 
of even order and a pole of the first order; the order of the former 
may be reduced as before and pairs of the latter may be removed. By 
repeated applications of the process a function may be obtained which 
has no poles and must be constant. The theorem is therefore proved. 

With the aid of series it is possible to write down some doubly peri- 
odic functions. In particular consider the series 


1 ' 1 1 
iSO Mee 2 a > E ears no')?> (mo + Sad 





(6) 
1/ 9 ES 1 —— 
and ON Hgts (2 — mo — no)?” 
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where the second ¥ denotes summation extended over all values of 
m,n, whether positive or negative or zero, and 3' denotes summation 
extended over all these values except the pair m == 0. As the sum- 
mations extend over all possible values for m, n, the series constructed 
for 2 + » and for z + o' must have the same terms as those for z, the 
only difference being a different arrangement of the terms. If, there- 


fore, the series are absolutely convergent so that the order of the terms 
! 


is immaterial, the functions must have the periods a, w’. 

Consider first the convergence of the series p’(z). For z= mw + nw’, that is, at 
the vertices of the net of parallelograms one term of the series becomes infinite 
and the series cannot converge. But if z be restricted to a finite region R about 
z= 0, there will be only a finite number of terms 
which can become infinite. Let a parallelogram P 
large enough to surround the region be drawn, and 
consider only the vertices which lie outside this par- 
allelogram. For convenience of computation let the 
points z= mw + nw’ outside P be considered as ar- 
ranged on successive parallelograms P,, P,, ---, 
Py, +++. If the number of vertices on P be », the 
number on P, is v+ 8 and on Px is v+ 8k. The 
shortest vector z — mw — nw’ from z to any vertex of P, is longer than a, where 
a is the least altitude of the parallelogram of periods. The total contribution of 
P, to p’(z) is therefore less than (vy + 8)a—3 and the value contributed by all the 
vertices on successive parallelograms will be less than 





ie y+8-2 y»y1+8-3 v+8-k 


S= a een ean 
as (2 a)8 (8 a)3 (ka)$ 





This series of positive terms converges. Hence the infinite series for p’(z), when 
the first terms corresponding to the vertices within P, are disregarded, converges 
absolutely and even uniformly so that it represents an analytic function. The 
whole series for p’(z) therefore represents a doubly periodic function of the third 
order analytic everywhere except at the vertices of the parallelograms where it 
has a pole of the third order. As the part of the series p’(z) contributed by ver- 
tices outside P is uniformly convergent, it may be integrated from 0 to z to give 
the corresponding terms in p(z) which will also be absolutely convergent because 
the terms, grouped as for p’(z), will be less than the terms of lS where l is the 
length of the path of integration from 0 to z. The other terms of p’(z), thus far 
disregarded, may be integrated at sight to obtain the corresponding terms of p(z). 
Hence p’(z) is really the derivative of p(z); and as p(z) converges absolutely ex- 
cept for the vertices of the parallelograms, it is clearly doubly periodic of the 
second order with the periods w, w’, for the same reason that p’(z) is periodic. 


It has therefore been shown that doubly periodic functions exist, 
and hence the theorems deduced for such functions are valid. Some 
further important theorems are indicated among the exercises. They 
lead to the inference that any doubly periodic function which has the 
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periods w, w’ and has no other singularities than poles may be expressed 
as a rational function of p(z) and p'(z), or as an irrational function of 
p(#) alone, the only irrationalities being square roots. Thus by em- 
ploying only the general methods of the theory of functions of a 
complex variable an entirely new category of functions has been char- 
acterized and its essential properties have been proved. 


EXERCISES 
1. Find the principal parts at z = 0 for the functions of Ex. 4, p. 481. 
2. Prove by Ex. 6, p. 482, that e* — ¢ = 0 has only one root in the strip. 
3. How does e@) behave as z becomes infinite in the strip ? 


4. If the values R (e#) approaches when z becomes infinite in the strip are called 
exceptional values, show that R (e*) takes on every value other than the excep- 
tional values & times in the strip, & being the greater of the two numbers n, m. 


5. Show by Ex. 9, p. 482, that in any parallelogram of periods the sum of the 
positions of the roots less the sum of the positions of the poles of a doubly peri- 
odie function is mw + nw’, where m and n are integers. 


6. Show that the terms of p’(z) may be associated in such a way as to prove 
that p’(—z) = — p’(z), and hence infer that the expansions are 


p (2) = — 22-3 + 2,24 4e,224---, only odd powers, 
and p(Z)=2-2 4+ ¢)27 + ezt +---, only even powers. 
7. Examine the series (6) for p’(z) to show that p’(4 w) = p’(40’) = p’(4a + 40’) =0. 
Why can p’(z) not vanish for any other points in the parallelogram ? 
8. Let p(dw) =e, p(kw)=e, p(s}vo+4’) =e”. Prove the identity of the 
doubly periodic functions [ p’(z)]? and 4 [ p (z) — e] [|p (z) — e’] [p (2) — &” 


° 
9. By examining the series defining p(z) show that any two points z = a and 
z= such that p(a) = p(v’) are symmetrically situated in the parallelogram with 
respect to the center z= 4(w + w’). How could this be inferred from Ex. 5? 


10. With the notations g(z, a) and h(z, a,, a,) of the text show: 


OTE! oh 0, @) AA AE as iy Pe a, 0), 
p(z)— p(a) ee I (2) = (8) , 
p(zZ)+ Pa.) pz) + PG) _ 
p(Z)—p(a.) p(%)—p (a) 


() 





2N(Z, dy, My), 


(8) 
NE Ba AC ee aa A ae Paani 
Galea aa | p(z)=9(%, ) =p(z—@) + a 


lf p’(2) + pa]? 
(5) p(@— De rlaaperran — p(z)— p(a). 





11. Demonstrate the final theorem of the text of § 182, 
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12. By combining the power series for p(z) and p’(z) show 
[p’(z)]? — 4[ p (z)]® + 20c, p(z) + 28¢, = Az? + higher powers. 
Hence infer that the right-hand side must be identically zero. 


13. Combine Ex. 12 with Ex. 8 to prove e+ e+ e”=0. 


14. With the notations g, = 20c, and g, = 28c¢, show 
dp 


ie 
V 4p? — 9p — gp 


p= V4 p3(z) — JoP(Z)—Jx OF 
d 
15. If ¢(z) be defined by — ai? == (2) Orn C (2) = — { p@d, show that 
¢(z + w) — ¢(z) and ¢(z + w’) — ¢(z) must be merely constants 7 and 7’. 


183. Conformal representation. The transformation (§ 178) 
w= fz) OT Uu--w=ua,y) + We, ¥) 


is conformal between the planes of z and w at all points ~ at which 
J'() # 9. The correspondence between the planes may be represented 
by ruling the z-plane and drawing the corresponding rulings in the 
w-plane. If in particular the rulings in the z-plane be the lines x = const., 
y = const., parallel to the axes, those in the w-plane must be two sets 
of curves which are also orthogonal; in hke manner if the z-plane be 
ruled by circles concentric with the origin and rays issuing from the 
origin, the w-plane must also be ruled orthogonally ; for in both cases 
the angles between curves must be preserved. It is usually most 
convenient to consider the w-plane as ruled with the lines « = const., 
v = const., and hence to have a set of rulings w(a, vy) = ¢,, v(a, y) = Cy 
in the z-plane. The figures represent several different cases arising from 
the functions - 











— 0 
w—plane (1) 2~—plane 


w—plane (2) z—plane 


GC) w=ce= (a, + a,t) (@ + ty), u= a," — ay, veSarn+ ay, 
cae . Yy See. ( 
(2) w = loge = log V2? + y+ itan- Ph log V2? + 7, v= tan. 
Consider w = 2°, and apply polar codrdinates so that 


w = R(cos & + isin ®&) = 7°(cos 2¢ + isin 29), ean P=2¢. 


5 


COMPLEX VARIABLE 491 


To any point (r, p) in the z-plane corresponds (R = 7’, & = 2 ¢) in the 
w-plane; circles about z = 0 become circles about w= 0 and rays 1s- 
suing from z= 0 become rays issuing from w = 0 at twice the angle. 
(A figure to scale should be supplied by the reader.) The derivative 
w' = 22 vanishes at z= 0 only. The transformation is conformal for 
all points except z= 0. At z= 0 it is clear that the angle between 
two curves in the 2-plane is doubled on passing to the corresponding 
curves in the w-plane; hence at z-= 0 the transformation is not con- 
formal. Similar results would be obtained from w = 2” except that the 
angle between rays issuing from w=0 would be m times the angle 
between the rays at z = 0. 

A point in the neighborhood of which a function w = f(z) is ana- 
lytic but has a vanishing derivative f'(z) is called a critical point of 
J (#); if the derivative f(z) has a root of multiplicity & at any point, 
that point is called a critical point of order k. Let z= z, be a critical 
point of order k. Expand f(z) as 


J'@) = &% — Ae Se egy oe ee + Oy 42(2 — yee rs 





Cy, . My. 
then f(@)=S@) + gq & — H+ pg @ ete, 


or = Wa (2 —#,)° OB (2) Or ww, ="(e— 2)" E (&), 7) 


where E is a function that does not vanish at z,. The point z = z, goes 
into w=w,. For a sufficiently small region about z, the transforma- 
tion (7) is sufficiently represented as 


w—w=C(e— ees C= E(%). 


On comparisén with the case w = 2”, it appears that the angle between 
two curves meeting at 2, will be multiplied by & + 1 on passing to the 
corresponding curves meeting at w,. Hence at a critical point of the 
kth order the transformation is not conformal but angles are multiplied 
by k +1 on passing from the z-plane to the w-plane. 

Consider the transformation w = 2? more in detail. To each point z 
corresponds one and only one point w. To the points ~ in the first 
quadrant correspond the points of the first two quadrants in the w- 
plane, and to the upper half of the z-plane corresponds the whole w-plane. 
In like manner the lower half of the z-plane will be mapped upon the 
whole w-plane. Thus in finding the points in the w-plane which cor- 
respond to all the points of the z-plane, the w-plane is covered twice. 
This double counting of the w-plane may be obviated by a simple de- 
vice. Instead of having one sheet of paper to represent the w-plane, 
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let two sheets be superposed, and let the points corresponding to the 
upper half of the z-plane be considered as in the upper sheet, while 
those corresponding to the lower half are considered as in the lower 
sheet. Now consider the path traced upon the double w-plane when z 
traces a path in the z-plane. Every time 2 crosses from the second to 


Il 





w—surface w—surface z—plane 


the third quadrant, w passes from the fourth quadrant of the upper 
sheet into the first of the lower. When z passes from the fourth to 
the first quadrants, w comes from the fourth quadrant of the lower 
sheet into the first of the upper. 

It is convenient to join the two sheets into a single surface so that 
a continuous path on the z-plane is pictured as a continuous path on 
the w-surface. This may be done (as indicated at the right of the 
middle figure) by regarding the lower half of the upper sheet as con- 
nected to the upper half of the lower, and the lower half of the lower 
as connected to the upper half of the upper. The surface therefore 
cuts through itself along the positive axis of reals, as in the sketch on 
the left*; the line is called the junction dine of the surface. The point 
w = 0 which corresponds to the critical point z= 0 is called the branch 
point of the surface. Now not only does one point of the z-plane go 
over into a single point of the w-surface, but to each point of the sur- 
face corresponds a single point z; although any two points of the w- 
surface which are superposed have the same value of w, they correspond 
to different values of z except in the case of the branch point. 

184. The w-surface, which has been obtained as a mere convenience 
in mapping the 2-plane on the w-plane, is of particular value in study- 
ing the inverse function = Vw. For Vw is a multiple valued func- 
tion and to each value of w correspond two values of z; but if w be 


* Practically this may be accomplished for two sheets of paper by pasting gummed 
strips to the sheets which are to be connected across the cut. 
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regarded as on the w-surface instead of merely in the w-plane, there is 
only one value of 2 corresponding to a point w upon the surface. Thus 
the function Vw which is double valued over the w-plane becomes single 
valued over the w-surface. The w-surface is called the Riemann surface 
of the function « = Vw. The construction of Riemann surfaces is im- 
portant in the study of multiple valued functions because the surface 
keeps the different values apart, so that to each point of the surface 
corresponds only one value of the function. Consider some surfaces. 
(The student should make a paper model by following the steps as 
indicated.) 


Let w = 28 — 3z and plot the w-surface. First solve f’(z) = 0 to find the critical 
points z and substitute to find the branch points w. Now if the branch points be 
considered as removed from the w-plane, the plane is no longer simply connected. 
Jt must be made simply connected by drawing proper lines in the figure. This may 
be accomplished by drawing a line from each branch point to infinity or by con- 
necting the successive branch points to each other and connecting the last one to 
the point at infinity. These lines are the junction lines. In this particular case the 








critical points are z= +1, —1 and the branch points are w = — 2, + 2, and the 
junction lines may be taken as the straight lines joining w= — 2 and w = 4+ 2 to 
G 
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infinity and lying along the axis of reals as in the figure. Next spread the requi- 
site number of sheets over the w-plane and cut them along the junction lines. As 
w = 22 — 3z is a cubic ing, and to each value of w, except the branch values, there 
correspond three values of z, three sheets are needed. Now find in the z-plane the 
image of the junction lines. The junction lines are represented by v=0; but 
»v =3a2y — y3 —3y, and hence the line y = 0 and the hyperbola 3 x? — y? = 8 will 
be the images desired. The z-plane is divided into six pieces which will be seen to 
correspond to the six half sheets over the w-plane. 

Next z will be made to trace out the images of the junction lines and to turn 
about the critical points so that w will trace out the junction lines and turn about 
the branch points in such a manner that the connections between the different 
sheets may be made. It will be convenient to regard z and w as persons walking 
along their respective paths so that the terms ‘right’ and ‘left’? have a meaning. 
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Let z start at z = 0 and move forward to z= 1; then, as f(z) is negative, w starts 
at w= 0 and moves back to w= — 2. Moreover if z turns to the right as at P, so 
must w turn to the right through the same angle, owing to the conformal property. 
Thus it appears that not only is 0A mapped on oa, but the region 1’ just above OA 
is mapped on the region I’ just below oa; in like manner OB is mapped on ob. 
As ab is not a junction line and the sheets have not been cut through along it, the 
regions 1, 1’ should be assumed to be mapped on the same sheet, say, the upper- 
most, I, I’. As any point Q in the whole infinite region 1’ may be reached from 0 
without crossing any image of ab, it is clear that the whole infinite region 1’ should 
be considered as mapped on I’; and similarly 1 on I. The converse is also evident, 
for the same reason. 

If, on reaching A, the point z turns to the left through 90° and moves along AC, 
then w will make a turn to the left of 180°, that is, will keep straight along ac; 
a turn as at R into 1’ will correspond to a turn as at r into I’. This checks with 
the statement that all 1’ is mapped on all I’. Suppose that z described a smal} 
circuit about + 1. When z reaches D, w reachesd; when z reaches E, w reaches e. 
But when w crossed ac, it could not have crossed into I, and when it reaches e it 
cannot be in I; for the points of I are already accounted for as corresponding to 
points in 1. Hence in crossing ac, w must drop into one of the lower sheets, say 
the middle, II; and on reaching e it is still in IJ. It is thus seen that IL corre- 

‘sponds to 2. Let z continue around its circuit; then II’ and 2’ correspond. When 
z crosses AC’ from 2’ and moves into 1, the point w crosses ac’ and moves from II’ 
up into I. In fact the upper two sheets are connected along ac just as the two 
sheets of the surface for w = z? were connected along their junction. 

In like manner suppose that z moves from 0 to — 1 and takes a turn about B so 
that w moves from 0 to 2 and takes a turn about b. When z crosses BF from 1’ to 3, 
w crosses bf from J’ into the upper half of some sheet, and this must be III for the 
reason that I and II are already mapped on 1 and 2. Hence I’ and III are con- 
nected, and so are I and III’. This leaves II which has been cut along Of, and III 
cut along ac, which may be reconnected as if they had never been cut. The reason 
for this appears forcibly if all the points z which correspond to the branch points 
are added to the diagram. When w = 2, the values of z are the critical value —1 
(double) and the ordinary value z = 2; similarly, w = — 2 corresponds to z = — 2. 
Hence if z describe the half circuit A so that w gets around to ein II, then if z 
moves out to z = 2, w will move out to w = 2, passing by w = 0 in the sheet II as 
z passes through z = V3; but as z = 2 is not a critical point, w= 2 in II cannot 
be a branch point, and the cut in II may be reconnected. 

The w-surface thus constructed for w = f(z) = 23 — 3z is the Riemann surface 
for the inverse function z= f—1(w), of which the explicit form cannot be given 
without solving a cubic. To each point of the surface corresponds one value of 2, 
and to the three superposed values of w correspond three different values of z ex- 
cept at the branch points where two of the sheets come together and give only 
one value of z while the third sheet gives one other. The Riemann surface could 
equally well have been constructed by joining the two branch points and then 
connecting one of them to «. The image of v = 0 would not have been changed. 
The connections of the sheets could be established as before, but would be dif- 
ferent. If the junction line be — 2, 2, +o, the point w = 2 has two junctions 
running into it, and the connections of the sheets on opposite sides of the point are 
not independent. It is advisable to arrange the work so that the first branch point 
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which is encircled shall have only one junction running from it. This may be done 
by taking a very large circuit in z so that w will describe a large circuit and hence 
cut only one junction line, namely, from 2 to o, or by taking a small circuit about 
2=1so that w will take a small turn about w=— 2. Let the latter method be 
chosen. Let z start from z = 0 at Oand move to z = 1 at A; then w starts at w = 0 
and moves to w= — 2. The correspondence between 1’ and J’ is thus established. 
Let z turn about A; then w turns about w = — 2 at a. As the line — 2to — wo orac 
is not now a junction line, w moves from I’ 
into the upper half I, and the region across 








AC from 1’ should be labeled 1 to corre- 3 B me ws 1 
spond. Then 2’, 2 and IT’, II may be filled a b aimee t= ; 
in. The connections of I-II’ and II-I’ are é if 2 
indicated and III-IIV is reconnected, as the w—surface z—plane 


branch point is of the first order and only two 
sheets are involved. Now let z move from z= 0 to z = —1 and take a turn about 
B; then w moves from w = 0 to w = 2 and takesa turn about b. The region next 
Vis marked 3 and I’ is connected to III. Passing from 3 to 3’ for z is equivalent 
to passing from III to III’ for w between 0 and b where these sheets are connected. 
From 3’ into 2 for z indicates III’ to II across the junction from w = 2 to o. This 
leaves I and II’ to be connected across this junction. The connections are com- 
plete. They may be checked by allowing z to describe a large circuit so that the 
regions 1, 1’, 3, 3’, 2, 2’, 1 are successively traversed. That I, I’, I11, III’, II, 1’, I 
is the corresponding succession of sheets is clear from the connections between 
w=2 and o and the fact that from w = — 2 to — o there is no junction. 
Consider the function w = 26 — 3z44 32%. The critical points are z= 0, 1, 1, 
—1,—1 and the corresponding branch points are w = 0,1, 1,1, 1. Draw the junc- 
tion lines from w= 0 to — o and from w=1 to 4+ o along the axis of reals. To 
find the image of v = 0 on the g-plane, polar codrdinates may be used. 


z=r(cos¢+ isin @), wut iv = roe6bi — 3 rtethi 4 Br2e2 64, 
v=0=Pr[rtsin6¢?— 3r?sin4¢ + 3sin2 ¢] 
=r sin 2 ¢[r#(3 — 4sin2 ¢) — 6 r? cos ¢ + 38]. 


The equation v = 0 therefore breaks up into the equation sin 2 ¢ = 0 and 





_ 8cos2o4+ V3sin2¢ V3 sin (60 + 2 ¢) é.. V3 


2 = = . 
‘ 3—4sin?2¢ 2 sin (60 +2¢)sin(60—2¢) 2sin (60 + 24) 





Hence the axes ¢ = 0° and ¢ = 90° and the two rectangular hyperbolas inclined at 
angles of + 15° are the images of v = 0. The z-plane is thus divided into six por- 
tions. The function w is of the sixth order and six sheets must be spread over the 
w-plane and cut along the junction lines. 

To connect up the sheets it is merely necessary to get a start. The line w=0 
to w =1 is not a junction line and the sheets have not been cut through along it. 
But when z is small, real, and increasing, w is also small, real, and increasing. 
Hence to OA corresponds oa in any sheet desired. Moreover the region above OA 
will correspond to the upper half of the sheet and the region below OA to the 
lower half, Let the sheet be chosen as III and place the numbers 3 and 3’ so as to 
correspond with TIT and IJV’, Fill in the numbers 4 and 4’ around z= 0. When 
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z turns about the critical point z = 0, w turns about w = 0, but as anglus are doubled 
it must go around twice and the connections III-IV’, IV-III’ must be made. Fill 
in more numbers about the critical point z = 1 of the second order where angles are 
tripled. On the w-sur- 
face there will be a 
triple connection III 
LULU ye eu eee 
like manner the criti- 
cal point z= — 1 may 
be treated. The sur- 
face is complete except 
for reconnecting sheets 
J, II, V, Vi alongw=0 
to w= — o as if they 
had never been cut. w—surface 





EXERCISES 
1. Plot the corresponding lines for: (a) w=(1+ 2i)z, (8) w= (1— $2)z. 
2. Solve for z and y in (1) and (2) of the text and plot the corresponding lines. 


3. Plot the corresponding orthogonal systems of curves in these cases: 


1 
(a) w=-, 
zZ 


«© 


(6) w=1+4 2, (y) w= cosz. 


4. Study the correspondence between z and w near the critical points: 
(apes (6) w=1— 2?, (vy) w=sinz. 

5. Upon the w-surface for w = z* plot the points corresponding to z = 1, 1 + i, 
2i, —}4+4V8i, —1, —} V8—2i, —i, }-—}i. And in the zplane plot the 
points corresponding to w= V2+ V2 i, 7, —4, —}—}3V3i, 1—i, whether in 
the upper or lower sheet. 

6. Construct the w-surface for these functions: 

(a) w= 2’, (2) CS (y) w=1+4 2, (5) w = (z—1)8. 
In (8) the singular point z = 0 should be joined by a cut to z = 0. 


7. Construct the Riemann surfaces for these functions : 


(@) w= 2* — Ber, (8) w= — z*+ 42, (vy) w= 225 — 522, 
| ; 1 28 3 2 
(8) w=2+-, (ec) wa e+ —, (¢) orig erty At 


ss V82z7+4+1 


w 
dw 
a= —) Mie ty i in 
ow 


defined by an integral, and let the methods of the theory of functions 
be applied to the study of the function and its inverse. If w describes 
a path surrounding the origin, the integral need not vanish; for the 
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integrand is not analytic at w= 0. Let a cut be drawn from w= 0 to 
w =-—. The integral is then a single valued function of w provided 
the path of integration does not cross the cut. Moreover, it is analytic 
except at «w=0, where the derivative, which is the integrand 1/w, 
ceases to be continuous. Let the w-plane as cut be mapped on the 
2-plane by allowing w to trace the path 1abedefghil, by computing the 
value of 2 sufficiently to 
draw the image, and by 
applying the principles of 
conformal representation. 
When w starts from w =1 





and traces 1a, z starts from ° ee 4 
z= 0 and becomes nega- 

tively very large. When w a 

turns to the left to trace ad, z—plane _w—plane 


z will turn also through 90° 
to the left. As the integrand along ad is idd, z must be changing by an 
amount which is pure imaginary and must reach B when w reaches 0. 
When w traces bc, both w and dw are negative and z must be increasing 
by real positive quantities, that is, z must trace BC. When w moves along 
cdefg the same reasoning as for the path ad will show that z moves along 
CDEFG. The remainder of the path may be completed by the reader. 
It is now clear that the whole w-plane lying between the infinitesimal 
and infinite circles and bounded by the two edges of the cut is mapped 
on a strip of width 2 ai bounded upon the right and left by two infi- 
nitely distant vertical lines. If w had made a complete turn in the posi- 
tive direction about w= 0 and returned to its starting point, z would 
have received the increment 27. That is to say, the values of z which 
correspond to the same point w reached by a direct path and by a path 
which makes & turns about w = 0 will differ by 2 kari. Hence when w 
is regarded inversely as a function of z, the function will be periodic 
with the period 27ri. It has been seen from the correspondence of 
cdefg to CDEFG that w becomes infinite when z moves off indefinitely 
to the right in the strip, and from the correspondence of BAJH with 
baih that w becomes 0 when z moves off to the left. Hence w must be 
a rational function of e*. As w neither becomes infinite nor vanishes 
for any finite point of the strip, it must reduce merely to Ce with k 
integral. As w has no smaller period than 2 i, it follows that k = 1. 
To determine C, compare the derivative dw/dz = Ce* at z = 0 with its 
reciprocal dz/dw = w—! at the corresponding point w=1; then C =1. 
The inverse function In~!z is therefore completely determined as e*. 
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In like manner consider the integral 





w 

z= [=f w= 9) =I). 

Here the points w = + i must be eliminated from the w-plane and the plane ren- 
dered simply connected by the proper cuts, say, as in the figure. The tracing of 
the figure may be left to the reader. The 

chief difficulty may be to show that the BAK J 

integrals along oa and be are so nearly equal 
that C lies close to the real axis; no com- 


putation is really necessary inasmuch as the ’ oO 
integral along oc’ would be real and hence 6 a a - 
C’ must lie on the axis. The image of the 0 


cut w-plane is a strip of width z. Circuits 
around either +7 or —i add 7 to zg, and 
hence w as a function of z has the period 7. 
At the ends of the strip, w approaches the TE) EG 

finite values +i and —i. The function z2—plane w—plane 

w = $(z) has a simple zero when z = 0 and 

has no other zero in the strip. At the two points z = + 47, the function w becomes 
infinite, but only one of these points should be considered as in the strip. As the 
function has only one zero, the point z= 47 must be a pole of the first order. 
The function is therefore completely determined except for a constant factor which 
may be fixed by examining the derivative of the function at the origin. Thus 








e2iz__ ] 1 @2— e-% 


- =-- — = tan Z, z= tan—w. 
e224] i ez + e-% 


w= 





186. As a third example consider the integral 
= dw 

—— SS 2 =i Ww), CS 2) =F (eb 8) 

— (w) $@)=F7@). 


0 


4 


Here the integrand is double valued in w and consequently there is 
hhable to be confusion of the two values in attempting to follow a path 
in the w-plane. Hence a two-leaved surface for the integrand will be 
constructed and the path of integration will be considered to be on the 
surface. Then to each point of the path there will correspond only one 
value of the integrand, although to each value of w there correspond 
two superimposed points in the two sheets of the surface. 


As the radical V1 — w? vanishes at w = + 1 and takes on only the single value 0 
instead of two equal and opposite values, the points w= +1 are branch points on 
the surface and they are the only finite branch points. Spread two sheets over the 
w-plane, mark the branch points w= + 1, and draw the junction line between them 
and continue it (provisionally) to w= oo. At w= —1 the function V1— w? may 
be written V1 + w E(w), where E£ denotes a function which does not vanish at 
w=-—1. Hence in the neighborhood of w=—1 the surface looks like that for 
Vw near w=0. This may be accomplished by making the connections across the 
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junction line. At the point w = +1 the surface must cut through itself in a similar 
manner. This will be so provided that the sheets are reconnected across lw as if 
never cut; if the sheets had been cross-connected along 1, each sheet would have 
been separate, though crossed, over 1, and the branch point would 

have disappeared. It is noteworthy that if w describes a large Tem 
circuit including both branch points, the values of V1— w? are 

not interchanged; the circuit closes in each sheet without pass- = +1 
ing into the other. This could be expressed by saying that w = 0 

is not a branch point of the function. 

Now let w trace out various paths on the surface in the attempt to map the sur- 
face on the z-plane by aid of the integral (8). To avoid any difficulties in the way 
of double or multiple values for z which might arise if w turned about a branch 
point w = +1, let the surface be marked in each sheet over the axis of reals from 
—oto+1. Let each of the four half planes be treated separately. Let w start 
at w= 0 in the upper half plane of the upper sheet and let the value of V1— w? 
at this point be +1; the values of V1— w? near w= 0 in II’ will then be near 
+1 and will be sharply distinguished from the values near — 1 which are supposed 
to correspond to points in I’, II. As w traces oa, the integral z increases from 0 to 
a definite positive number @. The value of the integral from a to D is infinitesimal. 
Inasmuch as w=1 is a branch point where two sheets connect, it is natural to 
assume that as w passes 1 and leaves it on the right, z will turn through half a 
straight angle. In other words the integral from b to ¢ is naturally presumed to be 
a large pure imaginary affected 
with a positive sign. (This fact 
may easily be checked by exam- 
ining the change in V1— wv? 
when w describes a small circle 
about w=1. In fact if the H- 
function V1+w be discarded 
and if 1— w be written as re??, 
then Vre2® is that value of the 
radical which is positive when 
1— w is positivet Now when w z—plane w—surface 
describes the small semicircle, 
¢ changes from 0° to — 180° and hence the value of the radical along be becomes 
—ivr and the integrand is a positive pure imaginary.) Hence when w traces 
be, z traces BC. At c there is a right-angle turn to the left, and as the value of 
the integral over the infinite quadrant cc’ is 4 7, the point z will move back through 
the distance 1 7. That the point O’ thus reached must lie on the pure imaginary 
axis is seen by noting that the integral taken directly along oc’ would be pure imagi- 
nary. This shows that ~@=47 without any necessity of computing the integral 
over the interval oa. The rest of the map of I may be filled in at once by symmetry. 

To map the rest of the w-surface is now relatively simple. For I’ let w trace 
ccd’; then z will start at C and trace CD’ = 7. When w comes in along the lower 
side of the cut d’e’ in the upper sheet I’, the value of the integrand is identical with 
the value when this line de regarded as belonging to the upper half plane was de- 
scribed, for the line is not a junction line of the surface. The trace of z is there- 
fore D’E’. When w traces f’o’ it must be remembered that I’ joins on to II and 
hence that the values of the integrand are the negative of those along fo, This 
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makes z describe the segment F’O’ = — a=—j47. The turn at H’F”’ checks with 
the straight angle at the branch point —1. It is further noteworthy that when w 
returns to o’ on I’, z does not return to 0 but takes the value 7. This is no contra- 
diction; the one-to-one correspondence which is being established by the integral 
is between points on the w-surface and points in a certain region of the z-plane, and 
as there are two points on the surface to each value of w, there will be two points 
z to each w. Thus far the sheet I has been mapped on the z-plane. To map II let 
the point w start at o’ and drop into the lower sheet and then trace in this sheet 
the path which lies directly under the path it has traced in I. The integrand now 
takes on values which are the negatives of those it had previously, and the image 
on the z-plane is readily sketched in. The figure is self-explanatory. Thus the 
complete surface is mapped on a strip of width 27. 

To treat the different values which z may have for the same value of w, and in 
particular to determine the periods of w as the inverse function of z, it is necessary 
to study the value of the integral along different sorts of paths on the surface. 
Paths on the surface may be divided into two classes, closed paths and those not 
closed. A closed path is one which returns to the same point on the surface from 
which it started ; it is not sufficient that it return to the same value of w. Of paths 
which are not closed on the surface, those which close in w, that is, which return 
to a point superimposed upon the starting point but in a different sheet, are the 
most important. These paths, on the particular surface here studied, may be fur- 
ther classified. A path which closes on the surface may either include neither 
branch point, or may include both branch points or may wind twice around one 
of the points. A path which closes in w but not on the surface may wind oncé 
about one of the branch points. Each of these types will be discussed. 

If a closed path contains neither branch point, there is no danger of confusing 
the two values of the function, the projection of the path on the w-plane gives a 
region over which the integrand may be considered as single valued and analytic, 
and hence the value of the circuit integral is 0. If the path surrounds both branch 
points, there is again no danger of confusing the values of the function, but the 
projection of the path on the w-plane gives a region at two points of which, namely, 
the branch points, the integrand ceases to be analytic. The inference is that the 
value of the integral may not be zero and in fact will not be zero unless the in- 
tegral around a circuit shrunk close up to the branch points or expanded out to 
infinity is zero. The integral around ce’de’c is here equal to 27; the value of the 
integral around any path which incloses both branch 
points once and only once is therefore 27 or — 27 ac- 
cording as the path lies in the upper or lower sheet ; if 
the path surrounded the points & times, the value of 
the integral would be 2k7. It thus appears that w re- 
garded as a function of z has a period 27. If a path 
closes in w but not on the surface, let the point where it 
crosses the junction line be held fast (figure) while the path is shrunk down to 
whaa’b’w. The value of the integral will not change during this shrinking of the 
path, for the new and old paths may together be regarded as closed and of the 
first case considered. Along the paths wha and a’b’w the integrand has opposite 
signs, but so has dw; around the small circuit the value of the integral is infini- 
tesimal. Hence the value of the integral around the path which closes in w is 21 
or — 21 if I is the value from the point a where the path crosses the junction line 


w 
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to the point w. The same conclusion would follow if the path were considered to 
shrink down around the other branch point. Thus far the possibilities for z corre- 
sponding to any given w are z+ 2km and 2mm — z. Suppose finally that a path 
turns twice around one of the branch points and closes on the surface. By shrink- 
ing the path, a new equivalent path is formed along which the integral cancels out 
term for term except for the small double circuit around +1 along which the 
value of the integral is infinitesimal. Hence the values z+ 2k and 2mm —z are 
the only values z can have for any given value of w if z be a particular possible 
value, This makes two and only two values of z in each strip for each value of w, 
and the function is of the second order. 

It thus appears that w, as a function of z, has the period 27, is single valued, 
becomes infinite at both ends of the strip, has no singularities within the strip, and 
has two simple zeros at z= 0 andz=7. Hence w is a rational function of e# with 
the numerator e?**— 1 and the denominator e?*# +1. In fact 


et? — e—tz 1 ei? — e-—% 
et? + e- iz q ez + e- iz 





(ue SSN 25 
The function, as in the previous cases, has been wholly determined by the general 
methods of the theory of functions without even computing a. 

One more function will be studied in brief. Let 


z= f° —™ _, 430, z=sf), w=4@=s-1@). 


Here the Riemann surface has a branch point at w = 0 and in addition there is the 
singular point w =a of the integrand which must be cut out of both sheets. Let 
the surface be drawn with a junction line from w = 0 to w = — o and with a cut 
in each sheet from w=atow=o. The 
map on the z-plane now becomes as indi- 
cated in the figure. The different values 
of z for the same value of w are readily 
seen to arise when w turns about the 
point w=a in either sheet or when a 
path closes in w but not on the surface. 
These values of z are z+ 2kmri/Va and 
2mri/Va —z. Hence w as a function of z—plane w—surface 

z has the period 2 mia, has a zero at 

z=0Qanda pole at z= mi/Va, and approaches the finite value w = a at both ends 
of the strip. It must be noted, however, that the zero and pole are both neces- 
sarily double, for to any ordinary value of w correspond two values of z in the 
strip. The function is therefore again of the second order, and indeed 








(ex Va —1)2 
w= @————— 


= =) tanh? +z Va, a es tanh-! V2 . 
(eva ar 1)2 2 Va 


a 


The success of this method of determining the function z = f(w) defined by an 
integral, or the inverse w = f—1(z) = ¢(z), has been dependent first upon the ease 
with which the integral may be used to map the w-plane or w-surface upon the 
z-plane, and second upon the simplicity of the map, which was such as to indi- 
cate that the inverse function was a single valued periodic function, It should be 
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realized that if an attempt were made to apply the methods to integrands which 
appear equally simple, say to 


eS ii Va? — wdw, Cie At (a — w) dw/Vw, 


the method would lead only with great difficulty, if at all, to the relation between 
zand w; for the functional relation between z and w is indeed not simple. There 
is, however, one class of integrals of great importance, namely, 


dw 
a V (w — @4)(w = ay)+++ (W— Gn) 








for which this treatment is suggestive and useful. 


EXERCISES 


1. Discuss by the method of the theory of functions these integrals and inyerses : 








w d w od w 
Gy ee a ee m f 
ww 6dw ahhh 
a J, a oi J Vt + 1 My iy ae 





w dw w dw to dw 
(n) f ab a ee | (@) af a een a ( t) qi Sa ep eS 
2 wVw? — a? 0 V2aw—w? 1 (w+1)Vw?—-1 
The results may be checked in each case by actual integration. 
dw i ae 


w 
2. Discuss i eee ~ and (§ 182, and Ex. 10, p. 489) 
* Vw(l— w) (1+ w) 0 V1— wt 





CHAPTER XIX 
ELLIPTIC FUNCTIONS AND INTEGRALS 


187. Legendre’s integral I and its inversion. Consider 


dw 
2 = OR ae if 
if Vl w*) (1 — k?w?) oe (1) 


The Riemann surface for the integrand* has branch points at w = +1 
and + 1/k and is of two sheets. Junction lines may be drawn between 
+1, +1/k and —1, —1/k. For very large values of w, the radical 
V (1 — w*) 1 — k’w?) is approximately + kw? and hence there is no 
danger of confusing the values of the function. Across the junction 
lines the surface may be connected as indicated, so that in the neigh- 
borhood of w= +1 and w= +1/k it looks like the surface for Vw. 
Let +1 be the value of the integrand at w= 0 in the upper sheet. 
Further let 




















a dw es k dw 1 
= ? AK = i. 
di Va—-wyA—kuy * Lp C= Ayal Sas ©) 


Let the changes of the integral be followed so as to map the surface 
on the z-plane. As w moves from o to a, the integral (I) increases 
by K, and z moves 





on, z makes aright- 
angle turn and in- 
creases by pure A EM fe 

ak 
amount 7&K' when 
w reaches b. As w z—plane ae 
continues there is 


from Oto A. Asw 
. ve HD 

continues straight ~—q@ 3 

ah ane 

0 Al 0” 
imaginary  incre- 
ments to the total 
another right-angle turn in z, the integrand again becomes real, and 
z moves down to C. (That z reaches C follows from the facts that the 





* The reader unfamiliar with Riemann surfaces (§ 184) may proceed at once to identify 
(I) and (2) by Ex. 9, p. 475 and may take (1) and other necessary statements for granted. 
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integral along an infinite quadrant is infinitesimal and that the direct 
integral from 0 to i would be pure imaginary like dw.) If w is allowed 
to continue, it is clear that the map of I will be a rectangle 2 K by K' 
on the z-plane. The image of all four half planes of the surface is as 
indicated. The conclusion is reasonably apparent that w as the inverse 
function of z is doubly periodic with periods 4 K and 27K’. 


The periodicity may be examined more carefully by considering different possi- 
bilities for paths upon the surface. A path surrounding the pairs of branch points 
1 and k-1 or — 1 and — k-1 will close on the surface, but as the integrand has oppo- 
site signs on opposite sides of the junction lines, the value of the integral is 27K’. 
A path surrounding —1, + 1 will also close; the small circuit integrals about —1 
or + 1 vanish and the integral along the whole path, in view of the opposite values 
of the integrand along fa in I and II, is twice the integral from f to a or is 4K. 
Any path which closes on the surface may be resolved into certain multiples of 
these paths. In addition to paths which close on the surface, paths which close in 
w may be considered. Such paths may be resolved into those already mentioned 
and paths running directly between 0 and w in the two sheets. All possible values 
of z for any w are therefore 4mK + 2nik’ + z. The function w (z) has the periods 
4K and 21K’, is an odd function of z as w(— z) = w(z), and is of the second order. 
The details of the discussion of various paths is left to the reader. 


Let w= f(z). The function f(z) vanishes, as may be seen by the 
map, at the two points z = 0, 2K of the rectangle of periods, and at 
no other points. These zeros of w are simple, as 7"(z) does not vanish. 
The function is therefore of the second order. There are poles at 
2 = 1K', 2 K + ik', which must be simple poles. Finally f(K) =1. The 
position of the zeros and poles determines the function except for a con- 
stant multiplier, and that will be fixed by f(K)=1; the function is 
wholly determined. The function f(z) may now be identified with sn z 
of §177 and in particular with the special case for which K and K' are 
so related that the multiplier g = 1. 


@(K) H(z 

w=f(%) = ae on = sn, =U. (2) 
For the quotient of the theta functions has simple zeros at 0, 2K, 
where the numerator vanishes, and simple poles at iK', 2 K + ik', where 
the denominator vanishes; the quotient is 1 at z = K; and the deriva. 
tive of sn z at 2 = 0 is gen 0dn0=g =1, whereas /"(0) = 1 is also 1. 
The imposition of the condition g = 1 was seen to impose a relation 
between K, K', k, k', g by virtue of which only one of the five remained 
independent. The definition of K and K'as definite integrals also makes 

them functions A(x) and K'(k) of k. But 
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dw 
LEK '(ke ee 
se i Vd — wy) 1 — Bw?) ‘ 
dw, Rh! 2) 
=f V (1 = w?) 1 — kh? w?) Oe 


ifw=(1— kePw2)? and kh? +k” =1. Hence it appears that K may be 
computed from k'as K' from k. This is very useful in practice when 
k? is near 1 and &” near 0, Thus let 








oat log 7 log ¢' = 7, 


2K! : a Pee : Ne! 
es = 0,0, 7)=14+2¢q'+2¢"%4+---, ie eg 


and compare with (37) of p.472. Now either & or &' is greater than 0.7, 
and hence either g or y' may be obtained to five places with only one 
term in its expansion and with a relative error of only about 0.01 per 
cent. Moreover either ¢ or q' will be less than 1/20 and hence a single 
term 1+ 2q¢ or 1+ 29’ gives K or K' to four places. 

188. As in the relation between the Riemann surface and the z-plane 
the whole real axis of z corresponds periodically to the part of the real 
axis of w between — 1 and +1, the function sn z, for real a, is real. 
The graph of y = sn ax has roots at « = 2mK, maxima or minima alter- 
nately at (2m + 1)K, inflections inclined at the angle 45° at the roots, 
and in general looks like y = sin (7#/2K). Examined more closely, 


(4) 





sn} K = (1+ Ky 4 > 22 = sin 17; it is seen that the curve sn a has 
ordinates numerically greater than sin (72/2 K). As 


cna = V1—sn’z, dna = V1 —k?sn’z, (5) 


the curves y = cna, y = dna, may readily be sketched in. It may be 
noted that as sn (a# + K) # ena, the curves for sna and cna cannot 
be superposed as in the case of the trigonometric functions. 

The segment 0, iK' of the pure imaginary axis for z corresponds to 
the whole upper half of the pure imaginary axis for w. Hence sn ir 
with x real is pure imaginary and —isnix is real and positive for 
0 =-2 < K'‘and becomes infinite for # = K'. Hence — isn ix looks in 
general like tan (7rx/2 K'). By (5) it is seen that the curves for y = cn ia, 
y = dn ix look much like sec (7/2 K') and that en tx lies above dn ix. 
These functions are real for pure imaginary values. 

It was seen that when / and X' interchanged, AK and K' also inter- 
changed. It is therefore natural to look fora relation between the ellip- 
tic functions sn (2, /*), en (z, &), dn(z, *) formed with the modulus 4 
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and the functions sn (2, k'), en (z, k'), dn (z, k') formed with the com- 
plementary modulus k’ It will be shown that 
epee ia, ee NR 
sn (iz, k) = 7 eG, xy? sn (2, k) een te, , 
il Z 
Ge ee ne = ey. 
,t On t 
dae Se) ete eee 
en: (2, k’) en (iz, k') 
Consider sn (iz, k). This function is periodic with the periods 4 K and 
2ik' if iz be the variable, and hence with periods 47K and 2 K' if z be 
the variable. With z as variable it has zeros at 0, 27K, and poles at 
k', 2iK + k'. These are precisely the positions of the zeros and poles 
of the quotient H(z, g')/H,(z, ¢'), where the theta functions are con- 
structed with q' instead of g. As this quotient and sn (iz, x) are of the 
second order and have the same periods, 
B(e,¢')  , su (e, &’) ; 
H(z, ¢') en (2, k') 


en (iz, k) = 


sn (2, k) = C 


The constant C, may be determined as C= 7 by comparing the deriva- 
tives of the two sides at 2 = 0. The other five relations may be proved 
in the same way or by transformation. 

The theta series converge with extreme rapidity if g is tolerably 
small, but if g is somewhat larger, they converge rather poorly. The 
relations just obtained allow the series with g to be replaced by series 
with g' and one of these quantities is surely less than 1/20. 

In fact if y = mwx/2 K and y' = wx/2 K', then 





4/— . ¢ . . . ~ 
Vq  2siny—2q?sin3v+2q*sindy—-:: 
9 


sal (G2; 1) = : - 
a Ve 1— 2¢ cos 2v + 2¢* cos 4v — 2q% cos 6y+-.- 


(6) 
1 sinhy' — g”sinh 3y' + 9" sinh 5y'—..- 
Vx cosh v' + ¢g” cosh 3 v' + g® cosh 5y' +--- 





The second series has the disadvantage that the hyperbolic functions 
increase rapidly, and hence if the convergence is to be as good as for 
the first series, the value of g' must be considerably less than that of 
q, that is, K' must be considerably less than AK. This can readily be 
arranged for work to four or five places. For 


K 5 rx 5 12 
pt Se cosh By = glob 46 mm) V2e5 5. 


where owing to the periodicity of the functions it is never necessary 
girs 2 P 31 : 
to take « > K', The term in g" is therefore less than }g"*. If the term 
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in 7" is to be equally negligible with that in 9’, 
29 = qt with log gq log qg' = 7°, 
from which q' is determined as about g' = .02 and ¢ as about ¢ = .08; 
the neglected term is about 0.0000005 and is barely enough to effect 
six-place work except through the multiplication of errors. The value 


of i corresponding to this critical value of ¢ is about & = 0.85. 
Another form of the integral under consideration is 








dw 
F k)= SS x 
Ce i V1 — k? sin? 6 ay =p Vi-wVi-kw 
S10 Gi 4 = Se; =a a, cos é = V1—sn?a = cna, 


=V1—#/ = V1—k’* sin? ¢d =dnz, fea ie es 
x= sn*(y, k) = en *(v1— y’, k) = dn(v1 — Py’, k). 
The angle ¢ is called the amplitude of «; the functions sna, ena, 


dn are the sine-amplitude, cosine-amplitude, delta-amplitude of x. The 
half periods are then 


2T dé il 
K= ee Sa 
, V1 — k? sin? 6 L ‘ ) 


la 

ie 2 de a AG a H), 
PrN Sin 6 2 

and are known as the complete elliptic integrals of the first kind. 

189. The elliptic functions and integrals often arise in problems 
that call for a numerical answer. Here k? is given and the complete 
integral A or the value of the elliptic functions or of the elliptic inte- 
gral F'(, k) ave desired for some assigned argument. The values of 
K and F(¢»<) in terms of sin~'% are found in tables (B. O. Peirce, 
pp. 117-119), and may be obtained therefrom. The tables may be 
used by inversion to find the values of the function sna, cna, dna 
when x is given; for snz =sn F(¢, k) =sin @q, and if « =F is given, 
¢@ may be found in the table, and then sna = sin ¢. It is, however, 
easy to compute the desired values directly, owing to the extreme 
rapidity of the convergence of the series. Thus 


es Oy, P= 00, 1+ NE Vg = 5(0,(0) + (0), 
Tv V2 1 rH 


Vi hr Be en = \— E08 ©) 


+ Vii 
_V=2log¢' 4 ogH+.. -). 
1+ Vi 


(8) 
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The elliptic functions are computed from (6) or analogous series. 
To compute the value of the elliptic integral F'(, /), note that if 


dnx 1+2qcos2v+2¢*cos4v+--- 





po peeae as 10 

ee k! 1—2qcos2v+2¢cos4v4+---’ y) 
; 1 _ cotA—1 _ , Cos 2v tg) cos by +++, 
an (77 — Licot\ie lates Mle tqteod ds skater 


2q cos 2y 


and tan (jr —) = 24 cos 2y or tan(hm—MN =F a og, (10) 


are two approximate equations from which cos 2y may be obtained ; 
the first neglects g* and is generally sufficient, but the second neglects 
only g*%. If k? is near 1, the proper approximations are 








1 dn@, &) _ dn (a, k') _1+4+29'cosh2y'+--- 


CON a Te che, ky) = VECO — 2 q'cosh 2y'+.--.’ Wy 
2 g' cosh 2 y'! 
tan (} 7 — A) = 2q'cosh 2y' or tan (47 —A)= pedal: - (11') 


14+ 2,9"cosh4y’' 


Here ¢" cosh 8 y'< qg" is neglected in the second, but g cosh 4 ¥'< gq” 
in the first, which is not always sufficient for four-place work. Of course 
if @ with sna = sin ¢ or if y = sna is given, dna = V1 — #? sn? z and 
en a = V1 — sna are readily computed. 


aD dé 
Asan example ti ke f >=. and find K, nz K 1), As k2= 3 
ay Saat a V1— sin? Me Aan ee, PAS Webra he q 
and Vk’>0.9, the first term of (87), p. 472, gives q accurately to five places. 
Compute in the form: (Lg = logy) 








Lek? = 9.87506 Lg (1— Vk’) = 8.84136 Lg 27 = 0.7982 
Le Vk’ = 9.96876 = Le (1+ Vk’) = 0.28569 = 2Lg (14+ Vk’) = 0.5714 
Vk’ = 9.93060 Lg 2q = 8.55567 Lg K = 0.2268 
1— Vk’ = 0.06940 2q = 0.03595 K = 1.686 
1+ Vk’ = 1.93060 q = 0.01797 Check with table. 
¢ 4 A 263 4 
on 2K 904 intr —4 sina +:+:_»Vq $V3_ 
3 VE 1-—2qcostr+--- V4lt+aq 
oe V6 -Vq } Lg 6 = 0.38908  Lgsn 3K = 9.9450 
8° «1.01797 1 Lg q = 9.56366 sn 3K = 0.8810. 


— Lg 1.018 = 9.99226 





g= hr Ad = dng = V1— }sin?47 = V1— }singw V14 dsin jz. 
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2 sin } 7 = 0.19184 

1— sin} 7 = 0.80866 

1+ dsinia@ = 1.19134 

34 Lg (1— 3 sin 17) = 9.95388 
34 Lg (1+ dsin} 7) = 0.03802 
— Lg Vk’ = 0.03124 

Lg cot \ = 0.02314 


d = 43° 287 28” 
ta —dA= 1°38)’ 32” 
Lg tan = 8.42540 
Lg 2 q-= 8.55567 


Lg cos 2 » = 9.86973 


2 y = 42° 19’ 
180 = K (42.20) 


509 
Lg 42.20 = 1.6253 
Lg K = 0.2268 
— Lg 180 = 7.7447 
Lg « = 9.5968 
a = 0.3952 


Check with table. 


As a second example consider a pendulum of length a oscillating through an 


are of 300°. 


Find the period, the time when the pendulum is horizontal, and its 


position after dropping for a third of the time required for the whole descent. 
Let x? + y? = 2 ay be the equation of the path and h=a(1+4} V3 3) the greatest 
height. When y =A, the energy is wholly potential and equals mgh; and mgy is 
the general value of the potential energy. The kinetic energy is 





= (4) = 
Nae, 


2ay—y? 


Wao 2 
4 ma (| 2) se 
at 


Sane 
ima 
2ay — y? 


dy\2 
dt 


) + mgy = mgh 


is the equation of motion by the principle of energy. Hence 











=f" ady Mf ae dw ptt: eee 
0 V2gVh—-new—v) Noto Va—w)a—Bw) oh Ba 


)s 


Vg/at = sn-1(w, k) 


are the integrated results. 


w = sn (Vg/at, k), 


y = hsn?(Vg/at, k), 


The quarter period, from highest to lowest point, is 


KVa/g a/g; the horizontal position is y = a, at which ¢ is desired; and the position 
for Vg/at = 2 K is the third thing required. 


1— VE K’ 


k2 = 0.98301, 2g’= 
Lg k? = 9.96988 
Lg Vk = 9.99247 
Vik = 0198280 

1— Vk = 0.01720 
14 Vk = 1.98280 





1+ Vk 





k=— 


Lg (1— Vk) = 8.23553 
— Lg (1+ Vk) = 9.70272 


— Lg 2 = 9.69897 
Lg q’ = 7.63722 
q = 0.00434 


—2Lg(1+ Vk) = 


pa, 
M(+ vk)? 


Lg 2 = 0.3010 
Lg? q/-1 = 0.3734 
— Lg M = 0.3622 
9.4084 
Lg K = 0.4420. 


Hence K = 2.768 and the complete periodic time is 4K Va/g. 


ai yan? tee 
dp (ih aa cnw = V1—a/h, 


odie = ate K=ICOtn, 
A fie enw 3 
Lg k? = 9.96988 
Lg 4 = 0.60206 
— Lg 3 = 9.52288 
Lg cot* \ = 0.09482 


Lg cot \ = 0,02370 


Le cosh 2 v’ 


tan (| T — r) = 2’ cosh2 vr’, L7= 


d = 48° 26’ 12” 
ta — r= 1°38’ 48” 
Lg tan = 8.43603 
Lg 2q’ = 9.93825 


= 0,49778 


dnw = V1— k2a/h. 





2v = 1.813 
Lg 2’ = 0.2584 
— Lg? q’-1 = 9.6266 
Lg M = 9.6378 


ie 
Tarde 2 = o1naae: 
Va Kk 
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Hence the time for y = a is t = 0.3333 K Va/y = } whole time of ascent. 


lg 2, a h/sinh rK/3 K’ — q?2 sinh rK/K’\2 
y =hsn? eek == - = = = : = = 
Na3” Ng &\cosh rK/3 K’ + q? cosh rK/K 


gt gia —q : qt=ct—¢ ; 
= 2a (! : i )=20(—"—2). 
GE oe bog ME eM SiS oh: 
Jf 7i = 
LLgq’ = 9.21241 ¢=01681 | ogg aay 


—}Lgq’ = 0.78759 q’/ § = 6.1319 6.2993 


This gives y = 1.732 a, which is very near the top at h = 1.866a. In fact starting 
at 80° from the vertical the pendulum reaches 43° in a third and 90° in another 
third of the total time of descent. As sn} is (1+ k/)~3 it is easy to calculate 
the position of the pendulum at half the total time of descent. 











EXERCISES 


1. Discuss these integrals by the method of mapping : 























(a(n ae , a>b>9Q, w = bsnaz, fo 
V (a2 — w?) (0? — w?) a 
(ie) ee i ua ; w = sn? (; Zs k), 2=2sn-1(y Z, k), 
0 Vw(1— w) (1 — kw) 2 
(y) z= ie ae , 2 Bu: 2) = tni(z, &), z = tn—!(w, &). 
9 V(1+ w?) (1+ k2w?) cn (2, k) 
2. Establish these Maclaurin developments with the aid of § 177: 
(a) snz=z—-(14+K ») = 40 4+14e 8 yee ae 
5! 
(8) eng=1— = (1442 yt 44 k2 4 1614) = 4 
at ~6 
(y) danz=1-B= “te (4+ h rus (16 + 44k? + hee 


o “f dy 
0 aes oF V1l-l- i—-isiny 


4. Carry out the computations in these cases ; 


vo) 2) 
(a) f fod ee to find Ix, sn, K, a 7 =k 
9 V1—0.1 sin? 6 3 8 ‘10, 


p d § 
) ah Be iene to find K, sn : 156 F ne, wa : 
0 V1—0.9 sin? 8 3 3° V10 


5. A pendulum oscillates through an angle of (a) 180°, (8) 90°, (y) 340°. Find 
the periodic time, the position at t= 3K, and the time at which the pendulum 
makes an angle of 30° with the vertical, 





3. Prove l>1, sin?y = Psin?¢. 
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6. With the aid of Ex.3 find the arc of the lemniscate r? = 2a? cos a i Also 
the are from ¢ = 0 to @ = 30°, and the middle point of the arc. 


7. A bead moves around a vertical circle. The velocity at the top is to the 
velocity at the bottom as 1:n. Express the solution in terms of elliptic functions. 


8. In Ex. 7 compute the periodic time if n = 2, 3, or 10. 


9. Neglecting gravity, solve the problem of the jumping rope. Take the z-axis 
horizontal through the ends of the rope, and the y-axis vertical through one end. 
Remember that ‘‘centrifugal force”’ varies as the distance from the axis of rotation, 
The first and second integrations give 


2d b2  ‘q2 2 q2 
ae andy : ny hava Vb er |b o : 
V (0? — ¥2)2 — @ a b? + a? 


d 
10. Express fl Brie! 2 , @> 1, in terms of elliptic functions. 


Va— cosé 





11. A ladder stands on a smooth floor and rests at an angle of 30° against a 
smooth wall. Discuss the descent of the ladder after its release from this position. 
Find the time which elapses before the ladder leaves the wall. 


12. A rod is placed in a smooth hemispherical bow] and reaches from the bot- 
tom of the bowl to the edge. Find the time of oscillation when the rod is released. 


190. Legendre’s Integrals II and III. The treatment of 


aN) (ne ase w eo ; 
V1 — Kw it ole (l= hw*) dw (II) 
Co Vib 0 Va — w*) (1 — k’w?) 











by the method of conformal mapping to determine the function and its 
inverse does not give satisfactory results, for the map of the Riemann 
surface on the z-plane is not a simple region. But the integral may be 
treated by a change of variable and be reduced to the integral of an 
elliptic func tion. For with w= sn U, = Ss 2 


He Quan Eo tietps {i (1 — k? sn? w) du 
; V1 — w*) (1 — kw? 0 
=u — mf sn? udu. 
0 


The problem thus becomes that of integrating sn*w. To effect the in- 
tegration, sn? w will be expressed as a derivative. 

The function sn?w is doubly periodic with periods 2K, 27A', and 
with a pole of the second order at w = 7K'. But now 








@(u+2K)=0(), @(u+2iK')=— qe *"@(u) 


Ae LT 
log @(u + 2K) = log @(u), log (@ + 2ik") = log O(w) — u — log (— q). 
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It then appears that the second derivative of log @(w) also has the 
periods 2 K, 2iK'. Introduce the zeta function 
d @'(w) 7 d @'(w) 
/) = — log = “) = — ——. 13 

zu) du BOW) @(w) : EN @(w) ta) 
The expansion of @'(w) shows that @'(w) = 0 at w= mK. About w= ik" 
the expansions of Z'(w) and sn’w are 

1 Pye: &! 1 

Ta ia eis 2 a “72 (u — ik? 


Hence kK? sn? u = — Z'(u) + Z'(0), Z'(0) = ©''(0)/@(0), 


Zh) == — es ie 
and 2 f sn?udu = — Z(u) + uZ'(0), 
0 
i (1 — Kk’ sn? wu) du = u(1 — Z'(0)) + Z(u). (14) 
0 
The derivation of the expansions of Z’(u) and sn?u about u = iK’ are easy. 
O(u) = oT — gentie@ E"), log 6 (u) = > log (1 oo gantieK") + log C 


in 
log 6 (u) = log ( = Ger ") + function analytic near u = iK’, 











@’(u) imge K" img 
PAN aie Peer or ee een 
’ Klicoe «:) Hse mca) 
f(u) = eK" =f(iK’) + (u—iK) f/(iK) +---=qtu— iK) 24 rae 
uM) +1 ad O'(u) —1 
@(u) u—ik’ : du @(u)  (u— ik’? ; 
agi 1 Rl ail 
Ke, iwi tka, 
sleek k snw a ct k? sn? wu 
J(u) =snu = uf(0) + du8f’’(0) ++.» = utcui+..., 


2 
en®(u + 4K’) = 1 a(;—% ++) =p (q-2e+--+), 


k? sn? u 5 k? \u 
Cal 1 ) 
sn? ee (ee Oe 

k? \(u— ik’)? 


In a similar manner may be treated the integral 


iP dw LS if du ul 
0 (w? — «@) V(1 — w?) Cl ome kw?) 6 sn? 4 — a ( ) 


Let a be so chosen that sn?a =a. The integral becomes 


w 
: du 1 2snacnadna ] 1h 
; ao - du. 
) smu—swa 2snacnadna sn?u — sn?a (15) 
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The integrand is a function with periods 2.K, 2iK' and with simple 
poles at ~= +a. To find the residues at these poles note 


' UE a ‘ al, 1 
laa ue ae) cp lea 
wt+aSN°U—SN*A yesxa2snucnudnu 2snacnadna 


The coefficient of (w F a)-! in expanding about + a is therefore + 1. 
Such a function may be written down. In fact 
2snacnadna_ H'(w—a)_ H'(u+a) 
smu —sn?a = H(w—a) H(uw+a) 
= Z,(u —a)— Z,(u +a)+C, 
if Z,= H'/H. The verification is as above. To determine C let v= 0. 





+C 





2cnadna H(w) 
Th C= — ————_ 4+ 27 =— 
en ae +2Z (a), but snuw= a @(u) ? 
d enw dn u 
and a log sn wu = PP oe Z,(w) — Z(u). 


Hence C reduces to 2 Z(«) and the integral is 


I pee Pe ces 


sn?u—sn?a 2snacnadna H(a +4) 


The integrals here treated by the substitution w = sn wu and thus reduced to the 
integrals of elliptic functions are but special cases of the integration of any rational 
function R(w, V W) of wand the radical of the biquadratic W = (1 — w?)(1 — k?w?). 
The use of the substitution is analogous to the use of w= sinu in converting an 
integral of R(w, V1— w?) into an integral of trigonometric functions. Any ra- 
tional function R (w, VW) may be written, by rationalization, as 





eT pea Oe BAO A AORN IONE 





R(w) + R(w) VW R(w) 
R R,(w? R.(w? 
= R,(w) + a = R,(w) + ie ae 3 (Ww?) 


where R means not always the same function. The integral of R(w,/VW) is 
thus reduced to the integral of R,(w) which is a rational fraction, plus the inte- 


gral of wR,(w?)/V W which by the substitution w* = u reduces to an integral of 
R(u, V (i — u)(1 — k2u) and may be considered as belonging to elementary calculus, 
plus finally 
Re 
ips dw = f R,(sn? u) du, w=snu. 
VW | 


By the method of partial fractions R, may be resolved and 


du 
fosn2mu du n=0, f= ; n>0 
(sn? u — @)” 


are the types of integrals which must be evaluated to finish the integration of the 
given R(w, VW). An integration by parts (B. O. Peirce, No. 567) shows that for 
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the first type n may be lowered if positive and raised if negative until the integral 
is expressed in terms of the integrals of sn?a% and sn? z =1, of which the first is 
integrated above. The second type for any value of n may be obtained from the 
integral for n = 1 given above by differentiating with respect to w under the sign 
of integration. Hence the whole problem of the integration of R(w, Vv W) may 
be regarded as solved. 





191. With the substitution w = sin ¢, the integral Il becomes 


é er w Pe? 
E (4, k)= fe V1 — k? sin? 6d0 = i" nee (17) 
0 0 








V1 — w? 
= u(1— Z'(0)) + Z(w), ub == Fd, hk). 
In particular E (4 7, £) is called the complete integral of the second kind 
and is generally denoted by E. When ¢ = } 7, the integral wu = F(4q, /) 
becomes the complete integral K. Then 
E=K(1— Z'(0)) + Z(K) = K(1— 2'(0)), (18) 
and E(¢, k) = EF(¢, k)/K + Z(u). (19) 
The problem of computing E(¢, ’) thus reduces to that of computing 
K, E, F($, k) = u, and Z(w). The methods of obtaining A and F(4, k) 
have been given. The series for Z(w) converges rapidly. The value 
of E may be found by computing K (1 — Z'(0)). 
For the convenience of logarithmic computation note that 


Ko eee T 27° - 5 
K = 20) = 5) = Nowe we GET bo eae 


or K—E=}n/Vk'.(20/K)iqg(—4¢+-:-). (20) 





@'(u) 297 sin 2y—2q*sin4dv+--- 
@(w) kK 1—2qcos2v+2q*cos4v—--- 





Also Z(u) = (21) 
where v= mu/2 Kk. These series neglect only terms in g‘, which will 
barely affect the fifth place when k& S sin 82° or k? = 0.98. The series 
as written therefore cover most of the cases arising in practice. For in- 
stance in the problem which gives the name to the elliptic functions 
and integrals, the problem of finding the are of the ellipse x = @ ain 4, 
y = 6 cos ¢, 
ds = Va? cos? & + 0? sin? odd = aV1i—e’*sin® ddd; 


the eccentricity e may be as high as 0.99 without invalidating the 
approximate formulas. An example follows. 





Let it be required to determine the length of the quadrant of an ellipse of 
eccentricity e= 0.9 and also the length of the portion over half the semiaxis 
inajor. Here the series in q’ converge better than those in g, but as the proper 
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expression to replace Z(u) has not been found, it will be more convenient to use 
the series in g and take an additional term or two. Ask = 0.9, k? = 0.19. 


Lg k? = 9.27875 Lg (1— Vk’) = 9.58120 5 diff. = 6.55515 
Le Vk’ = 9.81969 Lg (1+ Vk’) = 0.22017 Lg 16 = 1.20412 
Vik’ = 0.66022 diff. = 9.81108 Lg term 2= 5.35103 
1—Vk’ = 0.33978 Lg 2 = 0.30108 term 1 = 0.10233 
1+4+Vk’ = 1.66022 Lg term 1 = 9.01000 term 2 = 0.00002 
q = 0.10235. 

Leq = 9.0101 Lg 2 = 0.7982 Lg } r/Vk’ = 0.3764 

8Le¢q = 7.0803 —2Lg¢(1+ Vk’) = 9.5597 8 log 2m/K = 0.6603 

4Lgq = 6.0404 Lg (1 + 2¢*) = 0.0001 Lg q = 9.0101 

g = 0.0011 Lg K = 0.3580 Lg (1—4q3) = 9.9981 

gt = 0.0001 K = 2.280 Lg (K — E) = 0.0449. 


Hence K—#H=1.109 and #=1.171. The quadrant is 1.171a. The point cor- 
responding to z = }a is given by ¢ = 30°. Then dn F = V1— 0.2025. 


Lg dn F = 9.9509 t7—r=8°31Y cos 2 vy = 0.7328 
Lg Vk’ = 9.8197 Lg tan = 9.1758 Hence 4» near 90° 
Lg cot’ = 0.1312 Le 2q= 9.8111 1+ 2q*cos4v = 1.0000 
rd = 36° 28)’ Lg cos 2 v = 9.8647 2y = 42°55’, 
Now 180 F = K (42.92). The computation for F, Z, (47) is then 
Lg K = 0.3580 Lg 27/K = 0.4402 Lg E/K = 9.7106 
Lg 42.92 = 1.6326 Lg q = 9.0101 Lg F = 9.7353 
— Lg 180 = 7.7447 Lg sin 2» = 9.8331 EF/K = 0.2792 
Lg F = 9.7353 — Lg (1— 2q cos 2v) = 0.0705 Z = 0.2256 * 
F = 0.5436 Lg Z = 9.8539 E(k) = 0.5048, 


The value of Z marked * is corrected for the term — 2q?sin4y». The part of the 
quadrant over tHe first half of the axis is therefore 0.5048 a and 0.666 a over the 
second half. To insure complete four-figure accuracy in the result, five places 
should have been carried in the work, but the values here found check with the 
table except for one or two units in the last place. 


EXERCISES 
1. Prove the following relations for Z(u) and Z,(u). 


Z(—u)=— Zu), Z(u+2K)=Z(u), Z(u + 2iK’) = Z(u) — ia/K. 











d H’(u) ob ie in 
— o a 5 Z A = Zi Sais 
If Z,(u) We HF (u) HT (u) (uu + 1K’) (u) aK’ 
1 du 
SS SHC Z’(0), = — Z,(u) + uZ’(0), 
sn? u NO emi ice st) 


enudnwu 





d . 
Z,(u) — Z(u) = os log snu = ’ Z,(0) = x, 


snu 
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2. An elliptic function with periods 2 K, 21K’ and simple poles at @,, @,,°++,4n 
with residues ¢,, Cy, +++, ¢n, 2¢ = 0, may be written 


F(u) = €,Z,(u — a,) + CoZ4(u — My) + +++ + CpZ,(U — An) + const. 


3 k? snacnadnasn? wv 
1— k? sn? asn?u 





= Fou a) — 52 (u + a) + Z’(a), 


u sn? udn O(a — u) 
P d i eM INS Od ee uZ(da). 
k*snacnadna 0 1—k2sn2asn2u 7 ~ O(a + u uy 


4. (a) f 2 = nuni(0)— Vat (Vin) — VX veda 4 ¢ 
sn? Vu 





nV Au 
—en Vx » 
=u — VAE(¢ = sin-1sn Vu) — jon Vu dn Vu +C, 
sn V Xu 
k’?du snuecnu shu chu 
= { dn? udu — 2 ———__ = FE (¢ = sin! sn u) — 2 —__—_ 
(8) pat if dnu vs ) dnu ’ 


en? udu enu 
=u—2H(¢ =sin-!snu —— (f= Ddn ay). 
(7) {Peer arr dn? u (» one dn x! sa 


5. Find the length of the quadrant and of the portion of it cut off by the latus 
rectum in ellipses of eccentricity e = 0.1, 0.5, 0.75, 0.95. 


6. If e is the eccentricity of the hyperbola z?/a? — y?/b? = 1, show that 


2 ‘Ge 2 
pats Ses) bag where “y=tan¢, bee 
aevo /1— k2sin? p 6? ~ 


aoe F(¢, k) — aeE(¢, k) + aetan ¢ V1— k* sin? ¢, 
ae 


7. Find the arc of the hyperbola cut off by the latus rectum if e = 1.2, 2, 3. 
8. Show that the length of the jumping rope (Ex. 9, p. 511) is 
a(’K/V2 + V2E/k’). 


9. A flexible trough is filled with water. Find the expression of the shape of 
a cross section of the trough in terms of F'(¢, k) and E(q, k). 


10. If an ellipsoid has the axes a > b >, find the area of one octant. 


1 
me? + ze 
4 4sing 








2 2 2 
[5 F (¢, k) +s E(, |, cos g = a = ba - 
a b? sin? d 


11. Compute the area of the ellipsoid with axes 3, 2, 1. 


12. A hole of radius 6 is bored through a cylinder of radius a>b centrally and 
perpendicularly to the axis. Find the volume cut out. 


13. Find the area of a right elliptic cone, and compute the area if the altitude 
is 3 and the semiaxes of the base are 1} and 1, 
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192. Weierstrass’s integral and its inversion. In studying the 
general theory of doubly periodic functions (§ 182), the two special 
functions p(w), p'(w) were constructed and discussed. It was seen that 








¥ dw : 
ee Ce aS 2 n= 0 
f V4 we — J a a, PC ay Di 5 


(22) 








fe ap ocileea0 
% ; e yop Gy 
- Vito=eyemeywmaqy TS 


where the fixed limit oo has been added to the integral to make w= 
and z= 0 correspond and where the roots have been called ¢,, e,, ¢,- 
Conversely this integral could be studied in detail by the method of 
mapping; but the method to be followed is to make only cursory use 
of the conformal map sufficient to give a hint as to how the function 
p(#) may be expressed in terms of the functions sn z and enz. The 
discussion will be restricted to the 

case which arises in practice, namely, ® 
when g,and g, are real quantities. - 
There are two cases to consider, one 

when all three roots are real, the other when one is real and the other 
two are conjugate imaginary. The root e, will be taken as the largest 
real root, and e,as the smallest root if all three are real. Note that the 
sum of the three is zero. 

In the case of three real roots the Riemann surface may be drawn 
with junction lines e,, ¢,,and e,,«. The details of the map may readily 
be filled in, but the observation is sufficient that there are only two 
essentially different paths closed on the surface, namely, about ¢,, ¢, 
(which by deformation is equivalent to one about e,, 0) and about e,, e, 
(which is equivalent to one about e,, — ©). The integral about e,, e, is 
real and will be denoted by 2 w,, that about e,, e, is pure imaginary and 
will be denoted by 2w,. If the function p(z) be constructed as in § 182 
with » = 2,, o' = 2, the function will have as always a double pole 
at z= 0. As the periods are real and pure imaginary, it is natural to 
try to express p(z) in terms of sn z. As p(z) depends on two constants 
Joo Jy» Whereas sn z depends on only the one k, the function p (z) will 
be expressed in terms of sn (Vz, k), where the two constants A, k are 
to be determined so as to fulfill the identity p® = 4 p*—g,p —g,. In 
particular try 





» i, A, X, k& constants. 


sn? ( Vz, k) 








p@=At 
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This form surely gives a double pole at = 0 with the expansion 1/2’. 
The determination is relegated to the small text. The result is 


iS} 








pe@=4+ ly 


0, — e, Spee Mama 


’ [i 
sn? (Vz, k) é,—@ 
L=¢—4>0, oVA=K, ©, VA=iK" 


te 


(23) 


In the case of one real and two conjugate imaginary roots, the 
Riemann surface may be drawn in a similar manner. There are again 
two independent closed paths, one about e,, e, and another about @,, ¢,. 
Let the integrals about these paths be respectively 2, and 2,. That 


2 








2w, is real may be seen by deforming the path until it consists of a 
very distant portion along which the integral is infinitesimal and a path 
in and out along e,,0, which gives a real value to the integral. As 
2, is not known to be pure imaginary and may indeed be shown to be 
complex, it is natural to try to express p(z) in terms of cn 2 of which 
one period is real and the other complex. Try 


1+ en(2 Vy, k) 
1 — en(2 Vz, k) 


This, form surely gives a double pole at = 0 with the expansion 1/z*. 
The determination is relegated to the small text. The result is 


p)=At+h 














1+ en(2 Vyz, k) eee a, 
Seno cia Te Khe ees a | 
1 —en(2 V pe, k) 2 4p 
a 2 (23') 
Vike (€;— @,)(@, =: e,), V pw, = i, V pw, = 4(K + 1K’). 
To verify these determinations, substitute in p? = 4p8 — g.p — gg. 
(Crepe p’(2) = 2ni on(Vdz, k) dn (Wrz, k) 
* sn? (Wxaz, k) sn (Wz, k) ; eK; 
4y8 (1— lls k? sn?) = (4 , 84% 3AM x) =o Sake, / 
sn sn? sn sné ss sn? ; 


Equate coefficients of corresponding powers of sn?. Hence the equations 


4A3—gA—g,=0, 407k? =12A?—gd, —A(14+K)=84. 


ELLIPTIC FUNCTIONS 519 


The first shows that A is a root e. Let A =e,. Note — g, = ee) + €€; + €n€5. 
A+ Ak? = 3 en? + ey + Cy€g + Ces = (€, — €p) (C3 — €), 
A+ AkK2 =— Be, =e, -e, + e,— &, 
by virtue of the relation e, + e+e, =0. The solution is immediate as given. 


To verify the second determination, the substitution is similar. 








1+ en2V uz 4u2 sn dn 
p(Z=A+u = 02) =— ——— 
1] eno Vue (t= en)? 
1 Vy Bae 
[pop = 1680+ aS ae PY) = 48 [8 420-28) 2 +t] 


where t = (1+ en)/(1— cn). The identity p? = 4p — g,p — g, is therefore 
4p3 [8 + 2(1— 2k?) 4 t] = 4(43 + 3 A2ut + 3 Apt? + 8t) —g, A — gout — gz. 
4A’ — g,A —g, = 0, fe — 12RAz ig, 2u(1— 2k) =3A. 
Here let A =e,. The solution then appears at once from the forms 
p? = 8 e,? + €,€, + €1€s + Cn€s = (€; — €)(€, — €3), w(1— 2k?) =3A/2. 

The expression of the function p in terms of the functions already 
studied permits the determination of the value of the function, and by 
inversion permits the solution of the equation p(z) =e. The function 
p(#) may readily be expressed directly in terms of the theta series. 
In fact the periodic properties of the function and the corresponding 
properties of the quotients of theta series allow such a representation 























269 2.69 ;+ 2.00, 9.692 2@);+2G9 
2 = 
dS is 
as v|s 
As a5 
rs Veal 
| e2<P<es?|" @>D>eo 
Sie peo Sl p*‘o 
Te) 3S Als 
2 ¢ 
8 “co p>e, © 3 e@,<p<o €1< P<oo 


0—0<pso o<pkao 209, 0-w<pko o<pkro 20, 


to be made from the work of § 175, provided the series be allowed com- 
plex values for g. But for practical purposes it is desirable to have the 
expression in terms of real quantities only, and this is the reason for a 
different expression in the two different cases here treated.* 

The values of z for which p(z) is real may be read off from (23) and 
(23') or from the correspondence between the w-surface and the z-plane. 
They are indicated on the figures. The functions p and p' may be used 
to express parametrically the curve 


y=4e—gex—g, by y=p'), gmap (2), 


*It is, however, possible, if desired, to transform the given cubic 4w> — gow — gz with 
two complex roots into a similar cubic with all three roots real and thus ayoid the dupli- 
cate forms. The transformation is not given here. 
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The figures indicate in the two cases the shape of the curves and the 
range of values of the parameter. As the function p is of the second 
order, the equation p(z) =e has just two roots in the parallelogram, 
and.as p(z) is an even function, they will be of the form z= a and 
z= 2, + 20,—a and be symmetri- 
cally situated with respect to the cen- 
ter of the figure except in case a lies 
on the sides of the parallelogram so 
that 2,-+ 2,—a@ would he on one 
of the excluded sides. The value of 
the odd function p' at these two points 
is equal and opposite. This corresponds precisely to the fact that to 
one value « =c of a there are two equal and opposite values of y on 
the curve y? = 42° — g,x — g,. Conversely to each point of the parallelo- 
gram corresponds one point of the curve and to points symmetrically 
situated with respect to the center correspond points of the curve sym- 
metrically situated with respect to the z-axis. Unless 2 is such as to 
make both p(z) and p'(z) real, the point on the curve will be imaginary. 





193. The curve y? = 4x3 — g,x — g, may be studied by means of the properties 
of doubly periodic functions. For instance 


Ac + By + C= Ap’(z) + Bp(z) + C=0 


is the condition that the parameter z should be such that its representative point 
shall lie on the line Ax + By + C=O. But the function Ap’(z) + Bp(z) + C is 
doubly periodic with a pole of the third order; the function is therefore of the 
third order and there are just three points zZ,, 2,, 2, in the parallelogram for which 
the function vanishes. These values of z correspond to the three intersections of 
the line with the cubic curve. Now the roots of the doubly periodic function sat- 


isfy the relation 
2, +2 +2, —3 X 0=2m,w, + 2mMyw,. 


It may be observed that neither m, nor m, can be as great as 3. If conversely 2,, 2, Zs 
are three values of z which satisfy the relation z, + z, + Zz, = 2 mM,o, + 2m,w,, the 
three corresponding points of the cubie will lie on a line. For if z, be the point in 
which a line through z,, 2, cuts the curve, 


7 ¢ ¢ or Mi ai , 
Zt eq + %Z=2myw, + 2mgwy, — % — 23 = 2(m, — m)) w, + 2(m, — m4) wp, 


and hence 2s, 2; are identical except for the addition of periods and must therefore 
be the same point on the parallelogram. 

One application of this condition is to find the tangents to the curve from any 
point of the curve. Let z be the point from which and z’ that to which the tangent 
is drawn. The condition then is z + 22’ = 2 M,o, + 2myw., and hence 


, 


2 =—}az, 2 =— 42+, 2 =—}2+ w, 2 =—4}2+ 0, + w, 


are the four different possibilities for 2’ corresponding to m, =m, =0; m, = 1, 
mM, =0; m,=0,m,=1; my =1,m,=1. To give other values to m, or m, would 
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merely reproduce one of the four points except for the addition of complete periods. 
Hence there are four tangents to the curve from any point of the curve. The 
question of the reality of these tangents may readily be treated. Suppose z denotes 
a real point of the curve. If the point lies on the infinite portion, 0 <z <2 w,, and 
the first two points 2’ will also satisfy the conditions 0 < z’ <2, except for the 
possible addition of 2w,. Hence there are always two real tangents to the curve 
from any point of the infinite branch. In case the roots e,, €,, e, are all real, the 
last two points z’ will correspond to real points of the oval portion and all four 
tangents are real; in the case of two imaginary roots these values of z’ give imag- 
inary points of the curve and there are only two real tangents. If the three roots 
are real and z corresponds to a point of the oval, z is of the form w, + u and all 
four values of 2’ are complex, 


—t0,—4u, —to,—4ut+o,, +iw,— Fu, + 4o4,—4U + ow, 


and none of the tangents can be real. The discussion is complete. 

As an inflection point is a point at which a line may cut a curve in three coin- 
cident points, the condition 3z = 2m,w, + 2m,w, holds for the parameter z of such 
points. The possible different combinations for z are nine: 


z2=0 3 py $M, 
2 2 2 2 4 
Epeal 3 Oy + 3%. FO, + x 
4 4 2 4 4 
3% 2 Wy > 3% gy + 3M. 


Of these nine inflections only the three in the first column are real. When any 
two inflections are given a third can be found so that z, + 2, + 2, is a complete 
period, and hence the inflections lie three by three on twelve lines. 

If p and p’ be substituted in Az? + Bry + Cy?+ Dxr+ Hy 4+ F, the result is a 
doubly periodic function of order 6 with a pole of the 6th order at the origin. 
The function then has 6 zeros in the parallelogram connected by the relation 


By Bq + 2y + %y + Z; + 2g = 2M, 4, + 2MyWo, 


and this is the condition which connects the parameters of the 6 points in which 
the cubic is cut by the conic Ax? + Bry + Cy?+ De + Ey + F=0. One applica- 
tion of interest#s to the discussion of the conics which may be tangent to the cubic at 
three points Z,, 2, z,. The condition then reduces to z, + 2) + 2; = M,w, + MgW,. 
If m,, m, are 0 or any even numbers, this condition expresses the fact that the 
three points lie on a line and is therefore of little interest. The other possibilities, 
apart from the addition of complete periods, are 


24+ %,4+ 2% =, Z1 + 2, + 23 = 2, Zy + Z + 2% = w, + Wp. 


In any of the three cases two points may be chosen at random on the cubic and 
the third point is then fixed. Hence there are three conics which are tangent to 
the cubic at any two assigned points and at some other point. Another application 
of interest is to the conics which have contact of the 5th order with the cubic. 
The condition is then 6z = 2m,w, + 2m... AS m,, m, may have any of the 6 
values from 0 to 5, there are 36 points on the cubic at which a conic may have 
contact of the 5th order. Among these points, however, are the nine inflections 
obtained by giving m,, m, even values, and these are of little interest because the 
conic reduces to the inflectional tangent taken twice. There remain 27 points at 
which a conic may have contact of the 5th order with the cubic, 
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EXERCISES 
1. The function ¢(z) is defined by the equation 


— ¢(z)=p(z) or t= f p@de= 2 — Feet ten. 


Show by Ex. 4, p. 516, that the value of ¢ in the two cases is 


Vy Vrxzdn Viz 
sn VXz 


’ 


¢(2) =— ez + VAE(S, k) + 


= on V uz 
(@)=—(+e)2+ 2 Ve EF (¢, + Vu ———— (2 dn? Vpz — 1), 
sn Vez dn V uz 
where NS, = ke? = (€, — €)/(€; — &), ¢ = sin-1 sn Viz, 


gyal = Ve — €,)(€, — es), k? = 4 — 8e,/A4uy, ¢ =sin-1sn Viz. 


2. In case the three roots are real show that p (z) — e; is a square. 


rs aes N Jie i 
OES ee Vp(Z)—@& = ig Mo & =e 


= — 


sn VAZ sn VAZ sn Vidz 

What happens in case there is only one real root ? 

3. Let p(2; 92, gg) denote the function p corresponding to the radical 

V4 p* — gop — Gs. 

Compute p (4; 1, 0), (4; 0, 4), p(¢; 18, 6). Solve p(z; 1, 0)=2, p(z; 0, 4) =8, 
| Glan) == 0; 

4. If 6 of the 9 points in which a cubic cuts y? = 4x23 — g,x — g, are on a conic, 
the other three are in a straight line. 


5. If a conic has contact of the second order with the cubic at two points, the 
points of contact lie on a line through one of the inflections. 


6. How many of the points at which a conic may have contact of the 5th order 
with the cubic are real ? Locate the points at least roughly. 


7. If a conic cuts the cubie in four fixed and two variable points, the line join- 
ing the latter two passes through a fixed point of the cubic. 


8. Consider the space curve e=snt, y=ent, zg=dnt. Show that to each 
point of the rectangle 4 K by 47K’ corresponds one point of the curve and con- 
versely. Show that the curve is the intersection of the cylinders x2 + y? = 1 and 
kn? + 22=1. Show that a plane cuts the curve in 4 points and determine the 
relation between the parameters of the points. 


9. How many osculating planes may be drawn to the curve of Ex. 8 from any 
point on it? At how many points may a plane have contact of the 3d order with 
the curve and where are the points ? 


10. In case the roots are real show that ¢(z) has the form 


n 
f@)=—e+ Vx Z,(Vxz2), a = ViE——. 
' Vv 
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Hence loge) = f $@) Dyce Mt 2 4 log H(Vxz) + OC 
2 w, 
17 42 = 

or o(z)= Ce? H(Vdz). 


11. By general methods like those of § 190 prove that 








1 1 
FIO Wea RCO et AON 
and ———a ye) 9) | 
Dia Pika) p(a) ~o(—a) p’(a) 


12. Let the functions 6 be defined by these relations : 
K 
6(z) = H( “), 6,(2) = H, (= “); 6,(z) = 0 (=); 6,(z) = o(—) 
@ w w 


oO 1 il 1 








TW, 





with g =e “: . Show that the @-series converge if w, is real and w, is pure imagi- 
hary or complex with its imaginary part positive. Show more generally that the 
series converge if the angle from w, to w, is positive and less than 180°. 











n 22 2 by 22 > 
13. Let o(eysre es ie) F Seg(2) = eros cA) 
4’(0) Ga(0) 
Prove ¢(z + 2w,) = — e?2@* ) ¢(z) and similar relations for o,(z). 
14. Let 25 a, or 1 — No” we HU 
Ai Or 
Prove ¢(z + 2w,) = — e?%(* s)¢(z) and similar relations for c¢(z). 
15. Show that ¢ (— z) = — o(z) and develop « (z) as 
ype ee ; ba : 2. Lee @® 
= eee dh 2 ee! | soe = 2-1 O- 22 we if »=-= C 
MSs k ee Ola ¢ tS 53 20) 


16. With th® determination of y, as in Ex. 15 prove that 
d ! d? ; 
— log « (z) = ¢(2), — — loga(z)=— ¢(z) = PZ) 
dz dz? 
by showing that p(z) as here defined is doubly periodic with periods 2,, 2,, 


with a pole 1/z? of the second order at z= 0 and with no constant term in its 
development. State why this identifies p(z) with the function of the text, 


CHAPTER XX 
FUNCTIONS OF REAL VARIABLES 


194. Partial differential equations of physics. In the solution of 
physical problems partial differential equations of higher order, partic- 
ularly the second, frequently arise. With very few exceptions these 
equations are linear, and if they are solved at all, are solved by assum- 
ing the solution as a product of functions each of which contains only 
one of the variables. The determination of such a solution offers only 
a particular sclution of the problem, but the combination of different 
particular solutions often suffices to give a suitably general solution. 


For instance 
OV eV ev i1ev 1e8v 
Bea es ee ® Page (1) 





is Laplace’s equation in rectangular and polar coérdinates. For a solu- 
tion in rectangular codrdinates the assumption V = X (2) Y(y) would be 
made, and the assumption V = R(*)(¢) for a solution in polar coér- 
dinates. The equations would then become 

xt y" eR R! op! 


aa ee See oF = > 
tk oe a eae Ss (2) 





Now each equation as written is a sum of functions of a single variable. 
But a function of x cannot equal a function of y and a function of r 
cannot equal a function of ¢ unless the functions are constant and have 
the same value. Hence 





xl op" 
« — 2 2 
— = —= 2s —_—=—=— m 
A . ® J 
or or 
yl wR of (2) 
> aa a i 2 
Sat Sin : +r =+ mm. 
R R 


These are ordinary equations of the second order and may be solved 
as such. The second ease will be treated in detail. 
The solution corresponding to any value of m is 


P= a,, cos md + O,, sin md, Rad oe 4 Bop 
and V=RO= (A,7r" + Br”) (a, COS mp + b,, sin mp) 
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or V= >; (A,,0" + Br”) (dn COS mp + ,, 8in mp). (3) 


That any number of solutions corresponding to different values of m 
may be added together to give another solution is due to the linearity 
of the given equation ($96). It may be that a single term will suffice 
as a solution of a given problem. But it may be seen in general that: 
A solution for V may be found in the form of a Fourier series which 
shall give V any assigned values on a unit circle and either be conver- 
gent for all values within the circle or be convergent for all values 
outside the circle. In fact let f() be the values of V on the unit circle. 
Expand f(¢) into its Fourier series 


T(o) =} + >) (a,, COS mp + b,, Sin me). 
Then V=ta,+ > pm (a, cos mp + ,, sin mo) (3') 


will be a solution of the equation which reduces to f(@) on the circle 
and, as it is a power series in 7, converges at every point within the 
circle. In hke manner a solution convergent outside the circle is 


V=tat >) r—™ (a, COS mp + b,, Sin me). (3") 
m 

The infinite series for V have been called solutions of Laplace’s equation. As a 
matter of fact they have not been proved to be solutions. The finite sum obtained 
by taking any number of terms of the series would surely be a solution ; but the 
limit of that sam when the series becomes infinite is not thereby proved to be a solu- 
tion even if the series is convergent. For theoretical purposes it would be necessary 
to give the proof, but the matter will be passed over here as having a negligible 
bearing on the practical solution of many problems. For in practice the values of 
7 (¢) on the cirqe could not be exactly known and could therefore be adequately 
represented by a finite and in general not very large number of terms of the de- 
velopment of f(¢), and these terms would give only a finite series for the desired 

function V. 


In some problems it is better to keep the particular solutions sepa- 
rate, discuss each poss'ble particular solution, and then imagine them 
compounded physically. Thus in the motion of a drumhead, the most 
general solution obtainable is not so instructive as the particular solution 
corresponding to particular notes; and in the motion of the surface of 
the ocean it is preferable to discuss individual types of waves and com- 
pound them according to the law of superposition of small vibrations 
(p. 226). For example if 


Lge <02_, Cz Le ee ole Yee eee 
Bee, © = ae g= XYT. 
Ot ax? © dy? Ae ee / 
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be taken as the equation of motion of a rectangular drumhead, 
sin ax 5 sin Bx, _ fsine Va? + Bt 

x= = T= esd’ 
COS ar, cos Bx, cos c-Va? + Bt 


are particular solutions which may be combined in any way desired, 
As the edges of the drumhead are supposed to be fixed at all times, 


2= if a=0,0 2]a, y=O yoo. cosy 
where the dimensions of the head are a by 6. Then the solution 


MTL NT m nv 


eis : : y 
z2—=NYT=sin sin — cos ¢ —_+—ft 4 
si b CT 2B (4) 





is a possible type of vibration satisfying the given conditions at the 
perimeter of the head for any integral values of m, n. The solution is 
periodic in ¢ and represents a particular note which may be omitted. 
A sum of such expressions multiplied by any constants would also be 
a solution and would represent a possible mode of motion, but would 
not be periodic in ¢ and would represent no note. 

195. For three dimensions Laplace’s equation becomes 


Or OV Lev ey art Le 
Ae a + sin? ag? * sin 0 00 (sin 4 ee ©) 
in polar codrdinates. Substitute V = R(r)@(A)®(¢); then 


Ab al (~ 7 ae 1 d (sin 9) 4 ; if igs) 7 








Radr\ dr @ sin 0d6 dé sin? 6 d¢? 


Here the first term involves 7 alone and no other term involves r 
Hence the first term must be a constant, say, n(m +1). Then 





l TR 
: i )- n(n +1)R=0, B= APS oro 


dr dr 


Next consider the last term after multiplying through by sin? @. It ap 
pears that @~'" is a constant, say, — m*. Hence 


" 2, , ; 
©" =— mm, ® = a,, cos mp + b,, sin md. 
Moreover the equation for © now reduces to the simple form 


d 
decos 0 


/® LO wl 
{22 Gos? : eee ae 
[ cos? 6) cP 1 + E (n +1) i—cos"6 ® = 0. 








The problem is now separated into that of the integration of three 
differential equations of which the first two are readily integrable. The 
third equation is a generalization of Legendre’s (Exs. 138-17, p. 252), 
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and in case n, m are positive integers the solution may be expressed in 
terms of polynomials P,, ,, (cos 8) in cos 6. Any expression 


» (A,r" + Byr—"-4) (an, COS mp + ,, Sin mp) P,, » (COS 8) 


n,m 


is therefore a solution of Laplace’s equation, and it may be shown that 
by combining such solutions into infinite series, a solution may be 
obtained which takes on any desired values on the unit sphere and 
converges for all points within or outside. 

Of particular simplicity and importance is the case in which V is sup- 
posed independent of @ so that m = 0 and the equation for @ is soluble 
in terms of Legendre’s polynomials P,, (cos 6) if m is integral. As the 
potential V of any distribution of matter attracting according to the in- 
verse square of the distance satisfies Laplace’s equation at all points 
exterior to the mass (§ 201), the potential of any mass symmetric with 
respect to revolution about the polar axis 6= 0 may be expressed if 
its expression for points on the axis is known. For instance, the poten- 
tial of a mass J distributed along a circular wire of radius @ is 








(M Lge  WsBaye Ihe Boly GF 
ee Mee, (1 Eee MO Ue 
Ve + 7? Mika Wer  WoBor WeBedy or 

ies Gielae poo eS 


at a point distant 7 from the center of the wire along a perpendicular 
to the plane of the wire. The two series 





M 1 7 1-374 1-3.5 7° 
v al? Ba 2 2d at s 24.6q 9b? 7 <% 
ios 





M [a+ ta? Toe 1-3:ba 
Pee 9 Pat tae on . Pe > a, 


are then precisely of the form 34,7"P,, 3A,r7~”"~'P, admissible for 
solutions of Laplace’s equation and reduce to the known value of V 
along the axis 6= 0 since P,(1)=1. They give the values of V at all 
points of space. 

To this point the method of combining solutions of the given differ. 
ential equations was to add them into a finite or infinite series. It is 
also possible to combine them by integration and to obtain a solution 
as a definite integral instead of as an infinite series. It should be noted 
in this case, too, that a limit of a sum has replaced a sum and that it 
would theoretically be necessary to demonstrate that the limit of the 
sum was really a solution of the given equation. It will be sufficient 
at this point to illustrate the method without any rigorous attempt to 
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justify it. Consider (2') in rectangular coérdinates. The solutions for 
X, Y are 


axa! ; y" s r 
SS Tee, ASO 


¥ cos mz +6,,sinmx, Y=A,e™+B,e-™, 


m 


where Y may be expressed in terms of hyperbolic functions. Now 


V= i em [a(m) cos ma + b(m) sin mx] dm 
" ©) 
Sith >) e—™"[a(m,) cos max + b(m,) sin ma] Am; 
is the limit of a sum of terms each of which is a solution of the given 
equation; for a(m;) and b(m,) are constants for any given value m = m,, 
no matter what functions a(m) and b(m) are of m. It may be assumed 
that V is a solution of the given equation. Another solution could be 
found by replacing e~”” by e™. 
It is sometimes possible to determine a (m), 6 (m) so that V shall 
reduce to assigned values on certain lines. In fact (p. 466) 


S(@) = slap “fO) cos m(A — a2) dAdm. (7) 


Hence if the limits for m be 0 and o and if the choice 


=F 


+a a0 
a(m) = x if F(A) cos mddn, b(m) = i af F(A) sin mddr 


is taken for a(m), )(m), the expression (6) for V becomes 


1 =) +2 : 
V= me if i j e—™" F(A) cos m (A — a) drdm (8) 


and reduces to f(x) when y=0. Hence a solution V is found which 
takes on any assigned values f(x) along the z-axis. This solution clearly 
becomes zero when y becomes infinite. When f(x) is given it is some- 
times possible to perform one or more of the integrations and thus 
simplify the expression for V. 
For instance if 
f(e)=1 whenz>0 and /f(t)=0 when 7<0, 


the integral from — o to 0 drops out and 


1 © o 1 re) 
V=-— i Fi e-my . 1. cosm(A — 2) ddAdm = — f At * e- my cosm(X -~ t)dmdv 
Td/0 0 Td/0 0 





1 od ; 
=— if — ae —— ; (E+ tan-1) <1 — “tant, 
wrdJo ye+t(\—a2)? w\2 y T i) 
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It may readily be shown that when y > 0 the reversal of the order of integration 
is permissible; but as V is determined completely, it is simpler to substitute the 
value as found in the equation and see that V7i.+ V,, = 0, and to check the fact 
that V reduces to f(x) when y= 0. It may perhaps be superfluous to state that 
the proved correctness of an answer does not show the justification of the steps by 
which that answer is found; but on the other hand as those steps were taken 
solely to obtain the answer, there is no practical need of justifying them if the 
answer is clearly right. 


EXERCISES 


1. Find the indicated particular solutions of these equations : 

















CV enV . A 
(a) ¢? Soper os pS Ane ™* (dn COS CME + Dm Sin emz), 
6 a) 
a2 Views 02 Ve a j : 
(8) 2 of = are ve > (Am cos emt + B,, sin cmt) (dm Cos MZ + Dp Sin mz), 
2 27 : 3 
(y) 2 oV = o?V xt S J ; om (sin ca ya [sin cBy T = e-(a? +8), 
ot Git GE COS Can, cos cBy, 


2. Determine the solutions of Laplace’s equation in the plane that have V = 1 
for0<¢<7and V=—1forr7<¢<27 0n a unit circle. 


3. If V =|z — ¢| on the unit circle, find the expansion for V. 


4. Show that V = 2a, sinm7x/l- coscmzt/l is the solution of Ex. 1 (8) which 
vanishes at c= 0 and « =l. Determine the coefficients Gm so that for t=0 the 
value of V shall be an assigned function f(z). This is the problem of the violin 
string started from any assigned configuration. 


5. If the string of Ex. 4 is started with any assigned velocity 0V/ot = f(x) when 
t = 0, show that the solution is Ya, sin mrx/l - sin cmmt/l and make the proper deter- 
mination of the constants ap». 


6. If the drumhead is started with the shape z = f(x, y), show that 
. 


Mere, glee 
sin i COs Cart 








i > Zale es tsa) 


myn 


a pb 7 
Villon, py = if if J (x, y) sin ee atte dydz. 
abJo Jo b 





a 


o? J 0 ¢ . : 
7. In hydrodynamics it is shown that on ee (1 =) is the differential equa- 
ot? bb Oe Ox 
tion for the surface of the sea in an estuary or on a beach of breadth 6 and depth 


h measured perpendicularly to the c-axis which is supposed to run seaward. Find 
(a) y= AJ, (kx) cos nt, kh? = n2/gh, (8a — AJ, (2 Vika) cosnt, k= n*/gm, 


as particular solutions of the equation when (a) the depth is uniform but the 
breadth is proportional to the distance out to sea, and when (8) the breadth is uni- 
form but the depth is mz. Discuss the shape of the waves that may thus stand on 
the surface of the estuary or beach. 
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8. If a series of parallel waves on an ocean of constant depth hf is cut perpen- 
dicularly by the zy-plane with the axes horizontal and vertical so that y = — h is 
the ocean bed, the equations for the velocity potential @ are known to be 


2 2, al Az é 
One oy" oy ty=—h at ey |y=0 
Find and combine particular solutions to show that ¢ may have the form 
¢ = A cosh k(y + h) cos (kx — nt), n2 = gk tanh kh. 


9. Obtain the solutions or types of solutions for these equations. 

















Gj OE AE gh OF ABs op cages cee tale 
(8) a : a 4 oS vet Ans. (dp cos + dn sinmg)In(?), 
ee eee Ans, 7 *3n+ 4) Pmm(e08 8) x 

ox” oy? ez? (Gn, m COS MP + Dyn Sin MP), 
(3) a a +2 aa = al , (€) “s aa = = a + = i 


10. Find the potential of a homogeneous circular disk as (Ex. 22, p. 68; 
Ex. 28, p. 382) 











PIV ee ike ihe 1-1-3845 1-1-3-6 ai 

V= = , - —P,— - P, Si r> d; 
Ge Zi e248 i sg? 4A Gin? 2-4-6-8 r7 sf 
2M r 1 r? 1-1 r* 1-1-3 r6 

= SS=|/ bas = ie —-—P,— oo ee <i, 
a | ar ee Deki ORG | 


where the negative sign before P, holds for @ < 37 and the positive for 6 > 37. 
11. Find the potential of a homogeneous hemispherical shell. 


12. Find the potential of (a) a homogeneous hemisphere at all points outside 
the hemisphere, and (8) a homogeneous circular cylinder at all external points. 
G x? — a 
13. Assume —~ cost - 
2a xv? + a? 
ing disk of radius a charged with Q units of electricity. Find the potential anywhere. 





is the potential at a point of the axis of a conduct- 


196. Harmonic functions; general theorems. A function which 
satisfies Laplace’s equation V%,+ V7, =0 or Vy.+ Vy, + VZ =0, whether 
in the plane or in space, is called a harmonic function. It is assumed 
that the first and second partial derivatives of a harmonie function are 
continuous except at specified points called singular points. There are 
many similarities between harmonic functions in the plane and har- 
monic functions in space, and some differences. The fundamental theo- 
rem is that: Jf a function is harmonie and has no singularities upon 
or within a simple closed eurve (or surface), the line integral of its nor- 
mal derivative along the curve (respectively, surface) vanishes; and con- 


versely if a function V (x, y), or V(x, y, 2), has continuous first and second 
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partial derivatives and the line integral (or surface integral) along every 
closed curve (or surface) in a region vanishes, the function is harmonic. 


For by Green’s Formula, in the respective cases of plane and space 
(Ex. 10, p. 349), 


aV OV OV oy aa 
ees — 5 dx = 
f mom {bee - dy dx =f ar ant Oy? a) dady, 
dV 
nef dS-VV ite: 
fo) 


Now if the function is harmonic, the right-hand side vanishes and so 
must the left; and conversely if the left-hand side vanishes for all 
closed curves (or surfaces), the right-hand side must vanish for every 
region, and hence the integrand must vanish. 

If in particular the curve or surface be taken as a circle or sphere of 
radius @ and polar codrdinates be taken at the center, the normal de- 
rivative becomes ¢)/ér and the result is 


Qa OV Qa 7 OV ; 
f : =0(0 or f i == Sun Holley = (0): 
A or 0 0 or 


where the constant a or a has been discarded from the element of arc 
ad or the element of surface a sin 6d6d¢. If these equations be inte- 
grated with respect to r from 0 to a, the integrals may be evaluated by 
reversing the order of integration. Thus 


0= far fF id = le iipae Ae drdé = i CARER AUES 
and : es “lh = rn fae, or V= Vo, (10) 


where V,, is the value of V on the circle of radius a and V, is the value 
at the center and JV, is the average value along the perimeter of the 
circle. Similar analysis would hold in space. The result states the 





(9) 








important theorem: Zhe average value of a harmonic function over a 
circle (or sphere) is equal to the value at the center. 

This theorem has immediate corollaries of importance. A harmonic 
function which has no singularities within a region cannot become maxt- 
mum or minimum at any point within the region. For if the function 
were a maximum at any point, that point could be surrounded by a 
circle or sphere so small that the value of the function at every point 
of the contour would be less than at the assumed maximum and hence 
the average value on the contour could not be the value at the center. 


532 THEORY OF FUNCTIONS 


A harmonic function which has no singularities within a region and is 
constant on the boundary is constant throughout the region. For the 
maximum and minimum values must be on the boundary, and if these 
have the same value, the function must have that same value through- 
out the included region. Two harmonic functions which have identical 
values upon a closed contour and have no singularities within, are iden- 
tical throughout the included region. For their difference is harmonic 
and has the constant value 0 on the boundary and hence throughout 
the region. These theorems are equally true if the region is allowed to 
grow until it is infinite, provided the values which the function takes 
on at infinity are taken into consideration. Thus, if two harmonic 
functions have no singularities in a certain infinite region, take on the 
same values at all points of the boundary of the region, and approach 
the same values as the point (#, y) or (a, y, #) Im any manner recedes 
indefinitely in the region, the two functions are identical. 
If Green’s Formula be applied to a product UdV/dn, then 


dV LV 7 
foqe=fugu- glans 
o «an o a dy 
=| | vou Vij,) dady +f [were + U,V,) dady, 
or [vasvy = { vvwrae + [ vuvvae (11) 
fo) 


in the plane or in space. In this relation let V be harmonic without 
singularities within and upon the contour, and let U = V. The first inte- 
gral on the right vanishes and the second is necessarily positive unless 
the relations V,=V,=0 or V,=V,=V;=0, which is equivalent 
to VV = 0, are fulfilled at all points of the included region. Suppose 
further that the normal derivative dV/dn is zero over the entire bound- 
ary. The integral on the left will then vanish and that on the right 
must vanish. Hence V contains none of the variables and is constant. 
If the normal derivative of a function harmonic and devoid of singular- 
ities at all points on and within a given contour vanishes identically 
upon the contour, the function is constant. As a corollary: If two 
functions are harmonic and devoid of singularities upon and within a 
given contour, and if their normal derivatives are identically equal 
upon the contour, the functions differ at most by an additive constant. 
In other words, a harmonic function without singularities not only is 
letermined by its values on a contour but also (except for an additive 
ronstant) by the values of its normal derivative upon a contour. 
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Laplace’s equation arises directly upon the statement of some problems in 
physics in mathematical form. In the first place consider the flow of heat or of 
electricity in a conducting body. The physical law is that heat flows along the 
direction of most rapid decrease of temperature 7, and that the amount of the flow 
is proportional to the rate of decrease. As ~VT gives the direction and magni- 
tude of the most rapid decrease of temperature, the flow of heat may be represented 
by — kVT, where k is a constant. The rate of flow in any direction is the compo- 
nent of this vector in that direction. The rate of flow across any boundary is 
therefore the integral along the boundary of the normal derivative of T. Now the 
flow is said to be steady if there is no increase or decrease of heat within any closed 


boundary, that is 
kf dS-VT=0 or Tis harmonic. 
fo) 


Hence the problem of the distribution of the temperature in a body supporting 
a steady flow of heat is the problem of integrating Laplace’s equation. In like 
manner, the laws of the flow of electricity being identical with those for the flow 
of heat except that the potential V replaces the temperature 7’, the problem of the 
distribution of potential in a body supporting a steady flow of electricity will also 
be that of solving Laplace’s equation. 

Another problem which gives rise to Laplace’s equation is that of the irrotational 
motion of an incompressible fluid. If v is the velocity of the fluid, the motion is 
called irrotational when Vxv = 0, that is, when the line integral of the velocity 
about any closed curve is zero. In this case the negative of the line integral from 
a fixed limit to a variable limit defines a function (a, y, z) called the velocity 
potential, and the velocity may be expressed as vy =—V®. As the fluid is incom: 
pressible, the flow across any closed boundary is necessarily zero. Hence 


1. dS.Vé=0 or ? V.Védv=0 or V-V6—0, 
(e) 


and the velocity potential @ is a harmonic function. Both these problems may be 
stated without vector notation by carrying out the ideas involved with the aid of 
ordinary codrdinates. The problems may also be solved for the plane instead of 
for space in a precisely analogous manner. 

197. The conception of the flow of electricity will be advantageous 
in discussing the singularities of harmonic functions and a more gen- 
eral conception of steady flow. Suppose 
an electrode is set down on a sheet of zine 
of which the perimeter is grounded. The 
equipotential lines and the lines of flow 
which are orthogonal to them may be 
sketched in. Electricity passes steadily 
from the electrode to the rim of the sheet 
and off to the ground. Across any circuit 
which does not surround the electrode the 
flow of electricity is zero as the flow is steady, but across any circuit 
surrounding the electrode there will be a certain definite flow; the 
circuit integral of the normal derivative of the potential V around such 
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a circuit is not zero. This may be compared with the fact that the 
circuit integral of a function of a complex variable is not necessarily 
zero about a singularity, although it is zero if the circuit contains no 
singularity. Or the electrode may not be considered as corresponding 
to a singularity but to a portion cut out from the sheet so that the 
sheet is no longer simply connected, and the comparison would then 
be with a circuit which could not be shrunk to nothing. Concerning 
this latter interpretation little need be said; the facts are readily seen. 
It is the former conception which is interesting. 

For mathematical purposes the electrode will be idealized by assum- 
ing its diameter to shrink down to a point. It is physically clear that 
the smaller the electrode, the higher must be the potential at the elec- 
trode to force a given flow of electricity into the plate. Indeed it may 
be seen that V must become infinite as — C' log 7, where 7 is the distance 
from the point electrode. For note in the first place that log 7 is a solu- 
tion of Laplace’s equation in the plane; and let V = V+ C log r or 
V = U—C log”, where U is a harmonie function which remains finite 
at the electrode. The flow across any small circle concentric with the 


electrode is ana 2m arr 
— ~~ rd =— rad +270 =27C, 
0 or 0 or 


and is finite. The constant C is called the strength of the source situ- 
ated at the point electrode. A similar discussion for space would show 
that the potential in the neighborhood of a source would become infinite 
as C/r. The particular solutions — log 7 and 1/7 of Laplace’s equation 
in the respective cases may be called the fundamental solutions. 





The physical analogy will also suggest a method of obtaining higher singular- 
ities by combining fundamental singularities. For suppose that a powerful positive 
electrode is placed near an equally powerful negative electrode, that is, suppose a 
strong source and a strong sink near together. The greater part of the flow will be 
nearly in a straight line from the source to the sink, but some part of it will spread 
out over the sheet. The value of V obtained by adding together the two values for 
source and sink is 


V =—} Clog (r? + ? — 2rlcos ¢) + 3} Clog (r? + 2 + 2rl cos ¢) 


1 21 P 1 2 2 
=— 5 Clog — — cos @ + =) Re Clog(1 + at one ae :) 
2 ) ie) 2 r 2 
21C ; M 
=e cos ¢ + higher powers = —cos@+---. 
r 





Thus if the strength C be allowed to become infinite as the distance 21 becomes 
zero, and if M denote the limit of the product 27C, the limiting form of V is 
Mr-‘cos ¢ and is itself a solution of the equation, becoming infinite more strongly 
than — logr. In space the corresponding solution would be Mr-2 cos ¢. 
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It was seen that a harmonic function which had no singularities on or 
within a given contour was determined by its values on the contour and 
determined except for an additive constant by the values of its normal 
derivative upon the contour, If now there be actually within the contour 
certain singularities at which the function becomes infinite as certain 
particular solutions V,, V,,---, the function UV = V—V,—V,—--- is har- 
monic without singularities and may be determined as before. Moreover, 
the values of V,, V,,--- or their normal derivatives may be considered as 
known upon the contour inasmuch as these are definite particular solu- 
tions. Hence it appears, as before, that the harmonic function V is deter- 
mined by its values on the boundary of the region or (except for an additive 
constant) by the values of its normal derivative on the boundary, provided 
the singularities are specified in position and their mode of becoming infin- 
ite is given in each case as some particular solution of Laplace’s equation. 

Consider again the conducting sheet with its perimeter grounded and 
with a single electrode of strength unity at some interior point of the 
sheet. The potential thus set up has the properties that: 1° the poten- 
tial is zero along the perimeter because the perimeter is grounded; 2° at 
the position P of the electrode the potential becomes infinite as — log 7; 
and 3° at any other point of the sheet the potential is regular and sat- 
isfies Laplace’s equation. This particular distribution of potential is 
denoted by G(P) and is called the Green Function of the sheet relative 
to P. In space the Green Function of a region would still satisfy 1° and 
3°, but in 2° the fundamental solution — log 7 would have to be replaced 
by the corresponding fundamental solution 1/r. It should be noted 
that the Green Function is really a function 


G(P\eea(a, 0; 2,7) or GCP)= G(a, 6, ¢; 2, ¥, 2) 
i 
of four or six variables if the position P(a, b) or P (a, 6, e) of the elec- 
trode is considered as variable. The function is considered as known 


only when it is known for any position of P. 
If now the symmetrical form of Green’s Formula 


/ l 
— ff can — vAu)dady +f (nm a —v a ds 0), (12) 
O 


where A denotes the sum of the second derivatives, be applied to the 
entire sheet with the exception of a small circle concentric with P and 
if the choice w= G and v = V be made, then as G and V are harmonic 





the double integral drops out and 


dG Ly aie ge ag 
— V— ds — G rd V —rddb = 0. 13 
{i y dn te { di es +f dr Wg ( ) 
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Now let the radius 7 of the small circle approach 0. Under the assump- 
tion that V is devoid of singularities and that G becomes infinite as 
— log, the middle integral approaches 0 because its integrand does, 
and the final integral approaches 2 7V(P). Hence 


— i dG 
V(P) = Dae f — ds. (is! 


This formula expresses the values of V at any interior point of the sheet 
in terms of the values of V upon the contour and of the normal deriva- 
tive of G along the contour. It appears, therefore, that the determination 
of the value of a harmonic function devoid of singularities within and 
upon a contour may be made in terms of the values on the contour pro- 
vided the Green Function of the region is known. Hence the particular 
importance of the problem of determining the Green Function for a 
given region. This theorem is analogous to Cauchy’s Integral (§ 126). 


EXERCISES 
1. Show that any linear function az + by + cz + d=0 is harmonic. Find the 
conditions that a quadratic function be harmonic. 


2. Show that the real and imaginary parts of any function of a complex yari- 
able are each harmonic functions of (7, y). 


3. Why is the sum or difference of any two harmonic functions multiplied by 
any constants itself harmonic? Is the power of a harmonic function harmonic ? 


4. Show that the product UV of two harmonic functions is harmonie when 
and only when U,V, + U)V, =0 or VU-VV = 0. In this case the two functions 
are called conjugate or orthogonal. What is the significance of this condition 
geometrically ? 


5. Prove the average value theorem for space as for the plane. 


6. Show for the plane that if V is harmonic, then 





ise: dV [= oV 


ds = — (Hy — ——i 

dn J Ot Cy 

is independent of the path and is the conjugate or orthogonal function to V, and 
that U is devoid of singularities over any region over which JV’ is devoid of them. 
Show that V + iU is a function of z= x +4 iy. 


7. State the problems of the steady flow of heat or electricity in terms of ordi- 
nary coordinates for the case of the plane. 


8. Discuss for space the problem of the source, showing that C/r gives a finite 
flow 47C, where C is called the strength of the source. Note the presence of the 
factor 47 in the place of 27 as found in two dimensions. 


9. Derive the solution Mr-2 cos ¢ for the source-sink combination in space. 
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10. Discuss the problem of the small magnet or the electric doublet in view of 
Ex.9. Note that as the attraction is inversely as the square of the distance, the 
potential of the force satisfies Laplace’s equation in space. 


11. Let equal infinite sources and sinks be located alternately at the vertices 
of an infinitesimal square. Find the corresponding particular solution (@) in the 
case of the plane, and (8) in the case of space. What combination of magnets does 
this represent if the point of view of Ex. 10 be taken, and for what purpose is the 
combination used ? 


12. Express V(P) in terms of G(P) and the boundary values of V in space. 


13. If an analytic function has no singularities within or on a contour, Cauchy’s 
Integral gives the value at any interior point. If there are within the contour cer- 
tain poles, what must be known in addition to the boundary values to determine 
the function ? Compare with the analogous theorem for harmonic functions. 


14. Why were the solutions in §194 as series the only possible solutions 
provided they were really solutions? Is there any difficulty in making the same 
inference relative to the problem of the potential of a circular wire in § 195 ? 


15. Let G(P) and G(Q) be the Green Functions for the same sheet but relative 
to two different points P and Q. Apply Green’s symmetric theorem to the sheet 
from which two small circles about P and @ have been removed, making the choice 
u= G(P) and v = G(Q). Hence show that G(P) at Q is equal to G(Q) at P. This 
may be written as 

GAG MD aD, 2))i—= G(s \anO) OE 1G (COC @s 10), 2) — Ge (Dates) 

16. Test these functions for the harmonic property, determine the conjugate 

functions and the allied functions of a complex variable: 


(a) zy, (8) ay — 3y%, (y) 2 log (@? + y’), 
(6) e™sin a, (e) sin z cosh y, (¢) tan—1(cot x tanh y). 


198. Harmonic functions; special theorems. For the purposes of 
the next paragraphs it is necessary to study the properties of the geo- 
metric transformation known as inversion. The definition of inversion 
will be given so as to be applicable either to space or to the plane. 
The transformation which replaces each point P by a point P' such 
that OP. OP' = k*? where O is a given fixed point, x a constant, and P! 
is on the line OP, is called inversion with the center O and the radius k. 
Note that if P is thus carried into P’, then P!' will be carried into P; 
and hence if any geometrical configuration is carried into another, that 
other will be carried into the first. Points very near to O are carried 
off to a great distance; for the point O itself the definition breaks 
down and O corresponds to no point of space. If desired, one may add 
to space a fictitious point called the point at infinity and may then say 
that the center O of the inversion corresponds to the point at infinity 
(p. 481). A pair of points P, P' which go over into each other, and another 
pair Q, Q' satisfy the equation OP- OP'= 0Q- 0d. 
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A curve which cuts the line OP at an angle 7 is carried into a 
curve which cuts the line at the angle r'= 7 — v7. For by the relation 
OP. OP' = 0Q- OQ’, the triangles OPQ, OQ'P' are similar and 


Z OPQ=Z0CP'=7—-Z0—ZOP'Q. 


Now if Q@= Pand Q'=+P', then Z0+0, ZOPQ=7, Z OP'Q' =7 and 
it is seen that r= 7 —7' or r’- = 7—vr. An immediate extension of 
the argument will show that the magnitude 
of the angle between two intersecting curves go 
will be unchanged by the transformation; the E J, 
transformation is therefore conformal. (In 
the plane where it is possible to distinguish between positive and neg- 
ative angles, the sign of the angle is reversed by the transformation.) 
If polar codrdinates relative to the point O be introduced, the equations 
of the transformation are simply rr' = k? with the understanding that 
the angle ¢ in the plane or the angles ¢, 6 in space are unchanged. The 
locus 7 = k, which is a circle in the plane or a sphere in space, becomes 
v' =k and is therefore unchanged. This is called the circle or the sphere 
of inversion. Relative to this locus a simple construction for a pair of 
inverse points P and P' may be made as indicated in the figure. The locus 











vptk—2Vai+khrcoosd becomes k?+7r°=2 Va? + J2r' cos d 


and is therefore unchanged as a whole. This locus represents a circle 
or a sphere of radius a orthogonal to the circle or sphere of inversion. 
A construction may now be made for finding an inversion which ear- 
ries a given circle into itself and 
the center P of the circle into any 
assigned point P! of the circle; the 
construction holds for space by re- 





volving the figure about the line OP. 

To find what figure a line in the plane or a plane in space becomes 
on inversion, let the polar axis ¢ = 0 or = 0 be taken perpendicular 
to the line or plane as the case may be. Then 

r= p sec ¢, Psecd=k/p or r=psec d, r' sec 0 = k°/ x 
are the equations of the line or plane and the inverse locus. The locus 
is seen to be a circle or sphere through the center of inversion. This 
may also be seen directly by applying the geometric definition of in- 
version. In a similar manner, or analytically, it may be shown that 
any circle in the plane or any sphere in space inverts into a circle or 
into a sphere, unless it passes through the center of inversion and 
becomes a line or a plane, 
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If d be the distance of P from the circle or sphere of inversion, the distance of 
P from the center is k —d, the distance of P’ from the center is k2/(k — d), and 
from the circle or sphere it is d’ = dk/(k —d). Now if the radius k is very large 
in comparison with d, the ratio k/(k — a) is nearly 1 and d’ is nearly equal to d. 
If k is allowed to become infinite so that the center of inversion recedes indefinitely 
and the circle or sphere of inversion approaches a line or plane, the distance d 
approaches d as a limit. As the transformation which replaces each point by a 
point equidistant from a given line or plane and perpendicularly opposite to the 
point is the ordinary inversion or reflection in the line or plane such as is familiar 
in optics, it appears that reflection in a line or plane may be regarded as the limit- 
ing case of inversion in a circle or sphere. 


The importance of inyersion in the study of harmonic functions lies 
in two theorems applicable respectively to the plane and to space. 
First, if V is harmonic over any region of the plane and if that region 
be inverted in any circle, the function V'(P') = V(P) formed by assign- 
ing the same value at P' in the new region as the function had at the 
point P which inverted into P' is also harmonic. Second, if V is har 
monic over any region in space, and if that region be inverted in a sphere 
of radius k, the function V'(P')=kV(P)/r' formed by assigning at P! 
the value the function had at P multiplied by k and divided by the dis- 
tance OP! =7' of P' from the center of inversion is also harmonic. The 
significance of these theorems lies in the fact that if one distribution 
of potential is known, another may be derived from it by inversion; 
and conversely it is often possible to determine a distribution of poten- 
tial by inverting an unknown case into one that is known. The proof 
of the theorems consists merely in making the changes of variable 


gaa POL ar eak yr, ~! =o, O=6 
in the polar forms of Laplace’s equation (Exs. 21, 22, p. 112). 


The method of using inversion to determine distribution of potential in electro- 
statics is often called the method of electric images. As a charge e located at a 
point exerts on other point charges a force proportional to the inverse square of 
the distance, the potential due to e is as 1/p, where p is the distance from the 
charge (with the proper units it may be taken as e/p), and satisfies Laplace's 
equation. The potential due to any number of point charges is the sum of the 
individual potentials due to the charges. Thus far the theory is essentially the 
same as if the charges were attracting particles of matter. In electricity, however, 
the question of the distribution of potential is further complicated when there are 
in the neighborhood of the charges certain conducting surfaces, For 1° a conduct- 
ing surface in an electrostatic field must everywhere be at a constant potential or 
there would be a component force along the surface and the electricity upon it 
would move, and 2° there is the phenomenon of induced electricity whereby a 
variable surface charge is induced upon the conductor by other charges in the 
neighborhood. If the potential V(P) due to any distribution of charges be 
inverted in any sphere, the new potential is kV(P)/r’. As the potential V(P) 


040 THEORY OF FUNCTIONS 


becomes infinite as e/p at the point charges e, the potential kV(P)/r’ will become 
infinite at the inverted positions of the charges. As the ratio ds’: ds of the in- 
verted and original elements of length is 7”%/k?, the potential kV (P)/r’ will become 
infinite as k/1” - e/p’- 1?/k?, that is, as r’e/kp’. Hence it appears that the charge e 
inverts into a charge & =1’e/k; the charge — é’ is called the electric image of e. 
As the new potential is kV(P)/r’ instead of V(P), it appears that an equipoten- 
tial surface V = const. will not invert into an equipotential surface V’(P’) = const. 
unless V = 0 or 7’ is constant. But if to the inverted system there be added the 
charge e = — kV at the center O of inversion, the inverted equipotential surface 
becomes a surface of zero potential. 

With these preliminaries, consider the question of the distribution of potential 
due to an external charge e at a distance r from the center of a conducting spheri- 
cal surface of radius k which has been grounded so as to be maintained at zero 
potential. If the system be inverted with respect to the sphere of radius k, the 
potential of the spherical surface remains zero and the charge e goes over into a 
charge e’ = r’e/k at the inverse point. Now if p, p’ are the distances from e, e’ to 
the sphere, it is a fact of elementary geometry that p: p’ = const. = 7”: k. Hence 
the potential 





due to the charge e and to its image — e’, actually vanishes upon the sphere ; and 
as it is harmonic and has only the singularity e/p outside the sphere (which is the 
same as the singularity due to e), this value of V throughout all space must be 
precisely the value due to the charge and the grounded sphere. The distribution 
of potential in the given system is therefore determined. The potential outside 
the sphere is as if the sphere were removed and the two charges e, — é’ left alone. 
By Gauss’s Integral (Ex. 8, p. 348) the charge within any region may be evaluated 
by a surface integral around the region. This integral over a surface surrounding 
the sphere is the same as if over a surface shrunk down around the charge — e’, 
and hence the total charge induced on the sphere is — e’ = — 7”e/k. 


199. Inversion will transform the average value theorem 


1 27 ‘ , 1 ax 
VP) = ak Vdd into V(P')= reall Vidy, (14) 
0 as 0 


a form applicable to determine the value of V at any point of a circle 
in terms of the value upon the circumference. For suppose the circle 
with center at P and with the set 














of radii spaced at angles dq, as oT 2 
imphed in the computation of the VIZ 
average value, be inverted upon an - KE oO 
orthogonal circle so chosen that P v3 WY 
shall go over into P'. The given SrtT 


circle goes over into itself and the series of lines goes over into a series 
of circles through P' and the center O of inversion. (The figures are 
drawn separately instead of superposed.) From the conformal property 
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the angles between the circles of the series are equal to the angles be- 
tween the radii, and the circles cut the given circle orthogonally just 
as the radii did Let V' along the ares 1', 2', 3', ..- be equal to V along 
the corresponding ares 1, 2, 3, --- and let V(P) = V'(P') as required by 
the theorem on inversion of harmonic functions. Then the two inte- 
grals are equal element for element and their values V(P) and V'(P') 
are equal. Hence the desired form follows from the given form as 
stated. (It may be observed that dd and dy, strictly speaking, have 
opposite signs, but in determining the average value V'(P'), dy is taken 
positively.) The derived form of integral may be written 


il ae ee il SiS ode} 
Val Casi = Te | V ‘dw => ie i y' ne ds', (14") 


as a line integral along the are of the circle. If P' is at the distance r 
from the center, and if a be the radius, the center of inversion O is at 
the distance a?/r from the center of the circle, and the value of k is 
seen to be k? = (a? — 7*)a’/r?. Then, if Q and Q' be points on the circle, 
OQ" (a? — 2 a*r~1 cos g' + a’r-? 
ds' = ds ee OE ) add. 
Now dy/ds' may be obtained, because of the equality of dy and d¢, and 
ds' may be written as adq¢'. Hence 


il ao OF! 7" 
VP’) = — V! £ dd'- 
ee 27 J, a? — 2arcos ¢'+ 7? 


Finally the primes may be dropped from V' and P', the position of P! 
may be expressed in terms of its codrdinates (7, ¢), and 


hie Seyi a (a? — 7’) d¢' 1 = 
Vind) =on f ee a ea VASO 


is the expression of V in terms of its boundary values. 

The integral (15) is called Poisson’s Integral. It should be noted par- 
ticularly that the form of Poisson’s Integral first obtained by inversion 
represents the average value of V along the circumference, provided that 
average be computed for each point by considering the values along the 
circumference as distributed relative to the angle y as independent vari- 
able. That V as defined by the integral actually approaches the value on 
the circumference when the point approaches the circumference is clear 
from the figure, which shows that all except an infinitesimal fraction of 
the orthogonal circles cut the circle within infinitesimal limits when the 
point is infinitely near to the circumference. Poisson’s Integral may be 
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obtained in another way. For if P and P' are now two inverse points 
relative to the circle, the equation of the circle may be written as 


p/p'=const.=r/a, and G(P)=—logp + log p'+ log (r/a) (16) 


is then the Green Function of the circular sheet because it vanishes along 
the circumference, is harmonic owing to the fact that the logarithm of the 
distance from a point is a solution of Laplace’s equation, and becomes 
infinite at P as — log p. Hence 

V= 5) = V < ds= ds 5 = ee = ~ (log p! p' — log p)ds. (16') 
It is not difficult to reduce this form of the integral to (15). 

If a harmonic function is defined in a region abutting upon a segment 
of a straight line or an are of a circle, and if the function vanishes along 
the segment or are, the function may be extended across the segment 
or are by assigning to the inverse point P! the value V (P')=— V(P), 
which is the negative of the value at P; the ety function 


v=f 5, ay ds + C =(50-% (17) 


takes on the same values at P and P'. It will be sufficient to prove 
this theorem in the case of the straight line because, by the theorem on 
inversion, the are may be inverted into a line by taking the center of 
inversion at any point of the are or the are produced. As the Laplace 
operator D? + D? is independent of the axes (Ex. 25, p. 112), the line 
may be taken as Ge x-axis without restricting the conclusion. 








Now the extended function pe satisfies Laplace’s equation since 





Vv (P’) (PY) _ SOVIES Sere 0 
on cy”? ou? yt 
Therefore V(P’) is harmonic. By the definition 7(P’) =— V(P) and the assumption 


that V vanishes along the segment it appears that the function V on the two sides 
of the line pieces on to itself in a continuous manner, and it remains merely to show 
that it pieces on to itself in a harmonie manner, that is, that the function V and 
its extension form a function harmonie at pola of the line. This follows from 
Poisson’s Integral applied to a circle centered on the line. For let 


IT (x, y) = fo Vay; then H(z, 0) =0 


because V takes on equal and opposite values on the upper and lower semicireum- 
ferences. Hence H = V(P) = V(P’) =0 along the axis. But H = V(P) along the 
upper are and H = V(P’) along the lower are because Poisson’s Integral takes on 
the boundary values as a limit when the point approaches the boundary. Now as 
II is harmonic and agrees with V(P) upon the whole perimeter of the upper semi- 
circle it must be identical with V(P) throughout that semicircle. In like manner 
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it is identical with V(P’) throughout the lower semicircle. As the functions V(P) 
and V(P’) are identical with the single harmonic function H, they must piece 
together harmonically across the axis. The theorem is thus completely proved. 
The statement about the conjugate function may be verified by taking the integral 
along paths symmetric with respect to the axis. 


200. If a function w = f(z) = u-+ iv of a complex variable becomes 
real along the segment of a line or the are of a circle, the function may 
be extended analytically across the segment or are by assigning to the 
inverse point P' the value w=u—iv conjugate to that at P. This is 
merely a corollary of the preceding theorem. For if w be real, the 
harmonic function v vanishes on the line and may be assigned equal 
and opposite values on the opposite sides of the line; the conjugate 
function w then takes on equal values on the opposite sides of the 
line. The case of the circular are would again follow from inversion 
as before. 

The method employed to identify functions in §§ 185-187 was to 
map the halves of the w-plane, or rather the several repetitions of these 
halves which were required to complete the map of the w-surface, on a 
region of the z-plane. By virtue of the theorem just obtained the con- 
verse process may often be carried out and the function w = f(z) 
which maps a given region of the z-plane upon the half of the w-plane 
may be obtained. The method will apply only to regions of the z-plane 
which are bounded by rectilinear segments and circular ares; for it is 
only for such that the theorems on inversion and the theorem on the 
extension of harmonic functions have been proved. To identify the 
function it is necessary to extend the given region of the z-plane by 
inversions across its boundaries until the w-surface is completed. The 
method is not satisfactory if the successive extensions of the region in 
the z-plane result in overlapping. 

The method will be applied to determining the function (a) which 
maps the first quadrant of the unit circle in the z-plane upon the upper 
half of the w-plane, and (8) which maps a 30°-60°-90° triangle upon the 
upper half of the w-plane. Sup- 
pose the sector ABC mapped on 
the w-half-plane so that the perim- 
eter ABC corresponds to the 
real axis abe. When the perime- 
ter is described in the order written and the interior is on the left, 
the real axis must, by the principle of conformality, be described in 





such an order that the upper half-plane which is to correspond to the 
interior shall also lie on the left. The points a, , ¢ correspond to points 
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A, B, C. At these points the correspondence required is such that the 
conformality must break down. As angles are doubled, each of the 
points A, B, C must be a critical point of the first order for w= f(z) 
and a, 0, ¢ must be branch points. To map the triangle, similar con- 
siderations apply except that whereas C' is a critical point of the first 
order, the points A', B' are critical of orders 5, 2 respectively. Each 
case may now be treated separately in detail. 


Let it be assumed that the three vertices A, B, C of the sector go into the 
points* w=0, 1, 0. As the perimeter of the sector is mapped on the real axis, 
the function w=/f(z) takes on real values for points z along the perimeter. 
Hence if the sector be inverted over any of its sides, the point P’ which corre- 
sponds to P may be given a value conjugate to w at 
P, and the image of P’ in the w-plane is symmetrical 
to the image of P with respect to the real axis. The 
three regions 1’, 2’, 8’ of the z-plane correspond to 
the lower half of the w-plane; and the perimeters 
of these regions correspond also to the real axis. 
These regions may now be inverted across their 
boundaries and give rise to the regions 2, 3, 4 which 
must correspond to the upper half of the w-plane. 
Finally by inversion from one of these regions the 
region 4’ may be obtained as corresponding to the 
lower half of the w-plane. In this manner the inyer- 
sion has been carried on until the entire z-plane is covered. Moreover there is no 
overlapping of the regions and the figure may be inverted in any of its lines with- 
out producing any overlapping ; it will merely invert into itself. If a Riemann sur- 
face were to be constructed over the w-plane, it would clearly require four sheets. 
The surface could be connected up by studying the correspondence ; but this is not 
necessary. Note merely that the function f(z) becomes infinite at C when z=i 
by hypothesis and at C’ when zg = —i by inversion; and at no other point. The 
values + i will therefore be taken as poles of f(z) and as poles of the second order 
because angles are doubled. Note again that the function f(z) vanishes at A when 
z = 0 by hypothesis and at z = o by inversion. These will be assumed to be zeros of 
the second order because the points are critical points at which angles are doubled. 
The function 





w= f(z) = C22 (¢— i)-2 (2 4 i)-2 = Cz* (22 + 1)-2 


has the above zeros and poles and must be identical with the desired function when 
the constant C is properly chosen. As the correspondence is such that f(1) =1 by 
hypothesis, the constant C is 4. The determination of the function is complete as 
given, 

Consider next the case of the triangle. The same process of inversion and re- 
peated inversion may be followed, and never results in overlapping except as one 


* It may be observed that the linear transformation (yw + 5) w= aw + B (Bx. 15, 
p. 157) has three arbitrary constants @: 8: y: 5, and that by such a transformation any 
three points of the w-plane may be carried into any three points of the w’-plane. It is 
therefore a proper and trivial restriction to assume that 0, 1, © are the points of the 
w-plane which correspond to 4, B, C. 
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_ region falls into absolute coincidence with one previously obtained. To cover the 
whole z-plane the inversion would have to be continued indefinitely ; but it may 
be observed that the rectangle inclosed by the heavy line 
is repeated indefinitely. Hence w = f(z) isa doubly periodic 
function with the periods 2K, 2iK’ if 2K, 2K’ be the 
length and breadth of the rectangle. The function has a 
pole of the second order at C or z= 0 and at the points, 
marked with circles, into which the origin is carried by 
the successive inversions. As there are six poles of the 
second order, the function is of order twelve. When z = K 
at A or g=iK’ at A’ the function vanishes and each of 
these zeros is of the sixth order because angles are increased 
6-fold. Again it appears that the function is of order 12. 
It is very simple to write the function down in terms of 
the theta functions constructed with the periods 2 K, 2iK’. 


H(z) 0°(2) 
H(z) 62 (2) H(z — a) @2(z — a) H*(z — By? O2(z — B) 














wi — Fe) = 


For this function is really doubly periodic, it vanishes to the sixth order at K, ik’, 
and has poles of the second order at the points 


0, K+iK’, a=4K 441K’, at+K+ik,, BH=2K—a, B+K+iK’. 
As B = 2K — a the reduction H?(z — 8) = H(z + a), 0,( — 8) = 0,(2 + a@) may 
be made. 


H(z) 02(z) H(z — a) H2(z + a) O2(z — a) O2(z + a) 





The constant C may be determined, and the expression for f(z) may be reduced 
further by means of identities; it might be expressed in terms of sn (z, k) and 
en (z, k), with properly chosen k, or in terms of p(z) and p’(z). For the purposes of 
computations that might be involved in carrying out the details of the map, it 
would probably be better to leave the expression of f(z) in terms of the theta 
functions, as the value of g is about 0.01. 


EXERCISES 


1. Show geometrically that a plane inverts into a sphere through the center of 
inversion, and a line into a circle through the center of inversion. 


2. Show geometrically or analytically that in the plane a circle inverts into a 
circle and that in space a sphere inverts into a sphere. 


3. Show that in the plane angles are reversed in sign by inversion. Show that 
in space the magnitude of an angle between two curves is unchanged. 


4. If ds, dS, dv are elements of arc, surface, and volume, show that 


ie ne ie ii ye me 
ds’ = —ds = — ds, ds’ = —dS = —ds5s, dv’ = — dv = — dv. 
Yr +2 y2 ke+ yo ks 


yr” 


Note that in the plane an area and its inverted area are of opposite sign, and that 
the same is true of volumes in space, 
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5. Show that the system of circles through any point and its inverse with respect 
to a given circle cut that circle orthogonally. Hence show that if two points are in- 
verse with respect to any circle, they are carried into points inverse with respect to 
the inverted position of the circle if the circle be inverted in any manner. In par- 
ticular show that if a circle be inverted with respect to an orthogonal circle, its cen- 
ter is carried into the point which is inverse with respect to the center of inversion. 

6. Obtain Poisson’s Integral (15) from the form (16’). Note that 
dG cos(p,n cos (p’, n a? — 
r2 = p? + a® — 2ap cos (p, n), = (p, ®) (p Be ——: 
dn p p’ a*p? 


7. From the equation p/p’ = const. = r/a of the sphere obtain 








Tae — Nas 
qmjesot2) yen epee 


: F 3 
fmt! (gq 4 72 — 2Qarcos(r, a)]2 
the Green Function and Poisson’s Integral for the sphere. 
8. Obtain Poisson’s Integral in space by the method of inyersion. 


9. Find the potential due to an insulated spherical conductor and an external 
charge (by placing at the center of the sphere a charge equal to the negative of 
that induced on the grounded sphere). 


10. If two spheres intersect at right angles, and charges proportional to the 
diameters are placed at their centers with an opposite charge proportional to the 
diameter of the common circle at the center of the circle, then the potential over 
the two spheres is constant. Hence determine the effect throughout external space 
of two orthogonal conducting spheres maintained at a given potential. 


11. A charge is placed at a distance h from an infinite conducting plane. 
Determine the potential on the supposition that the plane is insulated with no 
charge or maintained at zero potential. 


12. Map the quadrantal sector on the upper half-plane so that the vertices 
C, A, B correspond to 1, «, 0. 


13. Determine the constant C occurring in the map of the triangle on the plane. 
Find the point into which the median point of the triangle is carried. 


14, With various selections of correspondences of the vertices to the three points 
0, 1, 0 of the w-plane, map the following configurations upon the upper half-plane; 


(a) a sector of 60°, (8) an isosceles right triangle, 
(vy) a sector of 45°, (6) an equilateral triangle. 


201. The potential integrals. If p (a, y, z) is a function defined at 
different points of a region of space, the integral 


pr, Ys 2) dxdydz pdv 
hE He ate 
Em £) = || eae +(n— y+ (€—2) shee Sake 


evaluated over that region is called the potential of p at the point 








(€, », ¢). The significance of the integral may be seen by considering 
the attraction and the potential energy at the point (& », €) due to a 
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distribution of matter of density p(x, y, #) in some region of space. 
If w be a mass at (é, », £) and m a mass at (2, y, 2), the component 
forces exerted by m upon p are 


m x — ae Sy No 
pny i aa, (ea pial ail, 
a tie la r ike ip 


(19) 





and F= Sahl sop le 
Senet V De ae 


are respectively the total force on w and the potential energy of the 
two masses. The potential energy may be considered as the work done 
by F or X, Y, Z on mw in bringing the 
mass mw from a fixed point to the 
point (€, 7, €) under the action of m 
at (x, y, 2) or it may be regarded 
as the function such that the nega- 
tive of the derivatives of V by a, y, z 
give the forces X, Y, Z, or in vector 
notation F=—VV. Hence if the 
units be so chosen that ¢ = 1, and if 
the forces and potential at (€, y, £) 
be measured per unit mass by dividing by yp, the results are (after dis- 
regarding the arbitrary constant C) 





(w,y,2) 





We de —— Uf = TO) aoe Mm 
A= Za os Ya uy ee gael, V=——- (19") 
Pe Vid lie ie TT ihe ip 


Now if there be a region of matter of density p(a, y, 2), the forces and 
potential energy at (€, y, ) measured per unit mass there located may 
be obtained by summation or integration and are 


x =fff P(E 2) (x — €)dadydz re ya [em mers 
[é— 2) + @— y+ (6-27 ; 


It therefore appears that the potential UV defined by (18) is the negative 
of the potential energy V due to the distribution of matter.* Note fur- 
ther that in evaluating the integrals to determine X, Y, Z, and U =— J, 
the variables x, y, x with respect to which the integrations are per- 
formed will drop out on substituting the limits which determine the 
region, and will therefore leave X, Y, Z, U as functions of the param- 
eters é, y, € which appear in the integrand. And finally 
OU oU OU 
ae v=5> Lao (20) 





*In electric and magnetic theory, where like repels like, the potential and potential 
energy have the same sign. 
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are consequences either of differentiating U under the sign of integration 
or of integrating the expressions (19') for X, Y, Z expressed in terms of 
the derivatives of U, over the whole region. 

TurorEm. The potential integral U satisfies the equations 


2 Alng  Aye RIT 27 | «BU 
os ag = a aE = 05/08 = - = 53 a at Tp, (21) 
known respectively as Laplace’s and Poisson’s Equations, according as 
the point (£, y, £) lies outside or within the body of density p(a, y, 2). 

In case (é, 7, 2) lies outside the body, the proof is very simple. For 
the second derivatives of U may be obtained by differentiating with 
respect to & y, € under the sign of integration, and the sum of the 
results is then zero. In case (€, n, ¢) lies within the body, the value 
for r vanishes when (é, 7, €) coincides with (a, y, z) during the integra- 
tion, and hence the integrals for U, X, Y, Z become infinite integrals 
for which differentiation under the sign is not permissible without jus- 
tification. Suppose therefore that a small sphere of radius r concentric 
with (€, , £) be cut out of the body, and the contributions F’ of this 
sphere and F* of the remainder of the body to the force F be considered 
separately. For convenience suppose the origin moved up to the point 


(5.930 )-e nen 








Fovy=Pe+F'= [pv ido+F 


Now as the sphere is small and the density p is supposed continuous, 
the attraction F’ of the sphere at any point of its surface may be taken 
as £777%p,/r’, the quotient of the mass by the square of the distance to the 
center, where p, is the density at the center. The force F' then reduces 
to — 47p,r in magnitude and direction. Hence 


1 
VF = V.VU = VeF* + YV-F' = tf pVeV - du + VeF". 
* r 
The integral vanishes as in the first case, and V-F'=— 47p,. Hence 
if the suffix 0 be now dropped, VeVU =— 4 7p, and Poisson’s Equation 
is proved. Gauss’s Integral (p. 348) affords a similar proof. 


A rigorous treatment of the potential U and the forces X, Y, Z and their de- 
rivatives requires the discussion of convergence and allied topics. A detailed treat- 
ment will not be given, but a few of the most important facts may be pointed out. 
Consider the ordinary case where the volume density p remains finite and the body 
itself does not extend to infinity, The integrand p/r becomes infinite when r = 0. 
But as dv is an infinitesimal of the third order around the point where r = 0, the 
term pdv/r in the integral U will be infinitesimal, may be disregarded, and the 
integral U converges, In like manner the integrals for X, Y, Z will converge 


REAL VARIABLES 549 


because p(é — z)/r3, ete., become infinite at r= 0 to only the second order. If 
éX/é— were obtained by differentiation under the sign, the expressions p/r? and 
p(é—2)?/r> would become infinite to the third order, and the integrals 


J Sea fff Ser sin 0 drd¢dé, etc., 


as expressed in polar codrdinates with origin at r = 0, are seen to diverge, Hence 
the derivatives of the forces and the second derivatives of the potential, as ob- 
tained by differentiating under the sign, are valueless. 

Consider therefore the following device: 


a1 a1. oU Gal onl 
== = =\p dv = — [ p= -dr, 
ef r an’ 0& o& r Cn? 


7) cp 1 ol ) 
Bee Nan ee) ned ip Lane 2 a (2 Pde 
on T ox r ox r ahaa on 7 


The last integral may be transformed into a surface integral so that 


af ~ Pav =i P cos adS =fff-# an — dxdydz — ff Pauaz. (22) 


It should be remembered, however, that if » = 0 within the body, the transforma- 
tion can only be made after cutting out the singularity r = 0, and the surface inte- 
gral must extend over the surface of the excised region as well as over the surface 
of the body. But in this case, as dS is of the second order of infinitesimals while r 
is of the first order, the integral over the surface of the excised region vanishes 
when r = 0 and the equation is valid for the whole region. In vectors 


vo= [Vea f fas. (22’) 


It is noteworthy that the first integral gives the potential of Vp, that is, the inte- 
eral is formed for Vp just as (18) was from p. As Vp is a vector, the summation 
is vector addition. It is further noteworthy that in Vp the differentiation is with 
respect to Z, y, 2, whereas in VU it is with respect to é, n, ¢ Now differentiate 











(22) under the sign. (Distinguish V as formed for é, y, ¢ and w, y, 2 by Vs and Vz.) 


o2U ole, aly 
— = dv — Cos a —— do Or VeVeli— IV. — Va dy — V.—edS, 
oe eee ae fe aE r ere [ve p frre 


1 1 
or again VeV,U = — if V..= -Vapdo + jj pV, «dS. (23) 


This result is valid for the whole region. Now by Green’s Formula (Ex. 10, p. 349) 


f PVs Ve “dot [Vs ~*Vipio = f Vs (pv. =) do= f pre -.dS = fe p< as, 


Here the small region about r = 0 must again be excised and the surface integral 
must extend over its surface. If the region be taken as a sphere, the normal dn, 
being exterior to the body, is directed along — dr. Thus for the sphere 


fez Pa “as =f ex r? sin ddgpdé = Jf esin daga9 = = 47, 
n 
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where # is the average of p upon the surface. If now r be allowed to approach 0 
and V-Vr-! be set equal to zero, Green’s Formula reduces to 


1 it 
[Ve Vapdv = f pVe= dS + 4 xp, 


where the volume integrals extend over the whole volume and the surface integral 
extends like that of (28) over the surface of the body but not over the small sphere. 
Hence (23) reduces to V.VU = — 4 7p. 

Throughout this discussion it has been assumed that p and its derivatives are 
continuous throughout the body. In practice it frequently happens that a body 
consists really of several, say two, bodies of different nature (separated by a bound- 
ing surface S,,) in each of which p and its derivatives are continuous. Let the 
suffixes 1, 2 serve to distinguish the bodies. Then 


U= f Mar, + f do, = f Sar 


The discontinuity in p along a surface S,, does not affect a triple integral. 


Here the first surface integral extends over the boundary of the region 1 which 
includes the surface S,. between the regions. For the interface S,, the direction 
of dS is from 1 into 2 in the first case, but from 2 into 1 in the second. Hence 


yo | “Pw f Pas—f f1—P2 dS 0 


It may be noted that the first and second surface integrals are entirely analogous 
because the first may be regarded as extended over the surface separating a body 
of density p from one of density 0. Now V-VU may be found, and if the proper 
modifications be introduced in Green’s Formula, it is seen that V-VU =—47p 
still holds provided the point lies entirely within either body. The fact that p 
comes from the average value p upon the surface of an infinitesimal sphere shows 
that if the point lies on the interface S,, at a regular point, VeV U =— 47 (3p, + 4Ppo). 

The application of Green’s Formula in its symmetric form (Ex. 10, p. 349) to 
the two functions r+1 and U, and the calculation of the integral over the infini- 
tesimal sphere about r = 0, gives 


ii (* veVU — UV-V ‘) dee ft GLb Ry fied ‘) ds. Aa 
r 9 J \r dn dn r 


()- ives 
r 
- fe . =>) fa" dn dn ds, 
= UL <a Sie — 400. 
Sah : Ud) an - ses 


where = extends over all the surfaces of discontinuity, including the boundary of 
the whole body where the density changes to 0. Now V-VU = —47p and if the 
definitions be given that 


dU d =), 
eee : =—4 U, — U, = 
Gale [ee og : ae 





(24) 
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ai 
th el ce "as ee le 3 
en 10) fe + f 2a + [rad ; (25) 


where the surface integrals extend over all surfaces of discontinuity. This form of 
U appears more general than the initial form (18), and indeed it is more general, 
for it takes into account the discontinuities of U and its derivative, which cannot 
arise when p is an ordinary continuous function representing a volume distribution 
of matter. The two surface integrals may be interpreted as due to surface distribu- 
tions. For suppose that along some surface there is a surface density o of matter. 
Then the first surface integral represents the potential of the matter in the surface. 
Strictly speaking, a surface distribution of matter with o units of matter per unit 
surface is a physical impossibility, but it is none the less a convenient mathemati- 
cal fiction when dealing with thin sheets of matter or with the charge of electricity 
upon a conducting surface. The surface distribution may be regarded as a limit- 
ing case of volume distribution where p becomes infinite and the volume through- 
out which it is spread becomes infinitely thin. In fact if dn be the thickness of 
the sheet of matter pdndS =cdS. The second surface integral may likewise be 
regarded as a limit. For suppose that there are two surfaces infinitely near to- 
gether upon one of which there is a surface density — c, and upon the other a surface 
density «. The potential due to the two equal superimposed elements dS is the 


o 108, Pama ence lt yes =odS (--<)= eis eee ipod aes: 
oh i dn r dn r 


Hence if cdn = 7, the potential takes the form rdr—1/dndS. Just this sort of dis- 
tribution of magnetism arises in the case of a magnetic shell, that is, a surface 
covered on one side with positive poles and on the other with negative poles. The 
three integrals in (25) are known respectively as volume potential, surface poten- 
tial, and double surface potential. 


202. The potentials may be used to obtain particular integrals of 
some differential equations. In the first place the equation 


si Oat ig Oe tig Ui fav. 
Gey Oy s+ SS =f le, v2) has i elf 
as its solution, when the integral is extended over the region through- 
out which f is defined. To this particular solution for VU may be added 
any solution of Laplace’s equation, but the particular solution is fre- 
quently precisely that particular solution which is desired. If the 
functions U and f were vector functions so that U=iU,+ jU,+ kU,, 
and f = if, + jf, + kf, the results would be 


eu eu #U fdv v 


rea By? 1 f(a, y,2#) and U= i ‘ 





where the integration denotes vector summation, as may be seen by 
adding the results for VeVU, =f,, V-VU,=f,, Ve-VU, =f, after multi- 
plication by i, j, k. If it is desired to indicate the vectorial nature of 
U and f, the potential U may be called a vector potential. 
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In evaluating the potential and the forces at (€, 7, €) due to an ele- 
ment dm at (x, y, 2), it has been assumed that the action depends solely 
on the distance 7. Now suppose that the distribution p(a, y, 2, t) is a 
function of the time and that the action of the element pdv at (2, y, ~) 
does not make its effect felt instantly at (€, 7, ¢) but is propagated 
toward (, 7, €) from (x, y, z) at a velocity 1/a so as to arrive at the time 
(¢+ ar). The potential and the forces at (€, », £) as calculated by (18) 
will then be those there transpiring at the time ¢ + av instead of at the 
time ¢. To obtain the effect at the time ¢ it would therefore be necessary 
to calculate the potential from the distribution p(x, y, z, t— ar) at the 
time ¢ — ar. The potential 

p(x, y, %, t — ar) dxdydz 


VE=aF + G@— + C= 2 


(eg, pfu ol Or 


where for brevity the variables x, y, z have been dropped in the second 
form, is called a retarded potential as the time has been set back from 
ttot—ar. The retarded potential satisfies the equation 


20 fu 8U ,#U , 
ae 4. Dy + Ye — a Ei tae 4p (En, &,t) or 0 (27) 





U (a, Y; *) t) aa 





(26) 








according as (€, n, €) lies within or outside the distribution p. There is 
really no need of the alternative statements because if (£, y, £) is out- 
side, p vanishes. Hence a solution of the equation 


eu eu eU eu ; 
Ox? Oy? a2 emg w OF = f (X,Y %, t) 


4% r 


The proof of the equation (27) is relatively simple. For in vector notation, 


Vay ee Va if p(t) a, + V:V { p(t —ar)—p() ,, 
; y ‘< r 








=— 4p + vf pie= Gr) = PO a 
; 


The first reduction is made by Poisson’s Equation. The second expression may 
be evaluated by differentiation under the sign. For it should be remarked that 
p(t — ar) — p(t) vanishes when r = 0, and hence the order of the infinite in the 
integrand before and after differentiation is less by unity than it was in the cor- 
responding steps of § 201. Then 


Vv ptt —ar)— p(t)» ((— a) p(t — aryVer tte 1) 
ae To {eae dv 1 i ; + [p(é— ar) — p(t] Vz as 
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Vev p(t—ar)— p(t) ae (— 4)?p’VereVer  (— a) p’VeeVer 
§ § i Yr q i) if x fi 


; 1 1 
+ (—a)p Verve + (— a)p are gr + [p(t — ar) — p(t)] VerVe rae. 


But Ve =—Vz, and Vr=r/rand Vr-1=—r/r3 and V-Vr-1=0. 


Hence Ver-Ver = 1, Ven fy =e Vi-Ver = 27-1 
t— ar) — p(t) arp” a o*p(t—ar) o2U 
SGM (OOP) gO Be he (0 OP eae aes 
ff ; diet {ty ht fic ae oe 


It was seen (p. 345) that if F is a vector function with no curl, that 
is, if VxF = 0, then F-dr is an exact differential df; and F may be ex- 
pressed as the gradient of ¢, that is, as F = Vd. This problem may also 


be solved by potentials. For suppose 


F=V¢, then V-F=V-Vd, = = vt dv. (28) 


It appears therefore that ¢ may be expressed as a potential. This solu- 
tion for @ is less general than the former because it depends on the 
fact that the potential integral of V-F shall converge. Moreover as 
the value of ¢ thus found is only a particular solution of Ve-F = V-V4, 
it should be proved that for this @ the relation F = V¢ is actually sat- 
isfied. The proof will be given below. A similar method may now be 
employed to show that if F is a vector function with no divergence, 
that is, if VeF = 0, then F may be written as the curl of a vector 
function G, that is, as F = VxG. For suppose 


F =vxG, then VxF = VxvxG = VV-G — V-VG. 
As G is to be determined, let it be supposed that V-G = 0. 





, ; il VxF 
Then PE —yxG> ‘gives, (Gi f dv. (29) 


AT : 


Here again the solution is valid only when the vector potential integral 
of VxF converges, and it is further necessary to show that F = VxG. 
The conditions of convergence are, however, satisfied for the functions 
that usually arise in physics. 


To amplify the treatment of (28) and (29), let it be shown that 
* 1 V 
Vo=- Vf “w=F, VxG = — Vx f z 
At a 4 


ih 
By use of (22) it is possible to pass the differentiations under the sign of integra- 
tion and apply them to the functions V-F and VxF, instead of to 1/r as would be 
required by Leibniz’s Rule (§ 119). Then 
VVe 1 V-F 
ve if Yd 4 f- dS. 
4a ih 


4a ie 


Pe =F. 
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The surface integral extends over the surfaces of discontinuity of V-F, over a large 
(infinite) surface, and over an infinitesimal sphere surrounding r= 0. It will be 
assumed that V-F is such that the surface integral is infinitesimal. Now as VxF = 0, 
VxVxF = 0 and VV-F = V-VF. Hence if F and its derivatives are continuous, a 
reference to (24) shows that 





In like manner 


=. VV 
VxG = it (pee 1 { Fus a= F w=F. 
4a Yr 47 r 47 r 








Questions of continuity and the significance of the vanishing of the neglected sur- 
face integrals will not be further examined. The elementary facts concerning 
potentials are necessary knowledge for students of physics (especially electro- 
magnetism) ; the detailed discussion of the subject, whether from its physical or 
mathematical side, may well be left to special treatises. 


EXERCISES 


1. Discuss the potential U and its derivative VU for the case of a uniform 
sphere, both at external and internal points, and upon the surface. 


2. Discuss the second derivatives of the potential, that is, the derivatives of the 
forces, at a surface of discontinuity of density. 


3. If a distribution of matter is external to a sphere, the average value of the 
potential on the spherical surface is the value at the center; if it is internal, the 
average value is the value obtained by concentrating all the mass at the center. 


4. What density of distribution is indicated by the potential e-” ? What den- 
sity of distribution gives a potential proportional to itself ? 


5. Ina space free of matter the determination of a potential which shall take 
assigned values on the boundary is equivalent to the problem of minimizing 


1 oU\2 au\2 aU \2 1 =. 
ACR HES sf (ey ar (=) Javauaz => [vowvae, 


6. For Laplace’s equation in the plane and for the logarithmic potential — log r, 
develop the theory of potential integrals analogously to the work of § 201 for 
Laplace’s equation in space and for the fundamental solution 1/r. 
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a teacher who has not led him to acquire an easy formal knowledge of the subject, 
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3. JAHNKE-EmpE, Funktionentafeln mit Formeln und Kurven. 
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Poussin’s Cours d’ analyse, because I taught the subject out of that book for several 
years and esteem the work more highly than any of its compeers in any language. 
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9. Goursat, Cours d’ analyse. Gauthier-Villars. 
10. Goursat-Heprick, Mathematical Analysis. Ginn and Company. 


The latter is a translation of the first of the two volumes of the former. These, 
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Chapter II anc. other theoretical portions of our text. 
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Herein will be found a detailed and connected treatment of vector methods 
mentioned here and there in this text and of fundamental importance to the 
mathematical physicist. 


15. B.O. Perrce, Newtonian Potential Function. Ginn and Company. 
A text on the use of the potential in a wide range of physical problems. Like 
the following two works, it is adapted, and practically indispensable, to all who 
study higher mathematics for the use they may make of it in practical problems. 


16. Byrrty, Fourier Series and Spherical Harmonics. Ginn and 
Company. 

Of international repute, this book presents the methods of analysis employed 
in the solution of the differential equations of physics. Like the foregoing, it gives 
an extended development of some questions briefly treated in our Chapter XX. 


17. Wuirraker, Modern Analysis. Cambridge University Press. 

This is probably the only book in any language which develops and applies the 
methods of the theory of functions for the purpose of deriving and studying the 
formal properties of the most important functions other than elementary which 
occur in analysis directed toward the needs of the applied mathematician. 


18. Oseoon, Lehrbuch der Funktionentheorie. Teubner. 
For the pure mathematician this work, written with a grace comparable only 
to that of de la Vallée-Poussin’s Calculus, will be as useful as it is charming, 
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Abel’s theorem on uniformity, 438 

Absolute convergence, of integrals, 357, 
369; of series, 422, 441 

Absolute value, of complex numbers, 
154; of reals, 35; sum of, 86 

Acceleration, in a line, 13; in general, 
174; problems on, 186 

Addition, of complex numbers, 154; of 
operators, 151; of vectors, 154, 163 

Adjoint equation, 240 

Algebra, fundamental theorem of, 159, 
306, 482; laws of, 153 

Alternating series, 39, 420, 452 

am = sin—! sn, 507 

Ampére’s Law, 350 

Amplitude, function, 507; of complex 
numbers, 154; of harmonic motion, 
188 

Analytic continuation, 444, 543 

Analytic function, 304, 435. See Func- 
tions of a complex variable 

Angle, as a line integral, 297, 308; at 
critical points, 491; between curves, 
9; in space, 81; of a complex number, 
154; solid, 347 

Angular velocity, 178, 346 

Approximate formulas, 60, 77, 101, 383 

Approximations, 59, 195; successive, 198. 
See Computation 

Arc, differential of, 78, 80, 131; of ellipse, 
77, 514; of hyperbola, 516. See Length 

Area, 8, 10, 25, 67, 77; asa line integral, 
288; by double integration, 324, 329; 
directed, 167; element of, 80, 131, 175, 
340, 342; general idea, 311; of a sur- 
face, 339 

Areal velocity, 175 

Argument of a complex number, 154 

Associative law, of addition, 158, 163 ; of 
multiplication, 150, 153 

Asymptotic expansion, 890, 397, 456 

Asymptotic expression for n!, 383 

Asymptotic lines and directions, 144 

Asymptotic series, 390 

Attraction, 31, 68, 308, 332, 348, 547; 
Law of Nature, 31, 807; motion under, 
190, 264. See Central Force and Po- 
tential 
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Average value, 333; of functions, 833; 
of a harmonic function, 5381; over a 
surface, 340 

Axes, right- or left-handed, 84, 167 

Axiom of continuity, 34 


B. See Bernoulli numbers, Beta function 

Bernoulli’s equation, 205, 210 

Bernoulli’s numbers, 448, 456 

Bernoulli’s polynomials, 451 

Bessel’s equation, 248 

Bessel’s functions, 248, 393 

Beta function, 378 

Binomial theorem, finite remainder in, 
60; infinite series, 423, 425 

Binormal, 83 

Boundary of a region, 87, 308, 311 

Boundary values, 304, 541 

Brachistochrone, 404 

Branch of a function, of one variable, 
40; of two variables, 90; of a com- 
plex variable, 492 

Branch point, 492 


C,. See Cylinder functions 

Calculation. See Computation, Evalua- 
tion, etc. 

Calculus of variations, 400-418 

Cartesian expression of vectors, 167 

Catenary, 78, 190; revolved, 404, 408 

Cauchy’s Formula, 30, 49, 61 

Cauchy’s Integral, 304, 477 

Cauchy’s Integral test, 421, 427 

Caustic, 142 

Center, instantaneous, 74, 178; of in- 
version, 538 

Center of gravity or mass, motion of the, 
176; of areas or laminas, 317, 824; of 
points or masses, 168; of volumes, 328 

Central force, 175, 264 

Centrode, fixed or moving, 74 

Chain, equilibrium of, 185, 190, 409; 
motion of, 415 

Change of variable, in derivatives, 12, 
14, 67, 98, 108, 106; in differential 
equations, 204, 235, 245; in integrals, 
16, 21, 54, 65, 328, 380 

Characteristic curves, 140, 267 

Characteristic strip, 279 
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Charge, electric, 539 

Charpit’s method, 274 

Circle, of curvature, 72; of convergence, 
433, 4387; of inversion, 538 

Circuit, 89; equivalent, irreducible, re- 
ducible, 91 

Circuit integrals, 294 

Circulation, 345 

Clairaut’s equation, 230; extended, 273 

Closed curve, 308; area of, 289, 311; 
integral about a, 295, 344, 360, 477, 
586; Stokes’s formula, 345 

Closed surface, exterior normal is posi- 
tive, 167, 341; Gauss’s formula, 342; 
Green’s formula, 349, 531 ; integral over 
a, 341, 586; vector area vanishes, 167 

en, 471, 505, 518 

Commutative law, 149, 165 

Comparison test, for integrals, 357; for 
series, 420 

Complanarity, condition of, 169 

Complementary function, 218, 243 

Complete elliptic integral, 507, 514, 77 

Complete equation, 240 

Complete solution, 270 

Complex function, 157, 292 

Complex numbers, 153 

Complex plane, 157, 302, 360, 433 

Complex variable. See Functions of a 

Components, 163, 167, 174, 301, 342, 507 

Computation, 59; of a definite integral, 
77; of Bernoulli’s numbers, 447; of 
elliptic functions and integrals, 475, 
507, 514, 522; of logarithms, 59; of 
the solution of a differential equation, 
195. See Approximations, Errors, ete 

Concave, up or down, 12, 143 

Condensation point, 38, 40 

Condition, for an exact differential, 105 ; 
of complanarity, 169; of integrability, 
255 ; of parallelism, 166 ; of perpendic- 
warity, 81, 165. See Initial 

Conformal representation, 490 

Conformal transformation, 132, 477, 538 

Congruence of curves, 141 

Conjugate functions, 536 

Conjugate imaginaries, 156, 548 

Connected, simply or multiply, 89 

Consecutive points, 72 

Conservation of energy, 301 

Conservative force or system, 224, 307 

Constant, Euler’s, 885 

Constant function, 482 

Constants, of integration, 15, 183; phys- 
ical, 188; variation of, 243 

Constrained maxima and minima, 120, 
404 

Contact, of curves, 71; order of, 72; of 
conics with eubie, 521; of plane and 
curve, 82 

Continuation, 444, 478, 542 
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Continuity, axiom of, 34; equation of, 
350; generalized, 44; of functions, 41, 
88, 476; of integrals, 52, 281, 368; of 
series, 480; uniform, 42, 92, 476 

Contour line or surface, 87 

Convergence, absolute, 857, 422, 429; 
asymptotic, 456; circle of, 433, 437 ; 
of infinite integrals, 352; of products, 
429; of series, 419; of suites of num- 
bers, 39; of suites of functions, 430; 
nonuniform, 431; radius of, 433 ; uni- 
form, 368, 431 

Coordinates, curvilinear, 131; cylindri- 
cal, 79; polar, 14; spherical, 79 

cos, cos—1, 155, 161, 393, 456 

cosh, cosh—1, 5, 6, 16, 22 

Cosine amplitude, 507. See cn 

Cosines, direction, 81, 169; series of, 460 

cot, coth, 447, 450, 454 

Critical points, 477, 491 ; order of, 491 

esc, 550, 557 

Cubic curves, 519 

Curl, Vx, 345, 349, 418, 553 

Curvature of a curve, 82; as a vector, 
171; circle and radius of, 73, 198; 
problems on, 181 

Curvature of asurface, 144; lines of, 146; 
mean and total, 148; principal radii, 
144 

Curve, 308 ; area of, 311; intrinsic equa- 
tion of, 240; of limited variation, 309 ; 
quadrature of, 313; rectifiable, 311. 
See Curvature, Length, Torsion, etc., 
and various special curves 

Curvilinear codrdinates, 131 

Curvilinear integral. See Line 

Cuspidal edge, 142 

Cuts, 90, 302, 362, 497 

Cycloid, 76, 404 

Cylinder functions, 247. See Bessel 

Cylindrical codrdinates, 79, 328 


D, symbolic use, 152, 214, 279 

Darboux’s Theorem, 51 

Definite integrals, 24, 52; change of 
variable, 54, 65; computation of, 77; 
Duhamel’s Theorem, 63; for a series, 
451; infinite, 352 ; Osgood’s Theorem, 
54, 65; Theorem of the Mean, 25, 29, 
52, 359. See Double, etc., Functions, 
Infinite, Cauchy’s, ete. 

Degree of differential equations, 228 

Del, V, 172, 260, 848, 345, 349 

Delta amplitude, 507. See dn 

De Moivre’s Theorem, 155 

Dense set, 89, 44, 50 

Density, linear, 28; surface, 315; vol- 
ume, 110, 326 

Dependence, functional, 129; linear, 245 

Derivative, directional, 97, 172; geo- 
metric properties of, 7; infinite, 46; 
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logarithmic, 5; normal, 97, 137, 172; 
of higher order, 11, 67, 102, 197; of 
integrals, 27, 52, 283, 370; of products, 
11, 14, 48 ; of series term by term, 430 ; 
of vectors, 170; ordinary, 1, 45, 158; 
partial, 93,99; right or left, 46; The- 
orem of the Mean, 8, 10, 46, 94. See 
Change of variable, Functions, etc. 

Derived units, 109 

Detemninants, functional, 129; Wron- 
skian, 241 

Developable surface, 141, 148, 148, 279 

Differences, 49, 462 

Differentiable function, 45 

Differential, 17, 64; exact, 106, 254, 300 ; 
of arc, 70, 80, 131; of area, 80, 131; 
of heat, 107, 294; of higher order, 67, 
104; of surface, 340; of volume, 81, 
330; of work, 107, 292; partial, 95, 
104; total, 95, 98, 105, 208, 295; vec- 
tor, 171, 293, 342 

Differential equations, 180, 267; degree 
of, 228; order of, 180; solution or 
integration of, 180; complete solution, 
270; general solution, 201, 230, 269; 
infinite solution, 230; particular solu- 
tion, 230; singular solution, 231, 271. 
See Ordinary, Partial, etc. 

Differential equations, of electric cir- 
cuits, 222, 226 ; of mechanics, 186, 263 ; 
Hamilton’s, 112 ; Lagrange’s, 112, 224, 
413; of media, 417; of physics, 524; 
of strings, 185 

Differential geometry, 78, 151, 143, 412 

Differentiation, 1; logarithmic, 5; of 
implicit functions, 117; of integrals, 
27, 283; partial, 93; total, 95; under 
the sign, 281; vector, 170 

Dimensions, higher, 335; physical, 109 

Direction cosines, 81, 169; of a line, 81; 
of a normals 83; of a tangent, 81 

Directional derivative, 97, 172 

Discontinuity, amount of, 41, 462; finite 
or infinite, 479 

Dissipative function, 225, 307 

Distance, shortest, 404, 414 

Distributive law, 151, 165 

Divergence, formula of, 342; of an inte- 
gral, 352; of a series, 419; of a vector, 
343, 553 : 

Double integrals, 80, 181, 313, 815, 872 

Double integration, 32, 285, 319 

Double limits, 89, 430 

Double points, 119 

Double sums, 315 

Double surface potential, 551 

Doubly periodic functions, 417, 486, 
504, 517; order of, 487. See p, sn, 
en, dn 

Duhamel’s Theorem, 28, 63 

Dupin’s indicatrix, 145 
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e= 2.718-.-, 5, 437 

E, complete elliptic integral, 77, 514 

#-function, 62, 853, 479 

E (#, k), second elliptic integral, 514 

ev,e%, 4, 160, 447, 484, 497 

Edge, cuspidal, 142 

Elastic medium, 418 

Electric currents, 222, 226, 533 

Klectric images, 539 

Electromagnetic theory, 350, 417 

Element, lineal, 191, 231; of arc, 70, 
80; of area, 80, 131, 844; of surface, 
340; of volume, 80, 830; planar, 254, 
267 

Elementary functions, 162; character- 
ized, 482, 497 ; developed, 450 

Elimination, of constants, 183, 267; of 
functions, 269 

Ellipse, are of, 77, 514 

Elliptic functions, 471, 504, 507, 511, 517 

Elliptic integrals, 508, 507, 511, 512, 517 

Energy, conservation of, 301; dimen- 
sions of, 110; kinetic, 13, 101, 112, 
178, 224, 413 ; of a gas, 106, 294, 392 ; 
of a lamina, 318; potential, 107, 224, 
301, 413, 547 ; principle of, 264 ; work 
and, 293, 301 

Entropy, 106, 294 

Envelopes, of curves, 1385, 141, 231; of 
lineal elements, 192; of planar ele- 
ments, 254, 267; of planes, 140, 142; 
of surfaces, 139, 140, 271 

Equation, adjoint, 240; algebraic, 159, 
306, 482 ; Bernoulli’s, 205, 210; Clair- 
aut’s, 230, 273 ; complete, 240; intrin- 
sic, 240 ; Laplace’s, 524; of continuity, 
350; Poisson’s, 548; reduced, 240; 
Riccati’s, 250; wave, 276 

Equations, Hamilton’s, 112 ; Lagrange’s, 
112, 225, 413. See Differential equa- 
tions, Ordinary, Partial, etc. 

Equicrescent variable, 48 

Equilibrium of strings, 185, 190, 409 

Equipotential line or surface, 87, 533 

Equivalent circuits, 91 

Error, average, 390; functions, y, 388 ; 
mean square, 890, 465; in target 
practice, 390; probable, 889; proba- 
bility of an, 386 

Errors, of observation, 886; small, 101 

Essential singularity, 479, 481 

Euler’s Constant, 385, 457 

Euler’s Formula, 108, 159 

Euler’s numbers, 450 

Euler’s transformation, 449 

Evaluation of integrals, 284, 286, 360, 
371. See Computation, etc. 

Even function, 380 

Evolute, 142, 284 

Exact differential, 106, 254, 300 

Exact differential equation, 207, 237, 254 
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Expansion, asymptotic, 390, 397, 456; 
by Taylor’s or Maclaurin’s Formula, 
57, 305; by Taylor’s or Maclaurin’s 
Series, 435, 477; in ascending powers, 
433, 479; in descending powers, 390, 
397, 456, 481; in exponentials, 465, 
467; in Legendre’s polynomials, 466 ; 
in trigonometric functions, 458, 465 ; 
of solutions of differential equations, 
198, 250, 525. See special functions 
and Series 

Exponential development, 465, 467 

Exponential function. See a®, e” 


F, complete elliptic integral, 507, 514 

F'(¢, k) = sn—! sin ¢, 507, 514 

Factor, integrating, 207, 240, 254 

Factorial, 379 

Family, of curves, 185, 192, 228; of sur- 
faces, 139, 140. See Envelope 

Faraday’s Law, 350 

Finite discontinuity, 41, 462, 479 

Flow, of electricity, 553; steady, 553 

Fluid differentiation, 101 

Fluid motion, circulation, 345 ; curl, 346 ; 
divergence, 343 ; dynamical equations, 
851; equation of continuity, 350; ir- 
rotational, 533; velocity potential, 
533; waves, 529 

Fluid pressure, 28 

Flux, of force, 308, 348; of fluid, 348 

Focal point and surface, 141 

Force, 13, 263; as a vector, 173, 301; 
central, 175; generalized, 224; prob- 
lems on, 186, 264. See Attraction 

Form, indeterminate, 61, 89; perma- 
nence of, 2, 478; quadratic, 115, 
145 

Fourier’s Integral, 377, 466, 528 

Fourier’s series, 458, 465, 525 

Fractions, partial, 20, 66. See Rational 

Free maxima and minima, 120 

Frenet’s formulas, 84 

Frontier, 34. See Boundary 

Function, average value of, 833; ana- 
lytic, 804; complementary, 218, 243; 
complex, 157, 292; conjugate, 536 ; 
dissipative, 225, 8307; doubly periodie, 
486 ; H-function, 62; even, 80; Green, 
535; harmonic, 530; integral, 433; 
odd, 30; of a complex variable, 157; 
periodic, 458, 485; potential, 801. See 
also most of these entries themselves, 
and others under Functions 

Functional dependence, 129 

Functional determinant, 129 

Functional equation, 45, 247, 252, 887 

Functional independence, 129 

Functional relation, 129 

Functions, series of, 480; table of ele- 
mentary, 162, For special functions 
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see under their names or symbols; for 
special types see below 

Functions defined by functional equa- 
tions, cylinder or Bessel’s, 247; ex- 
ponential, 45, 387; Legendre’s, 252 

Functions defined by integrals, contain- 
ing a parameter, 281, 368, 376; their 
continuity, 281, 369; differentiation, 
283, 370; integration, 285, 370, 378; 
evaluation, 284, 286, 371; Cauchy’s 
integral, 304; Fourier’s integral, 377, 
466; Poisson’s integral, 541, 546; po- 
tential integrals, 546; with variable 
limit, 27, 58, 209, 255, 295, 298; by 
inversion, 496, 503, 517; conjugate 
function, 536, 542; special functions, 
Bessel’s, 394, 898; Beta and Gamma, 
878; error, y, 388; £ (¢,k),514; F(¢,k), 
607; logarithm, 302, 306, 497 ; p-func- 
tion, 517; sin—1, 307, 498; sn—1, 435, 
503; tan—1, 807, 498 

Functions defined by mapping, 543 

Functions defined by properties, con- 
stant, 482; doubly periodic, 486; ra- 
tional fraction, 483; periodic or 
exponential, 484 

Functions defined by series, p-function, 
487; Theta functions, 467 

Functions of a complex variable, 158, 
163; analytic, 304, 485; angle of, 
159; branch point, 492; center of 
gravity of poles and roots, 482; 
Cauchy’s integral, 304, 477; con- 
formal representation, 490; continu- 
ation of, 444, 478, 542; continuity, 
158, 476; critical points, 477, 491; de- 
fines conformal transformation, 476; 
derivative of, 158,476; derivatives of 
all orders, 305; determines harmonic 
functions, 536 ; determines orthogonal 
trajectories, 194 ; doubly periodic, 486 ; 
elementary, 162 ; essential singularity, 
479, 481; expansible in series, 436; 
expansion at infinity, 481; finite dis- 
continuity, 479 ; integral, 433 ; integral 
of, 800, 360; if constant, 482; if ra- 
tional, 483 ; inverse function, 477; in- 
version of, 548 ; logarithmic derivative, 
482; multiple valued, 492; number of 
roots and poles, 482; periodic, 485; 
poles of, 480; principal part, 483 ; resi- 
dues, 480; residues of logarithmic de- 
rivative, 482; Riemann’s surfaces, 
493; roots of, 158, 482; singularities 
of, 476, 479; Taylor's Formula, 305; 
uniformly continuous, 476; vanishes, 
158. See various special functions 
and topics 

Functions of one real variable, 40; 
average value of, 383; branch of, 40; 
Cauchy’s theorem, 30, 49 ; continuous, 
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41; continuous over dense sets, 44; 
Darboux’s Theorem, 51; derivative of, 
45 ; differentiable, 45; differential, 64, 
67; discontinuity, 41, 462 ; expansion 
by Fourier’s series, 462 ; expansion by 
Legendre’s polynomials, 466; expan- 
sion by Taylor’s Formula, "49, 55; 
expansion by Taylor’s Series, 435; ex- 
pression as Fourier’s Integral, 377, 
466; increasing, 7, 45, 310, 462 ; in- 
finite, 41; infinite derivative, 46; inte- 
erable, 52, 54, 810; integral of, 15, 24, 
52; inverse of, 45 ; limited, 40; limit 
of, 41, 44; lower sum, 51; maxima and 
minima, 7, 9, 10, 12, 40, 43, 46, 75; 

’ multiple valued, 40; not decreasing, 
54, 310; of limited variation, 54, 309, 
462; oscillation, 40, 50; Rolle’s Theo- 
rem, 8, 46; right-hand or left-hand 
derivative or limit, 41, 46, 49, 462; 
single valued, 40; theorems of the 
mean, 8, 25, 29, 46, 51, 52, 359; uni- 
formly continuous, 42: : "unlimited, 40; 
upper sum, 51; variation of, 309, 401, 
410, See various special topics and 
functions 

Functions of several real variables, 87; 
average value of, 334, 340; branch 
of, 90; continuity, 88; contour lines 
and surfaces, 87; differentiation, 93, 
117; directional derivative, 97; double 
limits, 89, 480; expansion by Taylor’s 
Formula, 113; gradient, 172; harmonic, 
530; homogeneous, 107; implicit, 177; 
integral of, 315, 326, 335, 340; inte- 
eration, 319, 327; inverse, 124; maxima 
and minima, 114, 118, 120, 125; mini- 
max, 115; multiple-valued, 90; normal 
derivative, 97; over various regions, 
91; potential, 547; single-valued, 87; 
solution of,*117; space derivative, 172; 
total differential, 95; transformation 
by, 181; Theorem of the Mean, 94; 
uniformly continuous, 91; variation 
of, 90 

Fundamental solution, 534 

Fundamental theorem of algebra, 159, 
306 

Fundamental units, 109 


Gamma function, 378; as a product, 
458; asymptotic expression, 383, 456 ; 
beta functions, 379 ; integrals in terms 
of, 880; logarithm of, 383; Stirling’s 
Formula, 386 

Gas, air, 189; molecules of a, 392 

Gauss’s Formula, 342 

Gauss’s Integral, 348 

ed, gd—1, 6, 16, 450 

General solution, 201, 230, 269 

Geodesics, 412 
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Geometric addition, 168 

Geometric language, 33, 335 

Geometric series, 421 

Geometry. See Curve, Differential, and 
all special topics 

Gradient, y, 172, 301. See Del 

Gravitation. See Attraction 

Gravity. See Center 

Green Function, 535, 542 

Green’s Formula, 349, 531 

Green’s Lemma, 342, 344 

Gudermannian function, 6, 16, 450 

Gyration, radius of, 3384 


Half periods of theta functions, 468 

Hamilton’s equations, 112 

Hamilton’s principle, 412 

Harmonic functions, 580; average value, 
531; conjugate functions, 586; exten- 
sion of, 542; fundamental solutions, 
534; Green Function, 535; identity 
of, 534; inversion of, 589; maximum 
and minimum, 531, 554; Poisson’s In- 
tegral, 541, 546; potential, 548; sin- 
gularities, 534 

Helicoid, 418 

Helix, 177, 404 

Helmholtz, 351 

Higher dimensions, 335 

Higher order, differentials, 67, 104; in- 
finitesimals, 64, 356; infinites, 66 

Homogeneity, physical, 109; order of, 
107 

Homogeneous differential equations, 
204, 210, 230, 286, 259, 262, 278 

Homogeneous functions, 107; Euler’s 
Formula, 108, 152 

Hooke’s law, 187 

Hydrodynamics. 

Hyperbolic functions, 5. 
ete. 

Hypergeometric series, 398 


See Fluid 
See cosh, sinh, 


Imaginary, 153, 216; conjugate, 156 

Imaginary powers, 161 

Implicit functions, 117-135. See Max- 
ima and Minima, Minimax, etc. 

Indefinite integral, 15, 53. See Functions 

Independence, functional, 129; linear, 
245; of path, 298 

Indeterminate forms, 61; L’Hospital’s 
Rule, 61; in two variables, 298 

Indicatrix, Dupin’s, 145 

Indices, law of, 150 

Induction, 308, 348 

Inequalities, 36 

Inertia. See Moment 

Infinite, 66 ; become, 35 

Infinite derivative, 46 

Infinite integral, 352. 

Infinite product, 429 


See Functions 
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Infinite series, 89, 419 

Infinite solution, 230 

Infinitesimal, 63; order of, 63; higher 
order, 64; order higher, 356 

Infinitesimal analysis, 68 

Infinity, point at, 481 

Inflection point, 12, 75; of cubic, 521 

Instantaneous center, 74, 178 

Integrability, condition of, 255; of func- 
tions, 52, 368 

Integral, Cauchy’s, 304; containing a 
parameter, 281, 305; definite, 24, 51; 
double, 315; elliptic, 503; Fourier’s, 
377; Gauss’s, 348; higher, 335; in- 
definite, 15, 58; infinite, 352; inver- 
sion of, 496; line, 288, 311, 400; 
Poisson’s, 541; potential, 546; sur- 
face, 340; triple, 326. See Definite, 
Functions, etc. 

Integral functions, 433 

Integral test, 421 

Integrating factor, 207, 240, 254 

Integration, 15; along a curve, 291, 400; 
by parts, 19, 307; by substitution, 21; 
constants of, 15, 183; double, 32, 320; 
of functions of a complex variable, 
307 ; of radicals of a biquadratic, 513 ; 
of radicals of a quadratic, 22; of ra- 
tional fractions, 20; over a surface, 
340; term by term, 480; under the 
sign, 285, 370. See Differential equa- 
tions, Ordinary, Partial, ete. 

Intrinsic equation, 240 

Inverse function, 45,477; derivative of, 
2, 14 

Inverse operator, 150, 214 

Inversion, 537; of integrals, 496 

Involute, 234 

Irrational numbers, 2, 36 

Irreducible circuits, 91, 802, 500 

Isoperimetric problem, 406 

Iterated integration, 327 


Jacobian, 129, 330, 336, 476 
Jumping rope, 511 
Junction line, 492 


Kelvin, 351 

Kinematics, 73, 178 

Kinetic energy, of a chain, 415; of a 
lamina, 318; of a medium, 416; of a 
particle, 13, 101; of a rigid body, 298 ; 
of systems, 112, 225, 413 


Lagrange’s equations, 112, 225, 413 

Lagrange’s variation of constants, 243 

Lamina, center of gravity of, 317; 
density of, 315; energy of, 318; kine- 
matics of, 78, 178; mass of, 32, 316; 
moment of inertia of, 32, 315, 321; 
motion of, 414 
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Laplace’s equation, 104, 110, 526, 530, 
533, 548 

Law, Ampére’s, 350; associative, 150, 
165; commutative, 149, 165; distrib- 
utive, 150, 165; Faraday’s, 350; 
Hooke’s, 187; of indices, 150; of 
Nature, 307 ; parallelogram, 154, 163, 
307; of the Mean, see Theorem 

Laws, of algebra, 153; of motion, 13, 
173, 264 

Left-hand derivative, 46 

Left-handed axes, 84, 167 

Legendre’s elliptic integrals, 503, 511 

Legendre’s equation, 252 (Ex. 13 4) ; gen- 
eralized, 526 

Legendre’s functions, 252 

Legendre’s polynomials, 252, 440, 466 ; 
generalized, 527 

Leibniz’s Rule, 284 

Leibniz’s Theorem, 11, 14, 48 

Length of arc, 69, 78, 131, 310 

Limit, 385; double, 89; of a quotient, 
1, 45; of a rational fraction, 37; of a 
sum, 16, 50, 291 

Limited set or suite, 38 

Limited variation, 54, 309, 462 

Line, direction of, 81, 169; tangent, 
81; normal, 96; perpendicular, 81, 
165 

Line integral, 288, 298,311, 400; about a 
closed circuit, 295, 344 ; Cauchy’s, 304; 
differential of, 291; for angle, 297: 
for area, 289; for work, 293; in the 
complex plane, 360, 497; independent 
of path, 298 ; on a Riemann’s surface, 
499, 503 

Lineal element, 191, 228, 231, 261 


Linear dependence or independence, 
245 
Linear differential equations, 240; 


Bessel’s, 248; first order, 205, 207; 
Legendre’s, 252 ; of physies, 524; par- 
tial, 267, 275, 524; second order, 244; 
simultaneous, 228; variation of con- 
stants, 243 ; with constant coefficients, 
214, 223, 275 

Linear operators, 151 

Lines of curvature, 146 

log, 4, 11, 161, 302, 449, 497; log cos, log 
sin, log tan, 450; — logr, 585 

Logarithmic differentiation and deriv- 
ative, 5; of functions of a complex 
variable, 482; of gamma function, 
382; of theta functions, 474, 512 

Logarithms, computation of, 59 


M-test, 432 

Maclaurin’s Formula, 57. See Taylor’s 
Maclaurin’s Series, 435 

Magnitude of complex numbers, 154 
Mapping regions, 543 
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Mass, 110; of lamina, 316, 82; of rod, 
28; of solid, 326; potential of a, 
808, 348, 527. See Center of gravity 

Maxima and minima, constrained, 120, 
404 ; free, 120; of functions of one vari- 
able, 7, 9, 10, 12, 40, 48, 46, 75; of func- 
tions of several variables, 114, 118, 120, 
125; of harmonic functions, 531; of 
implicit functions, 118, 120, 125; of 
integrals, 400, 404, 409 ; of sets of num- 
bers, 88; relative, 120 

Maxwell’s assumption for gases, 390 

Mayer’s method, 258 

Mean. See Theorem of the Mean 

Mean curvature, 148 

Mean error, 390 

Mean square error, 390 

Mean value, 333, 340 

Mean velocity, 392 

Mechanics. See Equilibrium, Motion, 
etc. 

Medium, elastic, 418; ether, 417. See 
Fluid 

Meusnier’s Theorem, 145 

Minima. See Maxima and minima 

Minimax, 115, 119 

Minimum surface, 415, 418 

Modulus, of complex number, 154; of 
elliptic functions, k, k’, 505 

Molecular velocities, 392 

Moment, 176; of momentum, 176, 264, 
325 

Moment of inertia, curve of minimum, 
404; of a lamina, 32, 315, 824; of a 
particle, 81; of a solid, 328, 381 

Momentum, 18, 173; moment of, 176, 
264, 325; principle of, 264 

Monge’s method, 276 

Motion, central, 175, 264; Hamilton’s 
equations, 112; Hamilton’s Principle, 
412; ina plane, 264; Lagrange’s equa- 
tions, 112, 225, 413; of a chain, 415; 
of a drumhead, 526; of a dynamical 
system, 413; of a lamina, 78, 178, 414 ; 
of a medium, 416; of the simple pen- 
dulum, 509; of systems of particles, 
175; rectilinear, 186; simple harmonic, 
188. See Fluid, Small vibrations, etc. 

Multiple-valued functions, 40, 90, 492 

Multiplication, by complex numbers, 
155; of series, 442 ; of vectors, 164 

Multiplier, 474; undetermined, 411 

Multipliers, method of, 120, 126, 406, 
411 

Multiply connected regions, 89 


Newton’sSecond Law of Motion, 13, 178, 
186 

Normal, principal, 83; to a closed sur- 
face, 167, 341 

Normal derivative, 97, 137, 172 
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Normal line, 8, 96 

Normal plane, 181 

Numbers, Bernoulli’s, 448; complex, 
153; Euler’s, 450; frontier, 34; inter- 

» val of, 84; irrational, 2, 36; real, 33; 
sets or suites of, 38 


Observation, errors of, 386; small er- 
rors, 101 

Odd function, 30 

Operation, 149 

Operational methods, 214, 223, 275, 447 

Operator, 149, 155, 172 ; distributive or 
linear, 151; inverse, 150, 214; invol- 
utory, 152 ; vector-differentiating, 172, 
260, 343, 345, 349 

Order, of critical point, 491; of deriv- 
atives, 11; of differentials, 67; of 
differential equations, 180; of doubly- 
periodic function, 487; of homogene- 
ity, 107; of infinitesimals, 63; of 
infinites, 66; of pole, 480 

Ordinary differential equations, 203; 
approximate solutions, 195, 197; aris- 
ing from partial, 534; Bernoulli’s, 205, 
210; Clairaut’s, 230; exact, 207, 237; 
homogeneous, 204, 210, 230, 236 ; inte- 
grating factor for, 207; lineal element 
of, 191; linear, see Linear; of higher 
degree, 228; of higher order, 234; prob- 
lems involving, 179; Riccati’s, 250; 
systems of, 223, 260; variables sepa- 
rable, 203. See Solution 

Orthogonal trajectories, plane, 194, 234, 
266; space, 260 

Orthogonal transformation, 100 

Osculating circle, 73 

Osculating plane, 82, 140, 145, 171, 412 

Osgood’s Theorem, 54, 65, 825 


p-function, 487, 517 

Pappus’s Theorem, 332, 346 

Parallelepiped, volume of, 169 

Parallelism, condition of, 166 

Parallelogram, law of addition, 154, 163, 
307; of periods, 486; vector area of, 
165 

Parameter, 135; integrals with a, 281 

Partial derivatives, 93; higher order, 
102 

Partial differentials, 95, 104 

Partial differential equations, 267; char- 
acteristics of, 267, 279; Charpit’s 
method, 274; for types of surfaces, 
269; Laplace’s, 526; linear, 267, 275, 
524; Monge’s method, 276 ; of physics, 
524; Poisson’s, 548 

Partial differentiation, 93, 102 ; change 
of variable, 98, 103 

Partial fractions, 20, 66 

Particular solutions, 230, 524 
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Path, independency of, 298 

Pedal curve, 9 

Period, half, 468; of elliptic functions, 
471, 486; of exponential function, 161; 
of theta functions, 468 

Periodic functions, 161, 458, 484 

Permanence of form, 2, 478 

Physics, differential equations of, 524 

Planar element, 254, 267 

Plane, normal, 81; tangent, 96; oscu- 
lating, 82, 140, 145, 171, 412 

Points, at infinity, 481; consecutive, 72; 
inflection, 12, 75,521; of condensation, 
38, 40; sets or suites of, 380; singular, 
119, 476 

Poisson’s equation, 548 

Poisson’s Integral, 541 

Polar codrdinates, 14, 79 

Pole, 479; order of, 480; residue of, 480 ; 
principal part of, 483 

Polynomials, Bernoulli’s, 451; Legen- 
dre’s, 252, 440, 466, 527; root of, 159, 
482 

Potential, 308, 332, 348, 527, 530, 539, 
547; double surface, 551 

Potential energy, 107, 224, 301, 413 

Potential function, 301, 547 

Potential integrals, 546; retarded, 512; 
surface, 551 

Power series, 428, 483, 477; descending, 
389, 397, 481 

Powers of complex numbers, 161 

Pressure, 28 

Principal normal, 83 

Principal part, 483 

Principal radii and sections, 144 

Principle, Hamilton’s, 412; of energy, 
264; of momentum, 264; of moment 
of momentum, 264; of permanence 
of form, 2,478; of work and energy, 
293 

Probability, 387 

Probable error, 389 

Product, scalar, 164; vector, 165; of 
complex numbers, 155; of operators, 
149; of series, 442 

Products, derivative of, 11, 14, 48; in- 
finite, 429 

Projection, 164, 167 


Quadratic form, 115, 145 

Quadrature, 313. See Integration 

Quadruple integrals, 835 

Quotient, limit of, 145; of differences, 
30, 61; of differentials, 64, 67; of power 
series, 446; of theta functions, 471 


Raabe’s test, 424 

Radius, of convergence, 483, 437; of cur- 
vature, 72, 82, 181; of gyration, 33 
of torsion, 83 
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Rates, 184 

Ratio test, 422 

Rational fractions, characterization of, 
483; decomposition of, 20, 66; inte- 
eration of, 20; limit of, 37 

Real variable, 35. See Functions 

Rearrangement of series, 441 

Rectifiable curves, 311 

Reduced equation, 240 

Reducibility of circuits, 91 

Regions, varieties of, 89 

Relation, functional, 129 

Relative maxima and mimima, 120 

Remainder, in asymptotic expansions, 
890, 398, 456; in Taylor’s or Mac- 
laurin’s Formula, 55, 306, 398 

Residues, 480, 487; of logarithmic de- 
rivatives, 482 

Resultant, 154, 178; moment, 178 

Retarded potential, 552 

Reversion of series, 446 

Revolution, of areas, 346; of curves, 
332; volume of, 10 

Rhumb line, 84 

Riccati’s equation, 250 

Riemann’s surfaces, 493 

Right-hand derivative, 46 

Right-handed axes, 84, 167 

Rigid body, energy of a, 293; with a 
fixed point, 76 

Rolle’s Theorem, 8, 46 

Roots, of complex numbers, 155; of 
polynomials, 156, 159, 306, 412; of 
unity, 156 

Ruled surface, 140 


Saddle-shaped surface, 143 

Scalar product, 164, 168, 343 

Scale of numbers, 33 

Series, as an integral, 451; asymptotic, 
390, 397, 456; binomial, 423, 425; 
Fourier’s, 415; infinite, 39, 419; ma- 
nipulation of, 440; of complex terms, 
423; of functions, 430; Taylor’s and 
Maclaurin’s, 197, 435, 477; theta, 
467. See various special functions 

Set or suite, 38, 478; dense, 39, 44, 50 

Shortest distance, 404, 412 

Sigma functions, ¢, cg, 523 

Simple harmonie motion, 188 

Simple pendulum, 509 

Simply connected region, 89, 294 

Simpson’s Rule, 77 

Simultaneous differential equations, 228, 
260 

sin, sin—1, 8, 11, 21, 155, 161, 307, 436, 
453, 499 

Sine amplitude, 507. Seesn 

Single-valued function, 40, 87, 295 

Singular points, 119, 476 

Singular solutions, 230, 271 
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Singularities, of functions of a complex 
variable, 476, 479; of harmonic func- 
tions, 534 

sinh, sinh—1, 5, 453 

Slope, of a curve, 1; of a function, 301 

Small errors, 101 

Small vibrations, 224, 415 

sn, sn—1, 471, 475, 503, 507, 511, 517 

Solid angle, 347 

Solution of differential equations, com- 
plete, 270; general, 269; infinite, 230; 
particular, 230, 524; singular, 230, 271 

Solution of implicit functions, 117, 153 

Speed, 178 

Spherical codrdinates, 79 

Sterling’s approximation, 386, 458 

Stokes’s Formula, 345, 418 

Strings, equilibrium of, 185 

Subnormal and subtangent, 8 

Substitution. See Change of variable 

Successive approximations, 198 

Successive differences, 49 

Suite, of numbers or points, 38 ; of func- 
tions, 480; uniform convergence, 431 

Sum, limit of a, 36, 24, 51, 419; of a 
series, 419. See Addition, Definite in- 
tegral, Series, etc. 

Superposition of small vibrations, 226, 
525 

Surface, area of, 67, 339; closed, 167, 
841; curvature of, 144; developable, 
141, 143, 148, 279; element of, 340; 
geodesics on, 412; minimum, 404, 415; 
normal to, 96, 341; Riemann’s, 493; 
ruled, 140; tangent plane, 96; types 
of, 269; vector, 167; w-, 492 

Surface integral, 340, 347 

Symbolic methods, 172, 214, 223, 260, 
275, 447 

Systems, conservative, 301; dynamical, 
413 . 

Systems of differential equations, 223, 
260 


tan, tan—1, 3, 21, 807, 450, 457, 498 

Tangent line, 8, 81, 84 

Tangent plane, 96, 170 

tanh, tanh—1, 5, 6, 450, 501 

Taylor’s Formula, 55, 112, 152, 305, 477 

Taylor’s Series, 197, 435, 477 

Taylor’s Theorem, 49 

Test, Cauchy’s, 421; comparison, 420; 
Raabe’s, 424; ratio, 422; Weierstrass’s 
M-, 482, 455 

Test function, 355 

Theorem of the Mean, for derivatives, 
8, 10, 46, 94; for integrals, 25, 29, 52 
359 

Thermodynamics, 106, 294 

Theta functions, H, H,,0,9,,as Fourier’s 
series, 467; as products, 471; define 


elliptic functions, 471, 504; logarith- 
mic derivative, 474, 512; periods and 
half periods, 468; relations between 
squares, 472; small thetas, 0, 0, 523 ; 

» zeros, 469 

Torsion, 88; radius of, 83, 175 

Total curvature, 148 

Total differential, 95, 98, 
295 

Total differential equation, 254 

Total differentiation, 99 

Trajectory, 196; orthogonal, 194, 234, 
260 

Transformation, conformal, 132, 476; 
Kuler’s, 449 ; of inversion, 537; orthog- 
onal, 100; of a plane, 131; to polars, 
14,79 

Trigonometric functions, 3, 161, 453 

Trigonometric series, 458, 465, 525 

Triple integrals, 326; element of, 80 


105, 209, 


Umbilic, 148 

Undetermined coefficients, 199 
Undetermined multiplier, 120, 126, 406, 
411 

Uniform continuity, 42, 92, 476 
Uniform convergence, 369, 431 

Units, fundamental and derived, 109; 
dimensions of, 109 

Unity, roots of, 156 

Unlimited set or suite, 38 





Vallée-Poussin, de la, 373, 555 

Value. See Absolute, Average, Mean 

Variable, complex, 157; equicrescent, 
48; real, 35. See Change of, Functions 

Variable limits for integrals, 27, 404 

Variables, separable, 179, 203. See 
Functions 

Variation, 179; of a function, 3, 10, 54; 
limited, 54, 809; of constants, 243 

Variations, calculus of, 401 ; of integrals, 
401, 410 

Vector, 154, 163; acceleration, 174; area, 
167, 290; components of a, 163, 167, 
174, 342; curvature, 171; moment, 
176; moment of momentum, 176; 
momentum, 173; torsion, 83, 171; 
velocity, 175 

Vector addition, 154, 163 

Vector differentiation, 170, 260, 342, 345 ; 
force, 173 

Vector functions, 260, 298, 800, 342, 345, 
551 

Vector operator vy, see Del 

Vector product, 165, 168, 345 

Vectors, addition of, 154, 1638; com- 
planar, 169; multiplication of, 155, 
163 ; parallel, 166; perpendicular, 165 ; 
products of, 164, 165, 168, 3845; pro- 
jections of, 164, 167, 342 
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Velocity, 18, 173; angular, 346; areal, 
175 ; of molecules, 392 

Vibrations, small, 224, 526; superposi- 
tion of, 226, 524 

Volume, center of gravity of, 328; ele- 
ment of, 80; of parallelepiped, 169; 
of revolution, i0; under surtaces, 32, 
317, 381; with parallel bases, 10 

Volume integral, 841 


Wave equation, 276 
Waves on water, 529 
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Weierstrass’s integral, 517 

Weierstrass’s M-test, 452 

Weights, 353 

Work, 107, 224, 292, 301; and energy, 
293, 412 

Wronskian determinant, 241 


z-plane, 157, 302, 360, 453; 
the, 490, 497, 503, 517, 545 

Zeta functions, Z, 512; ¢, 522 

Zonal harmonies, See Legendre’s poly- 
nomials 
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